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Preface

The aim of this book is to give an account of the state of the art in
classical complex multiplication including, in particular, recent results on
rings of integers and applications to cryptography using elliptic curves.
All requisites needed about elliptic functions, modular functions and
quadratic number fields are developed in this book and the results from
class field theory are summarised in compact form. Further, most of the
main results presented in the following chapters are accompanied by a
plethora of numerical examples.† The reader interested in the application
of the various explicit results will therefore find all the necessary tools
in this book.

After the early results of Abel and Kronecker at the beginning of and
mid nineteenth century, Weber at the start of the twentieth century gave
the first systematic account of complex multiplication in his "Lehrbuch
der Algebra III". The aim of this theory is to generate abelian extensions
of quadratic imaginary number fields by values of elliptic functions and
modular functions. Up until 1931 further accounts of the theory were
given by Fricke (1916, 1922) and Fueter (1924, 1927). Finally, Hasse
(1927) using class field theory that had developed in the meantime,
presented a very short and elegant version of complex multiplication.
His work contains the generation of ray class fields over a quadratic
imaginary number field by singular values of the modular invariant j and
Weber’s τ function, using in the proof, besides class field theory, only
the discriminant from the theory of elliptic functions. A more detailed
exposition of the theory including a proof of the principal ideal theorem
was provided by Deuring (1958). However, results on rings of integers
had not been thus far obtained.

† I would like to thank the KANT group of TU Berlin headed by Michael Pohst for
their help in computation by KASH (www.math.tu-berlin.de/kant).
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xii Preface

Geometrically, in complex multiplication the generation of ray class
fields over imaginary quadratic number fields is quite analogous to the
construction of cyclotomic fields by roots of unity, which are torsion
points of the unit circle. In complex multiplication the role of the unit
circle is taken by a suitable elliptic curve E: the coefficients of E gen-
erate the Hilbert class field Ω, and the ray class fields are obtained by
adjoining to Ω the x-coordinate of some torsion point of E. In view of
this analogy one may pose the question whether it is possible to find
explicit construction not only for the fields but also for their rings of
integers as algebra or as Galois modules. Further, analogous to cyclo-
tomic theory, one may ask for constructions of unit groups together with
formulae for the class number. In fact, all this has been shown in the
works of Leopoldt (1954, 1962) to be possible for cyclotomic fields. The
solutions to these problems in complex multiplication form the central
topics of this book. The following problems are treated in detail:

• Classical and simple generators for ring class fields and ray class fields
• Construction of rings of integers in ray class fields by explicit basis
• Galois module structure of these rings of integers including explicit

construction of Galois generators and associated orders
• Construction of unit groups of maximal rank including their relation

to class numbers
• Proof and generalisation of Berwick’s congruences for the singular

values of the modular invariant j

A recent application of complex multiplication described in this book is
concerned with

• the construction cryptographically relevant elliptic curves over finite
fields.

As shown in Chapter 9, the problem behind this construction is to find
generating polynomials with small coefficients for abelian extensions of a
quadratic imaginary number field. In contrast to cyclotomic theory, this
is a non-trivial task, because the singular values of the modular invariant
and the Weber τ function have minimal polynomials with astronomic
coefficients.

Compared to cyclotomic theory the results obtained in complex mul-
tiplication, so far, seem complete. On the other hand there are numerous
interesting questions concerning the generalisation to abelian varieties of
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higher dimension, for which a thorough understanding of complex multi-
plication is essential. These questions are in fact of very real interest be-
cause varieties of higher dimension can also be applied in cryptography.
Such results can, for example, be found in the works of Weng (2001,
2003) for curves of genus 2 and 3. Conversely, the generalisation of the
construction of class fields including results on the structure of rings of
integers and class numbers remain unsolved. To obtain such results it
may be useful to look at geometric analogies and analytic relations be-
tween cyclotomic fields with the unit circle of genus 0 and class fields of
complex multiplication with their elliptic curves of genus 1 as described
in Chapters 6 and 7 and to find such relations between curves of genus
1 and a higher genus.





1
Elliptic functions

In complexmultiplication the abelian extensions of an imaginaryquadratic
number field are generated by the coefficients of suitable elliptic curves
together with the coordinates of torsion points in terms of values of elliptic
functions and modular functions, as explained in Chapter 6. Moreover,
using elliptic functions, we will study rings of integers and unit groups,
and we will find explicit constructions for them later in Chapters 7 and 8.
Therefore, besides the parametrisation of elliptic curves by the Weier-
strass ℘ function and its derivative, we need to study more closely the σ

function and the η function that are involved in, for example, the calcula-
tions of discriminants in Chapter 7. The resolvent formula of section 1.7
and the p-adic limits will be needed for the Galois module structure of
Chapter 8. For the same reason we will study Weierstrass equations that
will also be used in the applications to cryptography in Chapter 10. The
division polynomials in section 1.5 will be crucial for the proof of Berwick’s
congruences in Chapter 9.

1.1 Values of elliptic functions

In the complex plane we fix a lattice, i.e. a free abelian group of rank 2,

L = Zω1 + Zω2,

generated by two over R linearly independent numbers ω1, ω2. Any two
such numbers are called a basis of L, and we write

L = [ω1, ω2].

A function f : C → C ∪ {∞} is called elliptic with respect to L if f is
meromorphic and if the points of L are periods of f :

f(z + ω) = f(z) for all ω ∈ L.

1



2 Elliptic functions

For a fixed number γ ∈ C and a basis ω1, ω2 of L the set

F = Fγ = {γ + x1ω1 + x2ω2 | 0 ≤ xj < 1}

is a systems of repesentatives of C/L and is called a fundamental
parallelogram for L. It is therefore sufficient to study the values of an
elliptic function on a fundamental parallelogram.

Theorem 1.1.1 Let f be a non-constant elliptic function without poles
on the boundary of F . Then the sum of its residues in F is equal to zero:∑

z∈F

Res(f, z) = 0.

Proof By periodicity of f we have the equalities
γ+ωj∫
γ

f(z)dz =

γ+ωj+ω∫
γ+ω

f(z)dz = −
γ+ω∫

γ+ωj+ω

f(z)dz

for every ω ∈ L. So in the integral of f along the boundary of Fγ the
integrals along opposite edges cancel out. The assertion of Theorem 1.1.1
now follows from the theorem of residues.

Applying Theorem 1.1.1 to f
f−w , w ∈ C, for an elliptic function f ,

the argument principle tells us:

Theorem 1.1.2 Let f be a non-constant elliptic function. Then for
every w ∈ C ∪ {∞} the number of solutions a ∈ F of the equation
f(a) = w, counted according to multiplicity, is equal to the number of
poles of f in F . This number is called the order of f .

Let f be a non-constant elliptic function. Then for a ∈ C we define
the order of f at a to be the unique number m ∈ Z such that ga(z) :=

f(z)
(z−a)m is holomorphic in a and ga(a) �= 0.

Theorem 1.1.3 Let aj be the points in F , where the non-constant
elliptic function f has non-vanishing order mj. Then

∑
j

mj = 0 and
∑
j

mjaj ∈ L.

Proof The first assertion is a special case of Theorem 1.1.2. We prove
the second assertion. Since there are only finitely many zeros and poles
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in F , we can shift F such that all poles and zeros of f are in the interior
of F and not on the boundary. According to the residue theorem we then
have

2πi
∑

j

mjaj =
∫

∂F

z
f ′(z)
f(z)

dz.

Now, combining, as in the proof of Theorem 1.1.1, the integrals along
opposite edges, we obtain on the right-hand side an expression of the
form

γ+ω1∫
γ

z
f ′(z)
f(z)

dz −
γ+ω1+ω2∫
γ+ω2

z
f ′(z)
f(z)

dz =

γ+ω1∫
γ

ω2
f ′(z)
f(z)

dz

= ω2

∫
f(γ,γ+ω1)

du

u
= ω22πik, k ∈ Z,

where γ, γ + ω1 denotes the path from γ to γ + ω1. This makes the
assertion clear.

From the second assertion of Theorem 1.1.3 we further obtain

Theorem 1.1.4 An elliptic function with at most one pole of order 1
in F is constant.

1.2 The functions σ(z|L), ζ(z |L) and ℘(z |L)

We start by constructing the most important functions used in the se-
quel. They can all be derived from the Weierstrass σ function of a
lattice L:

σ(z) = z
∏

ω∈L\{0}

(1 − z
ω )e

z
ω + 1

2
z2

ω2 .

Absolute convergence and holomorphy of the defining product for σ(z)
follow from:

Lemma 1.2.1 For k ≥ 3 the series
∑

ω∈L\{0}

1
ωk is absolutely convergent.

Proof Observing that for n ∈ N there are 8n lattice points in

Ln = {x1ω1+x2ω2 | (x1, x2) ∈ [−n, n]×{±n}∪{±n}×[−n, n]}, n ∈ N,
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we obtain
N∑

n=1

∑
ω∈Ln

1
|ω|k ≤ 8

δk

N∑
n=1

1
nk−1

with δ = min{|ω| | ω ∈ L1},

which implies the assertion of Lemma 1.2.1.

All elliptic functions can be derived from σ though σ itself is not
elliptic. Taking a logarithmic derivative we first obtain the elliptic zeta
function

ζ(z) =
d

dz
log(σ(z)) =

σ′(z)
σ(z)

=
1
z

+
∑

ω∈L\{0}

[
1

z − ω
+

1
ω

+
z

ω2

]
,

then, by differentiation we obtain the Weierstrass ℘ function

℘(z) = −ζ ′(z) =
1
z2

+
∑

ω∈L\{0}

[
1

(z − ω)2
− 1

ω2

]
(1.1)

and its derivative

℘′(z) = −2
∑
ω∈L

1
(z − ω)3

.

℘′ is meromorphic by definition and clearly elliptic because the series
for ℘′ is absolutely convergent. Moreover we have:

Theorem 1.2.2 ℘ is an elliptic function.

Proof ℘′ being elliptic implies that ℘(z+ωj) = ℘(z)+cj with a constant
cj . Setting z = −ωj

2 and, keeping in mind that ℘ is an even function
without a pole at −ωj

2 , we find that cj = 0. Therefore, ℘ is elliptic.

On the other hand σ and ζ are not elliptic, as can be seen by the
following theorem in combination with Theorem 1.2.5. By integration
we obtain from Theorem 1.2.2 the transformation formulae:

Theorem 1.2.3 For ω ∈ L we have
ζ(z + ω) = ζ(z) + η(ω),

σ(z + ω) = ψ(ω)eη(ω)(z+ ω
2 )σ(z)

with a constant η(ω), the so-called quasi-period, and the factor

ψ(ω) =
{

1 for ω ∈ 2L,

−1 for ω ∈ L \ 2L.
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Clearly, the map η : L → C, defined by the transformation formula of
the zeta function, is an additive homomorphism. Further, by the unique
representation

z = z1ω1 + z2ω2, zj ∈ R,

for z ∈ C we can extend η to C by

η(z) := z1η1 + z2η2

with ηj = η(ωj), j = 1, 2. Now we define:

l(u,w) := uη(w) − η(u)w for u,w ∈ C.

Further, to simplify notation, we set

z∗ := η(z)

and

ζ∗(z) := ζ(z) − z∗,

σ∗(z) = e−
zz∗
2 σ(z).

The transformation formulae of Theorem 1.2.3 can then be written as:

Theorem 1.2.4 For τ ∈ L we have

ζ∗(z + τ) = ζ∗(z),

σ∗(z + τ) = ψ(τ)e
1
2 l(z,τ)σ∗(z).

Therefore, ζ∗ is periodic with respect to L but not elliptic. For a better
understanding of the factor e

1
2 l(z,τ) in the transformation formula of σ∗

we need:

Theorem 1.2.5 (Legendre Relation) Let ω1, ω2 be a basis of the
lattice L with �(ω1

ω2
) > 0. Then the quasi-periods ηj = η(ωj) of the zeta

function satisfy

ω1η2 − ω2η1 = 2πi.

Proof We assume 0 to be an interior point of F . Then, ζ(z) has exactly
one pole of order 1 in F . So, by the theorem of residues

2πi =
∫

∂F

ζ(z)dz.
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Using the transformation formula of the zeta function and adding up
integrals along opposite edges as in the proof of Theorem 1.1.1, this
becomes

−
γ∫

γ+ω1

η2dz −
γ+ω2∫
γ

η1dz = ω1η2 − ω2η1,

which proves Theorem 1.2.5.

From Theorem 1.2.5 we now obtain:

Lemma 1.2.6 For u = u1ω1 + u2ω2, w = w1ω1 + w2ω2 we have

l(u,w) = 2πi(u1w2 − u2w1),

hence

el(u,w) = 1, for u,w ∈ L.

Further, we have the rules

l(au,w) = al(u,w), for a ∈ R,

l(au,w) = l(u, āw) for a ∈ C.

Proof Let ω1, ω2 be a basis of L with �(ω1
ω2

) > 0. Then, by definition of
l and Legendre’s relation in Theorem 1.2.5

l(u,w) = 2πi(u1w2 − u2w1) = det

(
u1 u2

w1 w2

)
2πi,

with the real coordinates uj , wj in the representations u = u1ω1 +
u2ω2, w = w1ω1 + w2ω2. The first two assertions now follow immedi-
ately. To prove the third, let A be the representing matrix of a with
respect to the basis ω1, ω2,

a

(
ω1

ω2

)
= A

(
ω1

ω2

)
.

Then, det(A)A−1 is the matrix belonging to ā, and the coordinates of
au and āw are given by

(u1, u2)A and (w1, w2)det(A)A−1.

Hereafter, the third assertion of the lemma follows from the above rep-
resentation of l as a determinant, observing that N(a) = det(A).
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1.3 Construction of elliptic functions

A non-constant elliptic function f has only a finite number of points
modulo L, where its order is different from 0 (zeros or poles). Let these
points be:

a1, . . . , as with orders m1, . . . ,ms.

Then, according to Theorem 1.1.3,
s∑

j=1

mj = 0 and
s∑

j=1

mjaj ∈ L. (1.2)

Conversely, for aj ∈ C and mj ∈ Z satisfying (1.2), an elliptic function
is defined by

g(z) =
s∏

j=1

(
eza∗

j σ(z − aj)
)mj

, (1.3)

having the same zeros and poles including orders as f . To see this, we
use the transformation formula of the σ function for ω ∈ L:

g(z + ω) = ψ(ω)
∑

mj eω(
∑

mjaj)
∗−ω∗(

∑
miaj)g(z).

Herein the exponent of e is a multiple of 2πi due to Legendre’s relation
and the relation

∑
mjaj ∈ L. Further, by asumption

∑
mj = 0. So we

have g(z + ω) = g(z). Hence g is elliptic.
The function f

g must be constant by Theorem 1.1.4, and we have
proved the following theorem:

Theorem 1.3.1 (Abel–Jacobi) Let a1, . . . , as ∈ C and m1, . . . ,

ms ∈ Z \ {0}. There exists an elliptic function f , such that the ai are
mod L the only points, where the order of f is non-zero and equal to mi

iff condition (1.2) is satisfied. Every such function is, up to a constant
factor, equal to the product in (1.3).

As an example we consider the function ℘(z) − ℘(a) for a ∈ C \ L.
Here we have a1 = a, a2 = −a, a3 = 0; m1 = m2 = 1, m3 = −2.
Therefore, by Theorem 1.3.1

℘(z) − ℘(a) = C
σ(z − a)σ(z + a)

σ(z)2

with a constant C. To determine C, we multiply both sides of the equa-
tion by σ(z)2 and take the limit for z → 0. This shows that C = 1

σ(a)2 ,
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and the first assertion of the following theorem is proved. To prove the
second assertion, we divide the first formula by z − a and take the limit
for a → z.

Theorem 1.3.2

(i) ℘(z) − ℘(a) = −σ(z−a)σ(z+a)
σ(a)2σ(z)2 for a ∈ C \L.

(ii) ℘′(z) = −σ(2z)
σ(z)4 .

Clearly, the set of elliptic functions with respect to a lattice is a field
under addition and multiplication. In the sequel it will be denoted by
CL. Using the results of section 1.1, it follows:

Theorem 1.3.3 CL is generated over C by ℘ and ℘′: CL = C(℘, ℘′).

Proof First, we show every even elliptic function to be a rational function
of ℘. Therefore, we need:

Lemma 1.3.4 Let f be an even function from CL\C and a ∈ C with
2a ∈ L. Then, the order of f at a is divisible by 2.

Proof Writing down the Taylor expansion of f at a,

f(z) = cm(z − a)m + cm+1(z − a)m+1 + . . . ., cm �= 0,

we find

f(z) = f(−z + 2a) = f(a + (a − z)) = (−1)mcm(z − a)m + . . .

Hence m must be even.

Lemma 1.3.5 ℘′(z) is of order 3 and has three simple zeros at the
half-periods

w1 =
ω1

2
, w2 =

ω1 + ω2

2
, w3 =

ω2

2
.

For a ∈ C \L the function ℘(z) − ℘(a) has a simple zero at each of the
points ±a if 2a �∈ L and a zero of order 2 at a if 2a ∈ L.

Proof ℘′ being an odd function, we can conclude, using the Taylor
expansion as in the proof of Lemma 1.3.4, that the half-periods are
zeros of ℘′(z). Moreover, since ℘′ has order 3, these are modulo L the
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only zeros. The assertion of Lemma 1.3.5 about ℘ now follows because
℘ has order 2.

Proof of Theorem 1.3.3. First, we let f be a non-constant even elliptic
function with a1, .., as being modulo L all points where f has an order
mj �= 0. We set m′

j = mj resp. m′
j = mj

2 if 2aj �∈ L resp. 2aj ∈ L. Then,
by Lemma 1.3.5 the function

g(z) = f(z)
s∏

j=1

(℘(z) − ℘(aj))−m′
j

can only have zeros or poles in L and Theorem 1.1.3 tells us that g must
be constant, so f is a rational function of ℘.

Now, let f be an arbitrary elliptic function. We write f as the sum of
an even and an odd function,

f(z) = f(z)+f(−z)
2 + f(z)−f(−z)

2℘′(z) ℘′(z),

which is a linear combination of 1 and ℘′ with coefficients, that are
even elliptic functions and thus rational functions in ℘. This proves the
assertion of Theorem 1.3.3.

1.4 Algebraic and geometric properties of elliptic functions

The Eisenstein series of a lattice L,

Gm(L) :=
∑
ω∈L

′ 1
ω2m

, m ≥ 2,

are absolutely convergent by Lemma 1.2.1. We set

g2 = g2(L) = 60G2(L),

g3 = g3(L) = 140G3(L).

Theorem 1.4.1 ℘ and ℘′ satisfy the algebraic equation

℘′2 = 4℘3 − g2℘ − g3.

The polynomial 4X3 − g2X − g3 has three pairwise different zeros

ej = ℘(wj), j = 1, 2, 3,

with the half-periods wj. Its discriminant is

Δ(L) = 16(e1 − e2)2(e1 − e3)2(e2 − e3)2.
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For every lattice

Δ(L) �= 0,

and by known formulae, we find

Δ(L) = g3
2 − 27g2

3 .

For the proof we need:

Lemma 1.4.2 In a neighbourhood of zero ℘ has the Laurent expansion

℘(z) =
1
z2

+
∞∑

m=1

(2m + 1)Gm+1(L)z2m.

Proof In the series (1.1) of ℘ we write

1
(z − ω)2

− 1
ω2

=
1
ω2

(
1

(1 − z
ω )2

− 1
)

=
∞∑

n=2

n
zn−1

ωn+1
.

Then, because of absolute convergence, we can interchange summation
over ω with summation over n. Further, observing that

∑
ω∈L

′ 1
ωk = 0 for

every odd k ≥ 3, we obtain the Laurent expansion of our assertion.

Proof of Theorem 1.4.1. Writing the function

g(z) = ℘′2 − (4℘3 − g2℘ − g3)

in terms of the Laurent expansion of Lemma 1.4.2 we find that g has no
poles and g(0) = 0. Therefore, by Theorem 1.1.2, g = 0, which proves
the first assertion. To prove the remaining assertions, we observe that
℘′(wi) = 0 according to Lemma 1.3.5 for every half-period wi. The
polynomial 4X3 − g2X − g3 therefore has the zeros ℘(wj), j = 1, 2, 3.

Moreover, these are pairwise different because ℘′(wj) = 0 and thus ℘

has order 2 at wj . This finishes the proof of Theorem 1.4.1.

Theorem 1.4.1 gives rise to a bijection

z + L 
→ Q(z) :=

⎧⎨
⎩

(1 : ℘(z) : ℘′(z)) if z �∈ L,(
1

℘′(z) : ℘(z)
℘′(z) : 1

)
if ℘′(z) �= 0

(1.4)

between C/L and the projective curve

E := {(t : x : y) ∈ P2(C) | y2t = 4x3 − g2xt2 − g3t
3}.
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By the definition

Q(z1) + Q(z2) := Q(z1 + z2)

E is endowed with a group structure with the point Q(0) = (0 : 0 : 1)
at infinity as a neutral element. The algebraic properties of this group
structure follow from the addition formula for ℘ that we are now going
to derive.

The analytic source of the addition formula is the first formula in
Theorem 1.3.2:

℘(z) − ℘(z′) = −σ(z + z′)σ(z − z′)
σ(z)2σ(z′)2

.

Taking both sides of the logarithmic derivative with respect to z and z′,
we find

℘′(z)
℘(z) − ℘(z′)

= ζ(z + z′) + ζ(z − z′) − 2ζ(z),

− ℘′(z′)
℘(z) − ℘(z′)

= ζ(z + z′) − ζ(z − z′) − 2ζ(z′),

and adding the two formulae yields:

Theorem 1.4.3 (addition theorem of the ζ function) For
z, z′ ∈ C \L with z �≡ ±z′ mod L we have

ζ(z + z′) = ζ(z) + ζ(z′) +
1
2

℘′(z) − ℘′(z′)
℘(z) − ℘(z′)

.

By differentiation of the formula in Theorem 1.4.3 with respect to z

and z′, we obtain

℘(z + z′) = ℘(z) − 1
2

℘′′(z)(℘(z) − ℘(z′)) − (℘′(z) − ℘′(z′))℘′(z)
(℘(z) − ℘(z′))2

,

℘(z + z′)=℘(z′) − 1
2
−℘′′(z′)(℘(z) − ℘(z′)) − (℘′(z) − ℘′(z′))(−℘′(z′))

(℘(z) − ℘(z′))2
.

Further, by differentiation of the algebraic equation in Theorem 1.4.1 we
find

℘′′(z) = 6℘(z)2 − g2

2
.

Adding the two formulae for ℘(z + z′) and expressing ℘′′ by ℘ using the
last formula shows:
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Theorem 1.4.4 (addition theorem of the ℘ function) For
z, z′ ∈ C \L with z �≡ ±z′ mod L we have

℘(z + z′) = −℘(z) − ℘(z′) +
1
4

(
℘′(z) − ℘′(z′)
℘(z) − ℘(z′)

)2

if z �≡ ±z′ mod L,

℘(2z) = −2℘(z) +
1
4

(
℘′′(z)
℘′(z)

)2

if 2z �≡ 0 mod L.

The formulae of Theorem 1.4.4 tell us that E is an algebraic group with
respect to the defined addition, i.e. the coordinates of Q(z1)+Q(z2) are
rational functions in the coordinates of Q(z1) and Q(z2) with coefficients
in Q[g2, g3].

x-axisQ2

Q3¢

Q1

Furthermore, the above formulae allow the following geometric inter-
pretation: for two points Q1, Q2 ∈ E the line through Q1 and Q2 has
exactly one more point of intersection Q3 = (t : x : y) with E and from
the equation of intersection one finds (e.g. Lang (1970), page 12)

Q1 + Q2 + Q3 = 0.

Therefore, we can conclude

Q1 + Q2 = Q′
3 mit Q′

3 = (t : x : −y).

This relation shows us again that the coordinates of Q1+Q2 are rational
functions of the coordinates of Q1 and Q2 with coefficients in Q[g2, g3].
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1.5 Division polynomials

The aim of this section is to compute algebraic equations for the x-
coordinates of torsion points of E. Our presentation is based on Cassels
(1949), Lang (1978) and Meyer (1995). For a natural number n, we
consider the function

fn(z) = (−1)n+1 σ(nz)
σ(z)n2 ,

which is elliptic according to Theorem 1.3.1. fn satisfies the following
product relation:

Theorem 1.5.1

f2
n(z) = n2

∏
u∈ 1

n
L\L

u mod L

(℘(z) − ℘(u)).

Proof Given an elliptic function f �= 0 having non-zero order μj exactly
at points uj modulo L we call the formal linear combination

(f) =
∑

j

μj(uj)

of the points uj the divisor of f . According to Liouville’s theorems the
quotient of two elliptic functions having the same divisor is a constant.
Hence the quotient of both the left- and the right-hand sides in Theorem
1.5.1 are a constant because both have the same divisor∑

u ∈ 1
n

L

u mod L

2(u) − 2(n2 − 1)(0).

The constant is computed via the Laurent expansions at zero of the
functions involved in the formula.

Theorem 1.5.2 Let m > n be natural numbers. We set ℘m(z) =
℘(mz) and ℘n(z) = ℘(nz). Then

℘m − ℘n = −fm+nfm−n

f2
mf2

n

.

Proof First, we determine the divisor of each side. It is given by:

∑
u ∈ 1

m
L

u mod L

−2(u) +
∑

u ∈ 1
n

L

u mod L

−2(u) +
∑

u ∈ 1
m+n

L

u mod L

(u) +
∑

u ∈ 1
m−n

L

u mod L

(u).
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For the right-hand side this follows from defining the property of fm and
fn. For the left, it is obtained by looking at the formula

℘(mz) − ℘(nz) = −σ((m + n)z)σ((m − n)z)
σ(mz)2σ(nz)2

.

Therefore, the quotient of both sides must be a constant C and, com-
paring Laurent expansions, we find C = 1.

The functions fm satisfy the identity:

Theorem 1.5.3

fm+1fm−1f
2
n − fn+1fn−1f

2
m = fm+nfm−n for m > n > 1.

Proof The proof is obtained by applying Theorem 1.5.2 twice:

−fm+nfm−n

f2
mf2

n

= ℘m − ℘n = (℘m − ℘) − (℘n − ℘)

= −fm+1fm−1

f2
mf2

1

+
fn+1fn−1

f2
nf2

1

= −fm+1fm−1f
2
n − fn+1fn−1f

2
m

f2
mf2

n

.

Using Theorem 1.5.3 for the pairs (n + 1, n) and (n + 1, n − 1) and,
keeping in mind f2 = ℘′, we obtain the following recursion formulae:

Theorem 1.5.4
(i) f2n+1 = fn+2f

3
n − f3

n+1fn−1,
(ii) f2nf2 = fn(fn+2f

2
n−1 − fn−2f

2
n+1).

Using these formulae, the fn can be computed recursively if f1, f2, f3, f4

are known. The latter are determined via the addition theorem and The-
orem 1.5.2:
f1 = 1,
f2 = ℘′,

f3 = 3℘4 − 3
2g2℘

2 − 3g3℘ − 1
16g2

2 ,

f4 = 1
2℘′(4℘6 − 5g2℘

4 − 20g3℘
3 − 5

4g2
2℘2 − g2g3℘ − 2g2

3

+ 1
16g3

2).

(1.5)

In particular, the recursion formulae show

fn ∈ C[℘] for n odd,

fn ∈ ℘′C[℘] for n even.
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Writing

fn =
{

Ψn(℘) for n odd,
℘′

2 Ψn(℘) for n even,

with the polynomials

Ψn(℘) = n
∏

u∈ 1
n

L\ 1
2L

±u mod L

(℘ − ℘(u)) ∈ C[℘],

the above formulae yield

Ψ1 = 1,

Ψ2 = 2,

Ψ3 = 3℘4 − 3
2
g2℘

2 − 3g3℘ − 1
16

g2
2 ,

Ψ4 = 4℘6 − 5g2℘
4 − 20g3℘

3 − 5
4
g2
2℘2 − g2g3℘ − 2g2

3 +
1
16

g3
2 ,

and we have the recursion formulae:

Theorem 1.5.5

Ψ2n+1 =
{

Ψn+2Ψ3
n − Ψ3

n+1Ψn−116℘′4 if 2�n,

16℘′4Ψn+2Ψ3
n − Ψ3

n+1Ψn−1 if 2|n,

Ψ2n = Ψn(Ψn+2Ψ2
n−1 − Ψn−2Ψ2

n+1).

For illustration and for later purposes we apply Theorem 1.5.5 to
derive the representation for Ψ5:

Ψ5 = 5 ℘12 − 31

2
g2 ℘10 − 95 g3 ℘9 − 105

16
g2

2℘8 + 15 g2 g3 ℘7

+

(
75

16
g2

3 − 15 g3
2

)
℘6 +

87

8
g2

2g3 ℘5

+

(
−133

256
g2

4 +
17

2
g2 g3

2 − 8

(
1

32
g2

3 − g3
2

)
g2 +

3

2

(
3

16
g2

3 + 9 g3
2

)
g2

)
℘4

+

(
−5

8
g2

3g3 − 10 g3
3 − 8

(
1

32
g2

3 − g3
2

)
g3 + 3

(
3

16
g2

3 + 9 g3
2

)
g3

)
℘3

+

(
3

512
g2

5 − 1

2
g2

2g3
2 +

(
1

32
g2

3 − g3
2

)
g2

2 +
1

16

(
3

16
g2

3 + 9 g3
2

)
g2

2

)
℘2

+

(
9

256
g2

4g3 − 1

2
g2 g3

3 + 2

(
1

32
g2

3 − g3
2

)
g2 g3

)
℘

+
1

4096
g2

6 +

(
1

32
g2

3 − g3
2

)
g3

2
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Proof of the formulae (1.5):
f1 = 1 follows immediately from the definition of f1. The equality f2 =
℘′ means

−σ(2z)
σ(z)4

= ℘′,

and this follows from Theorem 1.3.2 or from the fact that the divisor of
℘′ is

(℘′) = −3(0) +
∑

u ∈ 1
2L

u mod L

(u).

To compute f3 we use Theorem 1.5.2. We obtain

℘2 − ℘ = −f3f1

f2
2

= − f3

℘′2

and further, using the addition formula:

℘2 = −2℘ +
1
4

(
℘′′

℘′

)2

.

Differentiation of ℘′2 = 4℘3 − g2℘ − g3 leads to

2℘′℘′′ = 12℘2℘′ − g2℘
′, hence

℘′′

2℘′ =
3℘2 − 1

4g2

℘′ .

Putting this into the previous equation we obtain

℘2 − ℘ =
−3℘℘′2 + 9℘4 − 3

2℘2g2 + 1
16g2

2

℘′2 ,

and, comparing this with the first formula gives us the asserted form for
f3. The formula for f4 is deduced analogously.

1.6 Weierstrass functions

In the sequel let x, y ∈ CL be two functions having exactly one pole
mod L at 0 of order 2 resp. 3. We call two such functions a pair of
Weierstrass functions for L. Liouville’s theorem tells us that this
condition is equivalent to x and y being of the form

x = a + b℘, y = c + d℘ + e℘′ with a, b, c, d, e ∈ C and b, e �= 0.

This implies that every pair x, y of Weierstrass functions after multipli-
cation by non-zero constants satisfies a Weierstrass equation, i.e. an
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irreducible equation of the form

y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6 (1.6)

with coefficients a1, . . . , a6 ∈ C. So the map

z + L 
→ Q(z) :=

⎧⎨
⎩

(1 : x(z) : y(z)) for z �∈ L,(
1

y(z) : x(z)
y(z) : 1

)
for y(z) �= 0.

(1.7)

defines a bijection between C/L and the projective curve E defined by

y2t + a1xyt + a3yt2 = x3 + a2x
2t + a4xt2 + a6t

3.

Setting

Q(z1) + Q(z2) := Q(z1 + z2)

E is endowed with a group structure with the point Q(0) = (0 : 0 : 1)
at infinity as neutral element. Further, x and y being obtained from ℘

and ℘′ by an affine linear transformation, this group structure again
allows the following geometric interpretation: for Q1, Q2, Q3 ∈ E with
Q1 +Q2 +Q3 = 0, the point Q3 is the third intersection point of the line
through Q1 and Q2 with the curve E. Moreover, this implies that the
coordinates of Q1 + Q2 are rational functions of the coordinates of Q1

and Q2 with coefficients in Q[a1, a2, a3, a4, a6]. Therefore, given a field
extension L of Q(a1, a2, a3, a4, a6), the set E(L) of all points in E having
coordinates in L is a subgroup of E.

For a field extension L of Q(a1, a2, a3, a4, a6) we will consider the
subfield L(x, y) of C(x, y) later. In this situation it is often necessary
to know whether a given function f ∈ C(x, y) = CL is an element of
L(x, y). Here, the following theorem is useful.

Theorem 1.6.1 Let x, y be a pair of Weierstrass functions with respect
to L and f ∈ C(x, y). Further, let (zn)n≥1 be an injective sequence,
lim

n→∞
zn = 0, containing no poles of f . Then

f ∈ L(x, y)

with L := Q(f(z1), . . . , f(zN ), x(z1), . . . , x(zN ), y(z1), . . . , y(zN )) for some
N ∈ N.

Proof f has a representation of the form

n(x)f = a(x) + b(x)y (1.8)
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with polynomials

n(X), a(X), b(X) ∈ C[X], gcd(n(X), a(X), b(X)) = 1.

Assuming that n(X) is normalised, these polynomials are unique. Fur-
ther, by the identity theorem for meromorphic functions the coefficients
can also be characterised as the unique solutions of a system of linear
equations arising from (1.8) by inserting the values f(zn), x(zn) and
y(zn). Thus, the coefficients of a(X), b(X) and n(X) for normalised
n(X) are in the field generated over Q by all values f(zn), x(zn) and
y(zn). More precisely the finitely many coefficients of the polynomials
a(X), b(X) and n(X) must lie in a subfield generated over Q by a finite
number of values f(zn), x(zn) and y(zn).

1.6.1 Expansions at zero

In the following, let x, y be a pair of Weierstrass functions. Then

W := −x

y
(1.9)

has a zero at 0 of order 1, thus being a uniformising parameter at 0 of
the Riemann surface defined by equation (1.6) and the parametrisation
(1.7). Hence, all functions from CL and, in particular, x have a Laurent
expansion of powers of W converging in a neighbourhood of 0. The
coefficients of this expansion are related to a1, . . . , a6 as follows:

Theorem 1.6.2 In a neighbourhood of 0 we have Laurent expansions
of the form

− 1
y = W 3 +

∑
n≥4

AnWn

x = W−2 +
∑

n≥−1

BnWn

y = −W−3 +
∑

n≥−2

CnWn

with coefficients An, Bn, Cn ∈ Z[a1, . . . , a6].

Proof Dividing the above Weierstrass equation by −y3 gives us the
equation

s = W 3 + (a1W + a2W
2)s + (a3 + a4W )s2 + a6s

3 =: f(W, s) (1.10)

with

s := −1
y
.
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Substituting this equation into itself recursively,

s = f(W, f(W, f(W, . . . , f(W, s)))),

we obtain for every N ∈ N

s =
N−1∑
n=3

AnWn + WNgN

with an elliptic function gN holomorphic at 0 and coefficients A3 = 1
and An ∈ Z[a1, . . . , a6] for n ≥ 3. More precisely, gN is a polynomial of
s and W with coefficients in Z[a1, . . . , a6]. On the other hand, s having
a zero at 0 has a Laurent series expansion in a neighbourhood of 0:

s =
∑
n≥3

dnWn.

From
N−1∑
n=3

(An − dn)Wn = O(WN ) for W → 0

we can conclude that

dn = An for n = 3, . . . , N − 1

for every N ∈ N, thereby proving the first assertion of our theorem. The
third assertion follows immediately from the first and implies the second
using the relation x = −Wy.

For the expansion of an arbitrary function in CL we have:

Theorem 1.6.3 For f ∈ CL let ξ1, .., ξm mod L be all poles �≡ 0 mod L

of f . Further, let (zk)k≥1, zk �∈ L, be a sequence converging to 0 with
f(zk),W (zk), s(zk) being algebraic numbers.
Then, there exist l ∈ N and r ∈ R0,

R0 := Z[a1, . . . , a6, x(ξ1), . . . , x(ξm),W (z1), . . . , W (zl), s(z1), . . . ,
s(zl), f(z1), . . . , f(zl)],

such that the coefficients in the Laurent expansion

f =
∑

n≥n0

dnWn

are all in 1
r R0.
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Proof For sufficiently large N ∈ N

g :=

⎧⎨
⎩

m∏
j=1

(x − x(ξj))

⎫⎬
⎭

N

f

has no pole outside L. Therefore,

g = p(x) + q(x)y

with polynomials p, q ∈ C[X], which implies that for a sufficiently large
M ∈ N

sMg = h(W, s)

with a polynomial h, that is unique if we assume its degree with respect
to s to be minimal. The coefficients of h satisfy the linear equations

s(zk)Mg(zk) = h(W (zk), s(zk)), k ∈ N,

and they are even uniquely determined by these equations because by the
identity theorem sMg is uniquely determined by its values s(zk)Mg(zk),
k ∈ N. The coefficients of the solution are in a field generated by finitely
many of the values g(zk), x(zk), y(zk). Inserting the W -expansions of x

and s from Theorem 1.6.2 into

f =

⎧⎨
⎩

m∏
j=1

(x − x(ξj))

⎫⎬
⎭

−N

s−Mh(W, s),

gives us the assertion of Theorem 1.6.3.

Next, we will express the addition formula 1.4.3 in terms of a power
series. The starting point is the geometric interpretation according to
which for (z1, z2, z3) ∈ C3 with z1 + z2 + z3 ≡ 0 mod L the points Q(zi)
are the three intersection points of a line and the projective curve E

defined by Y 2Z = 4X3 − g2XZ2 − g3Z
3. By a linear transformation T ,

T : (p1 : p2 : p3) 
→ (ap1 + bp2 : cp1 + dp2 + ep3 : p3),

E is mapped to the curve E′ defined by

Y 2Z + a1XY Z + a3Y Z2 = X3 + a2X
2Z + a4XZ2 + a6Z

3.

Here again the images T (p(zi)) are the three intersection points of a line
with E′. This way, using Theorem 1.6.2, we find the following result:
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Theorem 1.6.4 There exist two power series

G(X,Y ), I(X) ∈ Z[a1, . . . , a6][[X,Y ]]

and a neighbourhood U of 0 such that for all z, z1, z2 ∈ U the power
series are convergent for X,Y = W (z),W (zi) and

W (z1 + z2) = W (z1) + W (z2) + W (z1)W (z2)G(W (z1),W (z2)),

W (−z) =−W (z)(1 + W (z)I(W (z)).

Proof We consider three points z1, z2, z3 �= 0 in C with

z1 + z2 + z3 = 0.

For zi sufficiently near to 0 the values W (zi), s(zi) are finite. Hence the
corresponding points on E′ have projective coordinates

(Wj : 1 : sj) with Wj = W (zj), sj = s(zj), j = 1, 2, 3.

To show that W3 is a power series in W1 and W2 we observe that (W3 : 1 :
s3) is the third intersection point with E′ of the line through (W1 : 1 : s1)
and (W2 : 1 : s2). We first assume that W1 �= W2 and consider the
equation

s = mW + b

of the line through (W1, s1) and (W2, s2) in the (W, s)-plane. Inserting
this into the equation s = f(W, s) for E′ from (1.10), we obtain a cubic
equation for W :

mW + b = W 3 + (a1W + a2W
2)(mW + b) + (a3 + a4W )(mW + b)2

+a6(mW + b)3.

Herein the coefficient of W 3 is

1 + a2m + a4m
2 + a6m

3.

Therefore, looking at the coefficients of W 2, we obtain

W1 + W2 + W3 = −a1m + a2ba3m
2 + 2a4bm + 3a6m

2

1 + a2m + a4m2 + a6m3
. (1.11)

Now we substitute the expansion of m and b that we obtain from The-
orem 1.6.2:

m =
s1 − s2

W1 − W2
=

∑
n≥3

An
Wn

1 − Wn
2

W1 − W2
= W 2

1 + W1W2 + W 2
2 + · · · ,
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b = s1 − mW1 =
∑
n≥3

AnWn
1 − mW1.

Then (1.11) shows that W3 is of the form

W3 = F (W1,W2)

with a power series

F (X,Y ) ∈ Z[a1, . . . , a6][[X,Y ]]

that is independent of W1,W2. Next, we derive an expansion for W (z1 +
z2) as a power series of W3. We observe that

W (z1 + z2) = W (−z3) = −x(−z3)
y(−z3)

,

and from ℘(−z3) = ℘(z3) it follows that

x(−z3) = x(z3).

Hence, the numbers y(±z3) satisfy the quadratic equation

Y 2 + a1x(z3)Y + a3Y = x(z3)3 + a2x(z3)2 + a4x(z3) + a6.

For the following we first assume that z3 �∈ 1
2L. Then ℘′(−z3) �= ℘′(z3),

which implies that y(−z3) �= y(z3) and, looking at the coefficient of Y

in the quadratic equation, we obtain the relation:

y(−z3) = −y(z3) − a1x(z3) − a3,

which by continuity of y also holds for z3 ∈ 1
2L. Thus, we obtain

W (−z3) = − x(z3)
−y(z3) − a1x(z3) − a3

= − W3

1 − a1W3 − a3s3
.

Inserting the expansion of s3 as a power series of W3, we find that

W (z1 + z2) = H(W3)

with

H(X) ∈ Z[a1, . . . , a6][[X]].

This formula also holds for z3 ∈ 1
2L, because both sides are continuous

functions of z3 = −(z1 + z2) and, taking the limit z1, z2 → 0, it follows
that F (0, 0) = 0. Therefore, inserting F in H again yields a power series

H(F (X,Y )) ∈ Z[a1, . . . , a6][[X,Y ]].
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We then have

W (z1 + z2) = H(F (W (z1),W (z2))),

and by continuity this formula also holds for z1, z2, z1 + z2 �= 0 in a
neighbourhood of 0. Finally, H(F (X,Y )) has the form asserted in the
theorem because the limits of

W (z1 + z2) − W (z1) − W (z2)

for z1 → 0 and z2 → 0 are equal to zero.
To prove the formula for W (−z), we use the above relation

W (−z) = − x(z)
−y(z) − a1x(z) − a3

= − W (z)
1 − a1W (z) − a3s

for z = z3 and insert the expansion of W as a power series in s. This
yields the formula for W (−z).

1.6.2 p-adic limits

The series in Theorems 1.6.2 to 1.6.4 are understood as convergent with
respect to the usual metric of C. Under certain conditions we will now
show that they are also convergent to the same limit with respect to
the metric of a discrete valuation ring. We let R be a discrete valuation
ring in C with maximal ideal P = Rπ. Then we have:

Theorem 1.6.5 Let a1, . . . , a6 ∈ R and ξ ∈ C with

W (ξ) ∈ P.

Then with the coefficients An, Bn, Cn from Theorem 1.6.2 we have the
P-adic expansions

− 1
y(ξ) = W (ξ)3 +

∑
n≥4

AnW (ξ)n,

x(ξ) = W (ξ)−2 +
∑

n≥−1

BnW (ξ)n,

y(ξ) =−W (ξ)−3 +
∑

n≥−2

CnW (ξ)n,

where for the last two formulae W (ξ) �= 0 has to be required.

Proof Following the proof of Theorem 1.6.3, we start by showing the first
assertion. For W (ξ) = 0 the algebraic equation between x and y implies
that s(ξ) = 0. Therefore the expansion in our assertion is trivial. In the
case of W (ξ) ∈ P \ {0} the algebraic equation yields s(ξ) ∈ P and,
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applying the equation between s and W recursively as at the beginning
of the proof of Theorem 1.6.2, leads to

s −
N−1∑
n≥3

AnWn ∈ WNZ[a1, . . . , a6, s,W ]

for every N ∈ N. This implies that

s(ξ) −
N−1∑
n≥3

AnW (ξ)n ∈ P
N

,

thus proving the first assertion for s(ξ) = − 1
y(ξ) . The two remaining

assertions of Theorem 1.6.5 can be deduced from the first as in the
proof of Theorem 1.6.2.

Using the P-adic expansion of − 1
y(ξ) in Theorem 1.6.5 we obtain, as

described in the proof of Theorem 1.6.4:

Theorem 1.6.6 Let a1, . . . , a6 ∈ R and ξ, ξ1, ξ2 ∈ C with

W (ξ),W (ξ1),W (ξ2) ∈ P.

Then we have the P-adic expansions

W (ξ1 + ξ2) = W (ξ1) + W (ξ2) + W (ξ1)W (ξ2)G(W (ξ1),W (ξ2)),

W (−ξ) = −W (ξ)(1 + W (ξ)I(W (ξ))

with the power series G(X,Y ), I(X) from Theorem 1.6.4.

The following theorem is a p-adic version of Theorem 1.6.3.

Theorem 1.6.7 Let f be as in Theorem 1.6.3 and R a valuation ring
in C with maximal ideal P containing the ring R0 of Theorem 1.6.3.
Then for W (ξ) ∈ P we have

f(ξ) =
∑

n≥n0

dnW (ξ)n

with the series from Theorem 1.6.3 as a P-adic limit.
Furthermore, let R = R1 ⊆ R2 ⊆ . . . be a sequence of valuation rings
with prime elements πi satisfying

πek

k+1 ∼ πk with ek ∈ N, ek ≥ 2 for almost all k.

For a suitable sequence ηk ∈ C let

W (ηk) ∈ πkRk for all k.
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Then the coefficients dn are all in R if all values f(ηk) are integral
algebraic over R for P.

Proof The P-adic covergence follows immediately by inserting the series
for x and y into the representation of f in the proof of Theorem 1.6.3.

It remains to prove that the coefficients dn are in R under the above
conditions on the W (ηk). By Theorem 1.6.3 we have

dn ∈ 1
r
R, n ≥ 0,

with an r ∈ R \ {0} that is independent of n. Now, if π1 does not
divide any denominator of the coefficients dn, we are done. Otherwise
let πl

1, l > 0, be the maximal power of π1 dividing the denominator
of some dn. We chose the minimal n = n1 with the denominator of
dn1 being associated with πl

1. From ek ≥ 2 for almost all k it follows
that for sufficiently large k the denominator of dnW (ηk)n with n �= n1

and dn �= 0 is associated with a decidedly smaller power of πk than the
denominator of dn1W (ηk)n1 , so by the strict triangular inequality, f(ηk)
cannot be integral over R – contrary to our assuming f(ηk). This proves
that all dn are in R.

Finally, we consider the relations between different pairs of Weier-
strass functions and present some known formulae that can be found,
for instance, in Silverman, "The Arithmic of Elliptic Curves" (1985).
Let x, y be a pair of Weierstrass functions for the lattice L satisfying
the irreducible equation

Φ(X,Y ) = Y 2 + a1XY + a3Y − (X3 + a2X
2 + a4X + a6) = 0.

Then

C(℘, ℘′) = C(x, y) ∼= Quot(C[X,Y ]/(Φ(X,Y )))

is an algebraic function field over C of genus one. Let R be a valuation
ring with maximal ideal p and residue field k. We assume Φ(X,Y ) ∈
R[X,Y ], and by Φ(X,Y ) we denote the image of Φ(X,Y ) under the
natural map : R[X,Y ] → k[X,Y ]. We say that Φ(X,Y ) has good
reduction modulo p if

Quot(k[X,Y ]/(Φ(X,Y )))

is again a function field of genus one over k, which is equivalent to the
indivisibility of the discriminant Δ of Φ(X,Y ) by p. For a1 = a3 = 0 the
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discriminant Δ is the discriminant of the cubic polynomial x3 + a2X
2 +

a4X + a6 and in the general case Δ is defined as follows:

Δ = −b2
2b8 − 8b3

4 − 27b2
6 + 9b2b4b6

with

b2 = a2
1 + 4a2,

b4 = 2a4 + a1a3,

b6 = a2
3 + 4a6,

b8 = a2
1a6 + 4a2a6 − a1a3a4 + a2a

2
3 − a2

4.

The quantity

j :=
(b2

2 − 24b4)3

Δ

only depends on the underlying lattice L = Zω1 +Zω2, �
(

ω1
ω2

)
> 0, and

is equal to the modular invariant j
(

ω1
ω2

)
defined later in section 2.4.

Now let x, y and x̃, ỹ be two pairs of Weierstrass functions with respect
to the lattice L. Then they are related by two equations of the form

x = u2x̃ + r,

y = u3ỹ + u2vx̃ + t

with coefficients r, t, u, v ∈ C, u �= 0. For the discriminants of the corre-
sponding equations Φ(X,Y ) and Φ̃(X,Y ), we have

Δ = u12Δ̃. (1.12)

If, in particular, Φ(X,Y ), Φ̃(X,Y ) ∈ R[X,Y ] have good reduction mod-
ulo p, it follows that

u ∼ 1 and r, t, v ∈ R.

This implies:

Theorem 1.6.8 Let Φ(X,Y ), Φ̃(X,Y ) ∈ R[X,Y ] be equations of two
pairs x, y and x̃, ỹ of Weierstrass functions with good reduction mod-
ulo p. Then, in a neighbourhood of 0 the uniforming parameters W =
−x

y , W̃ = − x̃
ỹ are related by the series

W =
∑
n≥1

rnW̃n,
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with coefficients rn ∈ R and r1 ∼ 1.
Further, for every ξ ∈ C with W̃ (ξ) ∈ p the expansion

W (ξ) =
∑
n≥1

rnW̃ (ξ)n

is also valid as a p-adic limit.

Proof According to the above relation we have

W =
u2W̃ − r

ỹ

u3 − u2vW̃ + t
ỹ

,

with a unit u. Inserting the expansion of 1
ỹ from Theorems 1.6.2 and

1.6.5, gives us the desired expansion.

1.7 Elliptic resolvents

We follow the exposition in Schertz (1999). Let L̂ ⊇ L be two complex
lattices. Then for ξ ∈ L̂ the map

τξ : g(z) 
→ g(z + ξ)

defines an automorphism of CL/C
L̂

depending on ξ only modulo L̂.
Clearly, C

L̂
is the fixed field of all these automorphisms. Hence, CL/C

L̂

is a Galois extension with Galois group

G = {τξ|ξ ∈ L̂} ∼= L̂/L.

We are now going to construct suitable resolvents for the extension
CL/C

L̂
. Therefore, in order to distinguish between elliptic functions

for different lattices, we will use the notation f(z|L) and lL(u,w) rather
than f(z) for f = σ, ζ, ℘, . . . and l(u,w).

For a complex lattice we consider Klein’s normalisation of the Weier-
strass σ function

ϕ(z|L) := σ∗(z|L) 12

√
Δ(L), (1.13)

with some 12-th root of Δ(L). We chose an arbitrary γ ∈ C \ L and
define

hγ(z|L) := e−
1
2 lL(z,γ) ϕ(z + γ|L)

ϕ(z|L)
with lL(z, γ) = zγ∗ − z∗γ.(1.14)
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Here the 12-th root of Δ(L) is of no importance. Later in the applications
it will come into play. The function hγ has the following properties:

hγ(z|L) is meromorphic in C, (1.15)

elL(z,γ)hγ(z|L) is periodic with respect to L, (1.16)

hγ(z|Lν−1) = hγν(zν|L) = ε(ν)hγ(zν|L) with
ε(ν) = ψL(γ(ν − 1))e

1
2 N(γ)lL(1,ν) for ν ≡ 1 mod 1

γ L,
(1.17)

where the bar denotes complex conjugation and N(.) the complex norm.
The proof of (1.15) to (1.17) follows immediately from the transforma-
tion formula of Theorem 1.2.4 using Lemma 1.2.6. For the following we
need:

Lemma 1.7.1 Let L ⊂ L̂ be complex lattices and u,w ∈ C. Then

l
L̂

(u,w) = [L̂ : L]lL(u,w).

Proof The assertion follows from Lemma 1.2.6, keeping in mind that the
coordinates of u and w with respect to the basis ω̂1, ω̂2 with �( ω̂1

ω̂2
) > 0

are given by

(u1, u2)B and (w1, w2)B,

where B as a matrix transforming a basis of L̂ into a basis of L has the
determinant [L̂ : L].

For the following, let L̂ ⊃ L be two fixed complex lattices with index

[L̂ : L] = n,

and let χ be a character of L̂/L. By the following theorem we will obtain
suitable resolvents for the extensions CL/C

L̂
.

Theorem 1.7.2

∑
ξ∈

ˆ
L

ξ mod L

elL(ξ,γ)hγ(z + ξ|L)χ̄(ξ) =
12

√
Δ(L̂)
Δ(L)

Cχ(z) with

Cχ(z) = e
− 1

2 l ˆ
L

(z, γ
n +μχ) ϕ(γ|L)ϕ(z + γ

n + μχ|L̂)

ϕ(z|L̂)ϕ( γ
n + μχ|L̂)

,

and an isomorphism

μ : X(L̂/L) → ( 1
nL)/L̂, χ 
→ μχ.
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X(L̂/L) denotes the group of characters of L̂/L.

Note that Cχ(z) depends only on the class of μχ modulo L̂.

Proof We set

Rχ(z) :=
∑
ξ∈

ˆ
L

ξ mod L

elL(ξ,γ)hγ(z + ξ|L)χ̄(ξ).

For ω ∈ L̂ we obtain from (1.16) the transformation formula

Rχ(z + ω) = χ(ξ)e−lL(ω,γ)Rχ(z).

By the determinant formula in the proof of Lemma 1.2.6 we see that
there exists a μχ ∈ 1

nL, uniquely determined modulo L̂, such that

χ(ξ) = e
l ˆ
L

(ξ,−μχ) for all ξ ∈ L̂.

Using the rules of Lemma 1.2.6, the transformaton formula for Rχ then
becomes:

Rχ(z + ω) = e
−l ˆ

L
(ω,δχ)

Rχ(z) with δχ = μχ +
γ

n
.

According to Lemma 1.7.1 the same transformation formula holds for
hδχ

(z|L̂). Hence Rχ(z)hδχ
(z|L̂)−1 is an elliptic function with respect

to L̂. Moreover, this function has at most one pole of order 1 at z ≡ −δχ.
Therefore, by Theorem 1.1.4 it must be a constant c that is equal to the
limit:

c = lim
z→0

Rχ(z)

hδχ
(z|L̂)

=
ϕ(γ|L)

ϕ(δχ|L̂)

12

√
Δ(L̂)
Δ(L)

.

This proves the formula of our theorem.

For later applications the formula of Theorem 1.7.2 needs a modifica-
tion, for in general neither hγ(z|L) is in CL nor is the factor elL(ξ,γ) a
character of L̂/L. Therefore, Rχ cannot be a resolvent for the extension
CL/C

L̂
. We choose one of the various modifications described in Schertz

(1999): Let ω ∈ C have the properties

(ω − 1)γ ∈ L

and

ωL̂ ⊆ L.
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We define the function

G(z) := G(z|L) :=
hγ(z|L)
hγ(ωz|L)

,

and by (1.15) to (1.17) we see that G is elliptic with respect to L.
Further,

χ0(ξ) = elL(ξ(1−ω),γ)

defines a character of L̂/L, and by (1.16) we obtain

G(z + ξ|L) = χ0(ξ)elL(ξ,γ) hγ(z + ξ|L)
hγ(ωz|L)

.

Theorem 1.7.2 now yields:

Theorem 1.7.3

(G(z|L), χ) :=
∑
ξ∈

ˆ
L

ξ mod L

G(z + ξ|L)χ̄(ξ) =
12

√
Δ(L̂)
Δ(L)

Cχχ̄0(z)h−1
γ (ωz|L).

For the analytic interpretation of Theorem 1.7.3 we observe that CL

is a C
L̂

[G] module with respect to

G(z|L) ◦
∑

[ξ]∈L̂/L

aξ(z)[ξ] :=
∑

[ξ]∈L̂/L

aξ(z)G(z + ξ|L).

Therefore, the resolvent in Theorem 1.7.3 is a Galois resolvent for the
extension CL/C

L̂
. For a finite subset S ⊂ C/L we let O

L̂
and OL be

the subrings of functions in C
L̂

and CL having no poles outside S. For
S that is large enough the functions Cχ are all units in O

L̂
and it follows

that

OL = G ◦ O
L̂

[G],

because the discriminant of the set G ◦G is a unit in O
L̂

.
To finish, we will establish a kind of resolvent formula for the ζ∗ func-

tion, too. For this purpose we must distinguish between the principal and
the non-principal characters of L̂/L. First, we normalise ζ∗ in analogy
to σ∗ by

Z(z|L) :=
ζ∗(z|L)
12
√

Δ(L)
.
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Theorem 1.7.4

∑
ξ∈

ˆ
L

ξ mod L

Z(z + ξ|L) =
12

√
Δ(L̂)
Δ(L)

Z(z|L̂).

Proof The Laurent expansion of ℘′ gives us directly∑
ξ∈

ˆ
L

ξ mod L

℘′(z + ξ|L) = ℘′(z|L̂),

and, integrating twice,∑
ξ∈

ˆ
L

ξ mod L

ζ(z + ξ|L) = ζ(z|L̂) + Az + B

with constants A,B. Replacing ζ by ζ∗ this relation becomes∑
ξ∈

ˆ
L

ξ mod L

ζ∗(z + ξ|L) = ζ∗(z|L̂) + g(z)

with g(z) = η(z|L̂) −
∑
ξ

η(z + ξ|L) − (Az + B).

Herein g is an affine linear function that is periodic with respect to L.
Thus, g must be a constant that is equal to zero because ζ∗ is an odd
function. This implies the assertion of Theorem 1.7.4.

Theorem 1.7.5 Let χ be a non-principal character of L̂/L. Then
there exists a δχ ∈ 1

nL \ L̂ such that χ(ξ) = e
−l ˆ

L
(ξ,δχ) for all ξ ∈ L̂ and

∑
ξ∈

ˆ
L

ξ mod L

Z(z + ξ|L)χ̄(ξ) = e
− 1

2 l ˆ
L

(z,δχ) 12

√
Δ(L̂)
Δ(L)

ϕ(z + δχ|L̂)

ϕ(z|L̂)ϕ(δχ|L̂)
.

Proof Using the relation
∑
ξ

χ(ξ) = 0, we find

Rχ(z) :=
∑
ξ∈

ˆ
L

ξ mod L

ζ∗(z + ξ|L)χ̄(ξ)

=
∑
ξ∈

ˆ
L

ξ mod L

ζ(z + ξ|L)χ̄(ξ) −
∑
ξ∈

ˆ
L

ξ mod L

ξ∗χ(ξ).
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So Rχ(z) is a meromorphic function satsifying the transformation for-
mula Rχ(z +ω) = Rχ(z)χ(ω) for all ω ∈ L̂. The proof is now completed
in analogy to the proof of Theorem 1.7.4.

1.8 q-expansions

In view of homogeneity,

σ(zλ|Lλ) = σ(z|L)λ,

ζ(zλ|Lλ) = ζ(z|L)λ−1,

℘(zλ|Lλ) = ℘(z|L)λ−2,

℘′(zλ|Lλ) = ℘′(z|L)λ−3,

Gm(Lλ) = Gm(L)λ−2m,

it suffices to consider lattices of the form L = Zω + Z, �(ω) > 0 in the
following. Here, for simplification, we write

f(z|ω) := f(z|Zω + Z).

The source of all formulae derived in this section is the following theorem:

Theorem 1.8.1 (q-expansion of σ(z|ω)) For ω ∈ C,�(ω) > 0,
and z ∈ C we set q = e2πiω, Q = e2πiz, Q± 1

2 = e±πiz. Further, let
η2 = η(1|ω) be the quasi-period belonging to 1. Then we have

σ(z|ω) =
1

2πi
e

1
2 η2z2

(Q
1
2 − Q− 1

2 )
∞∏

n=1

(1 − qnQ)(1 − qnQ−1)
(1 − qn)2

.

Proof The function

g(z) = e
1
2 η2z2

(Q
1
2 − Q− 1

2 )
∞∏

n=1

(1 − qnQ)(1 − qnQ−1)

is holomorphic in C having the same zeros as σ(z|ω). Substituing z + 1
resp. z +ω for z we obtain −Q± 1

2 resp. q±
1
2 Q± 1

2 for Q± 1
2 and, using the

Legendre relation ωη2−η1 = 2πi, we obtain the transformation formulae

g(z + 1) = −eη2(z+ 1
2 )g(z),

g(z + ω) = −e−η1(z+ ω
2 )g(z).

The same transformation formulae holding for σ(z|ω) according to The-
orem 1.2.3, we can conclude that the quotient σ(z)

g(z) is a holomorphic
elliptic function, hence equal to a constant by Theorem 1.1.2. The limit
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for z → 0 determines the constant and finishes the proof of Theorem
1.8.1.

Taking logarithmic derivatives in the formula of Theorem 1.8.1, we
obtain the q-expansion of the ζ function :

ζ(z|ω) = η2z + πi
Q

1
2 + Q− 1

2

Q
1
2 − Q− 1

2
+ 2πi

∞∑
n=1

[
qnQ−1

1 − qnQ−1
− qnQ

1 − qnQ

]

= η2z + πi + 2πi
1

Q − 1
+ 2πi

∑
m,n≥1

qnm(Q−m − Qm) (1.18)

To determine η2, we use the generating relation for the Bernoulli num-
bers Bn

1
eu−1

=
∞∑

n=1

Bn
n!

un−1= 1
u
− 1

2
+

∞∑
l=1

B2l
(2l)!

u2l−1= 1
u
− 1

2
+ 1

12
u− 1

720
u3 . . . (1.19)

to replace the term 1
Q−1 . Thus (1.18) yields the expansion into powers

of z:

ζ(z|ω) =
1
z

+

(
η2 + (2πi)2

(
1
12

− 2
∞∑

m=1

mqm

1 − qm

))
z

+
∞∑

l=2

(2πi)2l

(2l − 1)!

(
B2l

2l
− 2

∞∑
m=1

m2l−1qm

1 − qm

)
z2l−1.

On the other hand, analogous to Lemma 1.4.2,

ζ(z|ω) =
1
z
− G2(ω)z3 − G3(ω)z5 − · · · (1.20)

Now, comparing coefficients leads us to the q-expasion of η2:

η2 =
(2πi)2

12

(
−1 + 24

∞∑
m=1

mqm

1 − qm

)
.

By inserting this formula into (1.18), we obtain the following q-expansion
for ζ(z|ω). Finally, by twice differentiating this formula we obtain the
q-expansion for ℘(z|ω) and ℘′(z|ω):
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Theorem 1.8.2 (q-expansion of ζ(z|ω), ℘(z|ω), ℘′(z|ω))

ζ(z|ω) =
(2πi)2

12

(
−1 + 24

∞∑
m=1

mqm

1 − qm

)
z + πi + 2πi

1

Q − 1

+2πi
∞∑

m=1

(
qmQ

1 − qmQ
− qmQ−1

1 − qmQ−1

)
,

℘(z|ω) = (2πi)2

[
1

12
+

Q

(1 − Q)2
+

∞∑
m=1

(
qmQ

(1 − qmQ)2
+

qmQ−1

(1 − qmQ−1)2

−2
mqm

1 − qm

)]
,

℘′(z|ω) = (2πi)3

[
Q(1 + Q)

(1 − Q)3
+

∞∑
n=1

(
qmQ(1 + qmQ)

(1− qmQ)3
+

qmQ−1(1 + qmQ−1)

(1− qmQ−1)3

)]
.

The q-expansions of the ζ∗ function the σ∗ function follow from The-
orem 1.8.2 using Legendre’s relation:

Theorem 1.8.3 (q-expansion of ζ∗(z|ω), σ∗(z|ω)) For z =
z1ω + z2 we have

ζ∗(z|ω) = 2πi

[
z1 +

1
2

Q
1
2 + Q− 1

2

Q
1
2 − Q− 1

2
+

∞∑
n=1

(
qnQ−1

1 − qnQ−1
− qnQ

1 − qnQ

)]
,

σ∗(z|ω) =
1

2πi

[
Q

1
2 z1(Q

1
2 − Q− 1

2 )
∞∏

n=1

(1 − qnQ)(1 − qnQ−1)
(1 − qn)2

]
.

Further, by comparing (1.19) and (1.20), we find the q-expansion of
the Eisenstein series:

Theorem 1.8.4 (q-expansion of the Eisenstein series) For
l ≥ 2 we have

Gl(ω) = − (2πi)2l

(2l−1)!

(
B2l

2l − 2
∞∑

m=1

m2l−1qm

1−qm

)
= − (2πi)2l

(2l−1)!

(
B2l

2l − 2
∞∑

n=1
σ2l−1(n)qn

)
.

with

σk(n) :=
∑

0<d|n
dk.

In particular, we have thus derived the q-expansion of g2, g3 and the
discriminant Δ in Theorem 1.4.1:
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Theorem 1.8.5 (q-expansion of g2, g3)

g2(ω) =
(2πi)4

223
[1 + 240T3] ,

g3(ω) =
(2πi)6

2333
[−1 + 504T5]

with

Tk :=
∞∑

n=1

σk(n)qn.

Theorem 1.8.5 implies

Theorem 1.8.6 (q-expansion of Δ)

Δ(ω) = (2πi)12
∞∑

n=1

τ(n)qn

with

τ(n) ∈ Z for all n ∈ N and τ(1) = 1.

Proof According to Theorem 1.8.5 we have
1

(2πi)12 (g2(ω)3 − 27g3(ω)2) = 1
2633 {[1 + 240T3]3 − [−1 + 504T5]2}

≡ 1
12{5T3 + 7T5} mod q2Z[[q]].

Herein

5T3 + 7T5 = 12q +
∞∑

n=2

⎛
⎝ ∑

0<d|n
d3(5 + 7d2)

⎞
⎠ qn,

and because d3(5 + 7d2) is divisible by 12 for all d ∈ N, this implies
the assertion of Theorem 1.8.6. A further proof of Theorem 1.8.6 can be
found in the next section.

1.9 Dedekind’s η function and σ-product formula

The function defined in the upper half plane �(ω) > 0 by the infinite
product

η(ω) := q
1
24

∞∏
n=1

(1 − qn) with q = e2πiω, q
1
24 = e

2πiω
24 ,
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is called the Dedekind η function. We emphasise that this function
has nothing to do with the quasi-periods of the elliptic ζ function in
Theorem 1.2.3.

Theorem 1.9.1 (product formula of the σ∗ function) Let
L = [ω, 1], L̂ = [ ω

n1
, 1

n2
] be complex lattices, �(ω) > 0, n1, n2 ∈ N. We

fix the following system of representatives

ξ =
xω

n1
+

y

n2
, x = 0, . . . , n1 − 1, y = 0, . . . , n2 − 1,

for the residue classes of L̂/L. Then∏
ξ

(2πi)e−
1
2 lL(z,ξ)σ∗(z + ξ|L)η(ω)2 = ζ · (2πi)σ∗(z|L̂)η

(
n2ω

n1

)2

n2

with

ζ = −ζn1n2+n1
4 ζ

(n1−1)(n2−1)
8 .

Dividing the left-hand side by the right-hand side and taking the limit
for z → 0 yields ∏

ξ �=0

(2πi)σ∗(ξ|L) = ζ
η(n1ω

n2
)2n2

η(ω)2n1n2
.

Proof The formula is derived via the product expansions of the functions
involved, using the following notation:

Qw := e2πiw, Q
1
2
w = eπiw, q = Qω, q̂ = Qn2ω

n1
.

The q-expansion of (2πi)σ∗(w|L)η(ω)2 being given by

(2πi)σ∗(w|L)η(ω)2 = Q
1
2 w1
w (Q

1
2
w − Q

− 1
2

w )q
1
12

∞∏
n=1

(1 − qnQw)(1 − qnQ−1
w ),

the product in Theorem 1.6.4 is of the form∏
ξ

e−
1
2 lL(z,ξ)(2πi)σ∗(z + ξ|L)η(ω)2 = f1f2f3

with

f1 = e
2πi
2 (

∑
x,y

(z+ξ)(z1+ξ1)−z1ξ2+z2ξ1)

,

f2 =
∏
x,y

q
1
12 (Q

1
2
z+ξ − Q

− 1
2

z+ξ),

f3 =
∞∏

n=1

∏
x,y

(1 − qnQz+ξ)(1 − qnQ−1
z+ξ).
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Using the formulae
m−1∑
k=1

k = m(m−1)
2 and

m−1∑
k=1

k2 = m(m−1)(2m−1)
6 , we

now compute

f1 = ζ
(n1−1)(n2−1)
8 Q

n1z1
2

n2z Q
n1−1

2
n2z q̂

(n1−1)(2n1−1)
12 , q̂ = q

n1
n2 .

Further, in view of the identity
n2∏

y=1
(a − bζy

n2
) = an2 − bn2 , we find that

f2 = −ζn1n2+n1
4 Q

−n1−1
2

n2z q̂n1n2−n1(n1−1)
4

n1−1∏
x=1

(1 − q̂xQn2z)

and in the same way

f3 =

( ∞∏
k=n1

(1 − q̂kQn2z)

)( ∞∏
k=1

(1 − q̂kQ−1
n2z)

)
.

Putting together the identities for f1, f2, f3 and, appealing to the iden-
tity σ∗(n2z|n2ω

n1
) = σ∗(z|L̂)n2 following from the homogeneity of the σ

function, we end up with the formula asserted in Theorem 1.9.1.

An application of Theorem 1.9.1 is:

Theorem 1.9.2 For �(ω) > 0 we have

Δ(ω) = (2πi)12η(ω)24.

Proof According to Theorem 1.4.1 we have

Δ(ω) = 16(℘(ξ1) − ℘(ξ2))2(℘(ξ1) − ℘(ξ3))2(℘(ξ2) − ℘(ξ3))2

with the half periods

ξ1 =
ω

2
, ξ2 =

ω + 1
2

, ξ3 =
1
2

and the ℘ function for Zω + Z. By Theorem 1.3.2 and the definition of
σ∗ the differences of ℘ values can be written as

℘(ξj) − ℘(ξk) = −σ∗(ξj + ξk)σ∗(ξj − ξk)
σ∗(ξj)2σ∗(ξk)2

and, using the transformation formula for σ∗, we can write

℘(ξ1) − ℘(ξ2) = i
σ∗(ξ3)2

σ∗(ξ1)2σ∗(ξ2)2
,
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℘(ξ1) − ℘(ξ3) = i
σ∗(ξ2)2

σ∗(ξ1)2σ∗(ξ3)2
,

℘(ξ2) − ℘(ξ3) =
σ∗(ξ1)2

σ∗(ξ1)2σ∗(ξ3)2
.

Thus

Δ(ω) =
−16

(σ∗(ξ1)σ∗(ξ2)σ∗(ξ3))4
.

The identity of Theorem 1.9.2 now follows from Theorem 1.9.1 with
n1 = n2 = 2.

Using Theorem 1.9.2, the formula of Theorem 1.9.1 can be rewritten
in an invariant form by taking 12-th powers:

Theorem 1.9.3 Let L ⊆ L̂ be complex lattices. Then for any system
{ξ} of representatives for the residues of L̂/L we have∏

ξ

e−6lL(z,ξ)ϕ(z + ξ|L)12 = ζϕ(z|L̂)12

and

∏
ξ �≡0 mod L

ϕ(ξ|L)12 = ζ
Δ(L̂)
Δ(L)

with some [L̂ : L]-th root of unity ζ dependent on the system {ξ}.

1.10 The transformation formula of the Dedekind η function

In the following let M =
(

a
c

b
d

)
be a unimodular matrix, i.e.

a, b, c, d ∈ Z and det(M) = ad − bc = 1.

We abuse notation by taking the same letter for the linear transformation

Mz =
az + b

cz + d
.

We recall that M transforms a basis ω1, ω2 of a lattice L = [ω1, ω2] =
[ω, 1]ω2, ω = ω1

ω2
, with �(ω) > 0 into another such basis. Therefore, by

homogeneity of Δ we obtain the relation

Δ(Mω)(cω + d)−12 = Δ(L) = Δ(ω).
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Taking 24-th roots and referring to Theorem 1.9.2, this implies that

η(Mω) = ε(M)
√

cω + d η(ω)

with a 24-th root of unity ε(M) and �(
√

cω + d) > 0. According to
Theorem 2.1.3 the group of unimodular matrices is generated by

S =
(

0
1
−1
0

)
, T =

(
1
0

1
1

)
.

It then suffices to determine ε(M) for these two matrices. ε(T ) = ζ24

follows directly from the definition of the η function. ε(S) can be deduced
from the above formula, because for ω ∈ iR+ the two values η(ω) and
η(−1

ω ) are real and positive:

ε(S) = ζ−3
24 , ε(T ) = ζ24. (1.21)

C. Meyer (1957) has derived the following explicit formula for ε(M). Let
M be normalised by

c ≥ 0 and d > 0 if c = 0. (1.22)

Then

ε(M) =

⎧⎪⎨
⎪⎩

(a
c )ζab+2ac−3c+cd(1−a2)

24 if c ≡ 1 mod 2,

( c
|a| )ζ

ab−ac+3a−3+cd(1−a2)
24 if a≡1 mod 2 and c �= 0,

ζb
24 if c = 0,

(1.23)

where
(

a
c

)
and

(
0
c

)
= 1 denotes the Legendre symbol. To write ε(M) in

all three cases by one formula, we define c1 and λ ∈ Z by

c = c12λ with c1 ≡ 1 mod 2 if c �= 0,

c1 = λ = 1 if c = 0.

For c �= 0 we have, according to the quadratic reciprocity law,(
c

|a|

)
= (−1)

a−1
2

c1−1
2 +λ a2−1

8

(
a

c1

)
.

Putting this into the second formula in (1.23), we obtain the following
formula for ε(M), holding in all cases:

Theorem 1.10.1 Let M =
(

a
c

b
d

)
be a unimodular matrix, normalised

by (1.22). Then, with the above definition of c1 and λ we have

ε(M) = ( a
c1

)ζba+c(d(1−a2)−a)+3(a−1)c1+λ 3
2 (a2−1)

24 .
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Since all unimodular matrices are products of S and T , it is of course
possible to deduce Theorem 1.10.1 from the formulae for ε(S) and ε(T )
by showing that the formula holds for ε(SM) and ε(TM) if it is valid
for ε(M). We omit the tedious verification.



2
Modular functions

Modular functions naturally come into play, when coefficients of elliptic
curves and torsion points are studied. Let L = Zω1 + Zω2, �

(
ω1
ω2

)
> 0,

be a lattice. Then, due to homogeneity, the j-invariant of the correspond-
ing Weierstrass equation,

j = 123 g2(L)3

Δ(L)
,

can be viewed as a function of ω := ω1
ω2

:

j = j(ω).

Since j only depends on the lattice, j is invariant under all unimodu-
lar transformations ω 
→ aω+b

cω+d , a, b, c, d ∈ Z; ad − bc = 1, which is the
essential property of a modular function for the full modular group.

Similar functions are defined by the division values of the Weierstrass
℘ function and σ function, as, for example

f(ω) := ℘

(
xω + y

N

∣∣∣∣Zω + Z
)

with fixed x, y ∈ Z, N ∈ N.

They are considered when studying the torsion points of elliptic curves.
In the following, we will explain all the things we need from modular

functions. In particular, we will derive algebraic equations between dif-
ferent modular functions that are crucial for the algebraic properties of
certain "singular values".

41
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2.1 The modular group

The subgroup

Γ :=
{

M =
(

a

c

b

d

)∣∣∣∣ a, b, c, d ∈ Z,det(M) = 1
}

of Gl2(C) is called the modular group. For M =
(

a
c

b
d

)
∈ Γ the linear

transformation

M(z) =
az + b

cz + d

is a bijection both of the upper-half plane,

H = {z ∈ C | �(z) > 0}

and the extended upper-half plane

H∗ = H ∪ Q ∪ {i∞},

which becomes evident by the formula

�(M(z)) =
�(z) det(M)
|cz + d|2 .

Further, for the action of Γ on H∗ we have the rule

(MN)(z) = M(N(z)) for M,N ∈ Γ.

So, for every subgroup U of Γ an equivalence relation is defined by

z′ ∼
U

z : ⇐⇒ z′ = M(z) for a M ∈ U.

This leads us to the definition:

Definition 2.1.1 Let U be a subgroup of Γ. Then a set FU of H∗ is
called a fundamental domain of U if

(i) every z ∈ H∗ is equivalent modulo U to a point in FU and
(ii) different inner points of FU are not equivalent modulo U .

Clearly, every system of representatives of H∗ modulo U is a fun-
damental domain, and, conversely, a fundamental domain becomes a
system of representatives by taking away some points of the boundary.
For U = Γ a fundamental domain is given by:



2.1 The modular group 43

Theorem 2.1.2 The set
F := {z ∈ H | − 1

2
≤ �(z) ≤ 0, |z| ≥ 1} ∪ {z ∈ H | 0 < �(z) < 1

2
, |z| >

1} ∪ {i∞}.
is a fundamental domain for Γ, and it is even a system of representatives.

i

–1/2 1/20

Proof First, we show that every point z ∈ H∗ \ F is equivalent to a
point in F . For z = a

b ∈ Q with gcd(a, b) = 1 we can find c, d ∈ Z

with ac + bd = 1. Then, M =
(

c
−b

d
a

)
is in Γ and M(z) = i∞ ∈ F . For

z ∈ H \ F we show that z is mapped to F by a product of

S =
(

0
1
−1
0

)
and T =

(
1
0

1
1

)
.

Therefore, we consider the set

Iz := {�(M(z)) | M ∈< S, T >, �(M(z)) ≥ �(z)}.

Iz is finite because for M =
(

a
c

b
d

)
∈ Γ the inequality �(M(z)) ≥ �(z)

leads to |cz + d| ≤ 1, which for a fixed z can only be satisfied by a
finite number of c, d ∈ Z. Thus, there exists a M ∈< S, T > such that
�(M(z)) is maximal. Further, by applying T we can achieve

−1
2
≤ �(M(z)) <

1
2
.
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We contend that |M(z)| ≥ 1, which then implies

M(z) ∈ F or SM(z) ∈ F.

The proof of |M(z)| ≥ 1 follows from the maximality of �(M(z)), be-
cause |M(z)| < 1 would imply �(SM(z)) = �(M(z))

|M(z)|2 > �(M(z)) in
contradiction to the maximality of �(M(z)).

Now we show that the points of F are pairwise inequivalent, whereby
in particular the second property of Definition 2.1.1 is proved for F . Let
z, z1 ∈ F be two different points and M =

(
a
c

b
d

)
∈ Γ with z1 = M(z).

Clearly z �= i∞ and M is no power of T . Hence

|cz + d|2 = c2|z|2 + d2 + 2cd�(z) ≥ c2 + d2 − |cd| ≥(|c| − |d|)2 + |cd| ≥ 1,

where for |z| > 1 one of the inequalities is strict. Therefore, �(z1) ≤
�(z). In the same way we conclude that �(z) ≤ �(z1) and thus �(z1) =
�(z). This implies that |cz + d| = 1, |z| = 1 and analogously |z1| = 1.
Looking at the definition of F , we then find z = z1 in contradiction to
z �= z1.

From the first part of the proof of Theorem 2.1.2 we can derive the
following theorem:

Theorem 2.1.3

Γ =< S, T > .

Proof We fix an element z ∈ F that is transcendental over Q. For
M ∈ Γ the first part of the proof of Theorem 2.1.2 shows the existence
of an N ∈< S, T > with N(M(z)) ∈ F . This implies that NM(z) = z.
Writing NM =

(
a
c

b
d

)
, the trancendence of z implies the equalities c =

b = 0, a = d and thus NM = ±
(

1
0

0
1

)
∈< S, T >.

Using Theorem 2.1.2, we are able to construct fundamental domains
for any subgroup of Γ:

Theorem 2.1.4 Let U be a subgroup of Γ and Mj a system of repre-
sentatives for Γ modulo U ∪ (−U). Then

FU =
⋃
j

Mj(F )

is a fundamental domain for U .
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The sets Mj(F ) in Theorem 2.1.4 are called fundamental triangles.
Two fundamental triangles are called adjacent if the intersection of their
closures is unimodular equivalent to one of the edges { eiϕ | 2π

6 ≤ ϕ ≤
2π
3 }, e

πi
3 +iR≥0 of F . For a subgroup U of finite index in Γ it is shown in

Schöneberg (1974) that the system Mj can always be chosen such that
FU is obtained from F by successively adding adjacent fundamental
triangles.

Example 2.1.5 Let U = Γ0(2) := {
(

a
c

b
d

)
∈ Γ | b ≡ 0 mod 2}. Here

T 2

i¥

i+1

TST–

STS

d

0

i

U = −U and [Γ : U ] = 3, as we will see later. Choosing I =
(

1
0

0
1

)
, S, T

as system of representatives, we obtain the above fundamental domain.

2.2 Congruence subgroups

Given a natural number N , we call

Γ(N) :=
{

M ∈ Γ | M ≡ ±
(

1
0

0
1

)
mod N

}

the principal congruence group of level N . Every subgroup U of Γ
with

Γ ⊇ U ⊇ Γ(N)
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for some N ∈ N is called a congruence subgroup modulo N . Being the
kernel of the reduction map

κ : Γ → SL2(Z/NZ),
(

a

c

b

d

)

→

(
a

c

b

d

)
,

Γ(N) has a finite index in Γ. By computation of the cardinality of
SL2(Z/NZ) and by proving the surjectivity of κ, one finds the formula

[Γ : Γ(N)] = N3
∏
p|N

(
1 − 1

p2

)
,

that will not be needed in the sequel.
For the special type of congruence subgroup that we are going to

consider, we need some facts about primitive matrices. By Pr we denote
the set of all primitive 2 × 2 matrices of determinant r ∈ N, i.e. Pr

consists of all matrices

A =
(

a

c

b

d

)
∈ Z2×2 with ad − bc = r and gcd(a, b, c, d) = 1.

Proposition 2.2.1 For every matrix R0 ∈ Pr we have Pr = ΓR0Γ.

Proof Multiplying from both sides successively by S and T every matrix
R ∈ Pr can be transformed to ( r

0
0
1 ). Therefore, with suitable unimodular

matrices Mi, Ni, i = 1, 2 we have

R = M1

(
r 0
0 1

)
M2 and R0 = N1

(
r 0
0 1

)
N2.

It follows that

R = M1N
−1
1 R0N

−1
2 M2 ∈ ΓR0Γ.

This implies the assertion of proposition 2.2.1 because, conversely, every
matrix in ΓR0Γ is primitive and has the determinant r.

For a given matrix R ∈ Pr we now consider the subgroup

ΓR := Γ ∩ R−1ΓR

of Γ. If R is equal to one of the special matrices ( r
0

0
1 ) and ( 1

0
0
r ) we have

the description

Γ( r
0

0
1 ) = Γ0(r) := {(a

c
b
d ) ∈ Γ | b ≡ 0 mod r},

Γ( 1
0

0
r ) = Γ0(r) := {(a

c
b
d ) ∈ Γ | c ≡ 0 mod r},
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which implies that Γ( r
0

0
1 ) is a congruence subgroup modulo r. We even

have:

Theorem 2.2.2 ΓR is a congruence subgroup modulo r for every
R ∈ Pr.

Proof By the next theorem we know that all ΓR, R ∈ Pr, are conjugate
to Γ( r

0
0
1 ) and by definition Γ(r) is a normal subgroup of Γ, so the inclusion

ΓR ⊇ Γ(r) holds for every R ∈ Pr.

Theorem 2.2.3 For R,R′ ∈ Pr and M,M ′ ∈ Γ we have

(i) ΓR = ΓR′ =⇒ ΓR = ΓR′ ,

(ii) M−1ΓRM = ΓRM ,
(iii) ΓRM = ΓRM ′ ⇐⇒ ΓRM = ΓRM ′.

Proof (i) and (ii) are easily verified. For (iii), we assume that ΓRM =
ΓRM ′. Multiplying by R from the left, we obtain RΓ ∩ ΓRM =
RΓ ∩ ΓRM ′. This implies that RM ∈ RΓ ∩ ΓRM ′ ⊆ ΓRM ′, hence
ΓRM ⊆ ΓRM ′. In the same way we see that ΓRM ′ ⊆ ΓRM , and
it follows that ΓRM = ΓRM ′. The opposite implication is evident by
ΓRM = Γ ∩ R−1ΓRM .

Applying the third assertion of Theorem 2.2.3, we have a description
of the right cosets of ΓR by primitive matrices. Therefore, we define on
Pr the equivalence relation

R ∼ R′ : ⇐⇒ ΓR = ΓR′.

Theorem 2.2.4 The number of equivalence classes modulo ∼ is finite.
A system of representatives is given by the triangular matrices(

a

0
b

d

)
, a > 0, ad = r, gcd(a, b, d) = 1, b mod d.

Proof Multiplying by S and T from the left, every matrix R clearly
can be transformed into a triangular matrix of the above form, so R is
equivalent to one of the above matrices. If two such triangular matrices
R = (a

0
b
d ), R′ = (a′

0
b′

d′ ) are equivalent, it follows that

1
r

(
a′d ab′ − a′b

0 ad′

)
= R′R−1 ∈ Γ

and thus a′d = ad′ = r, ab′−a′b ≡ 0 mod r. This implies that a = a′, d =
d′ and b ≡ b′ mod d because of ad = a′d′ = r. Hence R = R′.
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From the third assertion of Theorem 2.2.3 and Theorem 2.2.4 we obtain:

Theorem 2.2.5 Let R1, . . . , Rψ(r) be a system of representatives of
Pr modulo ∼ and R an arbitrary matrix in Pr. Then by Theorem 2.2.1
there exist unimodular matrices Mμ with

ΓRμ = ΓRMμ, μ = 1, . . . , ψ(r).

So by Theorem 2.2.3

Γ =
ψ(r)⋃
μ=1

ΓRMμ

and, in particular,

[Γ : ΓR] = ψ(r).

Remark 2.2.6 The following assertions are easy to prove
Let r, s be in N with gcd(r, s) = 1. Then

(i) Prs = PrPs,
(ii) for R,R′ ∈ Pr, S, S′ ∈ Ps we have the equivalence

RS ∼ R′S′ ⇐⇒ (R ∼ R′ and S ∼ S′),

(iii) ψ(r) = r
∏
p|r

(1 + 1
p ).

2.3 Definition of modular forms

In what follows we consider meromorphic functions f on H that behave
nicely under unimodular transformations. Therefore, given a number
k ∈ Z and a matrix M =

(
a
c

b
d

)
of positive determinant, we define the

operation

[f |kM ](ω) := det(M)
k
2 (cω + d)−kf(M(ω)).

Then [f |kM ] is again a meromorphic function on H, and we have the
rule

[f |k(MN)] = [[f |kM ]|kN ]. (2.1)

Now we define:

Definition 2.3.1 Let f be a meromorphic function on H and U a sub-
group of Γ with [Γ : U ] < ∞. Then f is called a modular form for U of
weight k ∈ Z if the following conditions are satisfied:
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(i) [f |kM ] = f for all M ∈ U .
(ii) For every M ∈ Γ there exist c0 ∈ R, l ∈ N and n0 ∈ Z, so that

for �(ω) ≥ c0 we have a series expansion

[f |kM ](ω) =
∑

n≥n0

anq
n
l , q

1
l = e

2πiω
l ,

with coefficients an ∈ C.
In the case k = 0 we call f a modular function.

To understand the second condition, we consider the topology O∗ in
H∗ generated by the open disks in H and the images of the sets

Uc = {ω ∈ H | �(ω) > c} ∪ {i∞}, c ∈ R+,

under unimodular transformations. For an M ∈ Γ\ < T > the image
M(Uc) is the union of {M(i∞)} and the inside of a circle in H∗ with R
being the tangent line in the point M(i∞). Hence, condition (ii) describes
the behaviour of f near the points in Q∪{i∞}, which are called the cusps.

Now we consider a function f satisfying condition (i). Using the above
rule (2.1) it follows that [f |kM ] is invariant under all N ∈M−1UM . As
M−1UM has a finite index in Γ as well, this implies that a power T l,
l∈N, is in M−1UM . Thus, [f |kM ] has period l, which implies that
[f |kM ] can be represented as a Laurent series in q

1
l in every strip

c0 < �(ω) < c1,

where it is holomorphic. Hence, condition (ii) means that [f |kM ] is holo-
morphic for �(ω) ≥ c0 having at most a pole for q

1
l → 0.

Further, for k = 0 the defining conditions tell us that a modular
function can be extended to H∗ as a continuous map to C ∪ {∞} with
respect to the topology O∗.

For later convenience we define the homogeneous modular form
for a given modular form f of weight k:

f

(
ω1

ω2

)
:= f

(
ω1

ω2

)
ω−k

2 for ω1, ω2 ∈ C \ {0} with �
(

ω1

ω2

)
> 0.

In this notation condition (i) in the above definition is equivalent to

f

(
M

(
ω1

ω2

))
= f

(
ω1

ω2

)
for all M ∈ U.

Conversely, the modular form f can be written in terms of its homoge-
neous modular form by

f(ω) = f
(ω

1

)
.
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2.4 Examples of modular forms and modular functions

2.4.1 The functions g2, g3 and Δ

Using the lattice functions g2, g3 and Δ from 1.4, we obtain modular
forms of weight 4, 6 and 12 for Γ by

g2(ω) = 60G2(Zω + Z),
g3(ω) = 140G3(Zω + Z),
Δ(ω) = Δ(Zω + Z)

with corresponding homogeneous modular forms
g2(ω1

ω2
) = 60G2(Zω1 + Zω2),

g3(ω1
ω2

) = 140G3(Zω1 + Zω2),
Δ(ω1

ω2
) = Δ(Zω1 + Zω2).

Since these functions are invariant by all modular substitutions, it suf-
fices to derive the q-expansion required in Definition 2.3.1 only for the
unity matrix, which has already been done in 1.8.5 and 1.8.6.

An important modular form of weight 1 is defined by the η function:

12
√

Δ(ω) := 2π η(ω)2, 12

√
Δ(ω1

ω2
) := 2π η(ω1

ω2
)2ω−1

2 . (2.2)

It is modular for Γ(12), as can be seen by the transformation formula of
the η function.

2.4.2 The functions j, 3
√

j, 2
√

j − 123, jR, ϕR

Quotients of modular forms of the same weight are modular functions.
In this way we obtain the following modular functions:

j(ω) := 123 g2(ω)3

Δ(ω)

is called the modular invariant. It is holomorphic in H and modular
for Γ. Further, we can define the following roots as holomorphic functions
defined on the upper-half plane:

3
√

j(ω) := γ2(ω) := 12 g2(ω)
3
√

Δ(ω)
,

2
√

j(ω) − 123 := γ3(ω) := 63 g3(ω)
2
√

Δ(ω)
.

They are modular for Γ(3) resp. Γ(2), as we will see later.
Modular functions for ΓR with a primitive matrix R of determinant r

are, for instance, given by

jR(ω) := j(R(ω)) and ϕR(ω) := r12 Δ(R( ω
1 ))

Δ( ω
1 )

.

For a unimodular matrix M we find that

jR(M(ω)) = jRM (ω) and ϕR(M(ω)) = ϕRM (ω),
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and obviously jR and ϕR only depend on the equivalence class ΓR, so
in view of Theorem 2.2.4 we have

jR = j( a
0

b
d ) and ϕR = ϕ( a

0
b
d )

with a triangular matrix (a
0

b
d ) that is equivalent to R. Hence the q-

expansions required in Definition 2.3.1 are obtained from the expansions
for j and Δ.

2.4.3 η-quotients

In many cases roots of ϕR are modular functions for ΓR. By the transfor-
mation formula of the η function, we find, for instance, that the following
functions are modular for Γ( 1

0
0
n ), n ∈ N:(

η( ω
n )

η(ω)

)8

γ2(ω)n−1 for 3 � n,(
η( ω

n )

η(ω)

)6

γ3(ω)
n−1

2 for 2 � n,(
η( ω

n )

η(ω)

)m

, m = gcd(3, n) for n = t2, t ∈ N and 2 � n,
η( ω

p )η( ω
q )

η( ω
pq )η(ω) (γ2(ω)γ3(ω))

p−1
2

q−1
2 for n = pq, p, q ∈ N, gcd(6, n) = 1.

For n not prime to 6 the last statement is no longer true. Looking closely
at the transformation formula of the η function we find that the follow-
ing functions are modular functions for Γ( 1

0
0

rn ) with a suitable r.

η( ω
p )η( ω

q )

η( ω
pq )η(ω) (γ2(ω)γ3(ω))

p−1
2

q−1
2

if n = pq, p, q ∈ N, p, q odd,

with r =
{

1 if 3 � n or 3|p and 3|(q − 1)
3 if 3|p, 3 � (q − 1).

η( ω
p )η( ω

q )

η( ω
pq )η(ω)γ2(ω)(p−1)(q−1)

if n = pq, p, q ∈ N, p even, q odd,

with r =
{

4 if 3 � n or 3|p and 3|(q − 1)
12 if 3|p, 3 � (q − 1).

η( ω
p )η( ω

q )

η( ω
pq )η(ω) (γ2(ω)γ3(ω))(p−1)(q−1)

if n = pq, p, q ∈ N, p, q even,

with r =
{

8 if 3 � n or 3|p and 3|(q − 1)
24 if 3|p, 3 � (q − 1).
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To prove the last assertions, let p, q be natural numbers and gp,q the
function

gp,q(ω) =
η( ω

p )η( ω
q )

η( ω
pq )η(ω)

By Theorem 1.10.1 we find for M = (a
c

b
d ) ∈ Γ with n|b

gp,q(M(ω)) = ζ−e
24 gp,q(ω),

e =
(
a b

pq +c(d(1−a2)−a)
)

(p−1)(q−1) + 3(a−1)c1(p1−1)(q1−1),

c1 being defined as in Theorem 1.10.1 and p1, q1 denoting the odd parts
of p, q. Further, we find in the same way for γ2 and γ3:

γ2(M(ω)) = ζ−8e′

24 γ2(ω), γ3(M(ω)) = ζ−12e′

24 γ3(ω),

e′ = ab + c(d(1 − a2) − a) + 3(a − 1)c1.

Herein the condition n|b is of course not necessary. Using these formulae,
we find that all the above functions satisfy the invariance under unimod-
ular transformations required in the definition of modular functions for
Γ( 1

0
0
n ) resp. for Γ( 1

0
0

rn ). The q-expansions needed are obtained in the
same way as for jR und ϕR. Further, the last formulae imply the above
assertion about γ2, γ3.

To construct functions in CΓ(N) for an arbitrary N �= 1 we begin by
defining normalisations of Weber’s ℘ function and the σ∗ function using
12
√

Δ and g2, g3:

2.4.4 Weber’s τ function

Weber’s τ function is defined by

τ (e)(z|ω1
ω2

) := g(e)(ω1
ω2

)℘(z|ω1
ω2

)
e
2 , e = 2, 4, 6,

with the normalising factor

g(2) = −2735 g2g3
Δ ,

g(4) = 2834 g2
2

Δ ,

g(6) = −2936 g3
Δ .

In the case e = 2 we simply write

τ(z|ω1
ω2

) = τ (2)(z|ω1
ω2

).

Obviously, τ is homogeneous of degree 0 and only depending on the
lattice generated by ω1, ω2.
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2.4.5 The natural normalisation of the ℘ function

For various arithmetic and numeric applications, we need, instead of
Weber’s τ function, the following "natural" normalisation of the ℘

function:

p(z|ω1
ω2

) :=
℘(z|ω1

ω2
)

6
√

Δ( ω1
ω2

)
.

However, according to (2.2) the 6-th root of Δ is no modular form for
the full modular group, and hence the p function depends on the basis
ω1, ω2.

2.4.6 Klein’s normalisation of the σ function

Klein’s normalisation of the σ function is defined by

ϕ(z|ω1
ω2

) := σ∗(z|ω1
ω2

) 12

√
Δ(ω1

ω2
),

where the 12-th root of Δ is chosen according to (2.2).

2.4.7 Transformation of τ (e), p, ϕ

Let f be one of the functions τ (e), p, ϕ. Then f is homogeneous of degree
zero, i.e.

f(λz|λω1
λω2

) = f(z|ω1
ω2

) for λ ∈ C∗.

For every

x = (x1, x2) ∈
1
N

(Z × Z) \ Z × Z

we define an N -th division value by

fx(ω) := f(x(ω
1 )|ω1 ) = f(x1ω + x2|ω1 ).

This is a modular function for Γ(N) resp. Γ(6N) resp. Γ(12N2), which
follows from the transformation formulae

τ
(e)
x (M(ω)) = τ

(e)
xM (ω),

px(M(ω)) = ε(M)−4pxM (ω),

ϕx(M(ω)) = ε(M)2ϕxM (ω).

Herein M is an arbitrary unimodular matrix. ε(M) denotes the root of
unity from the η-transformation formula having the property ε(M)4 = 1
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resp. ε(M)2 = 1 for M ∈ Γ(6) resp. M ∈ Γ(12). Further, by periodicity
of the ℘ function we have

℘
(
xM

(
ω
1

)∣∣ ω
1

)
= ℘

(
x
(

ω
1

)∣∣ ω
1

)
for M ∈ Γ(N)

and by the transformation formula of the σ∗ function:

σ∗ (xM
(

ω
1

)∣∣ ω
1

)
= σ∗ (x

(
ω
1

)∣∣ ω
1

)
for M ∈ Γ(2N2).

The meromorphy of ϕx is not immediate, because σ∗ is not meromor-
phic. However, we observe that according to Legendre’s relation we have
the equality ω∗ = ωη2 − 2πi, by which it is easy to see that ϕx is mero-
morphic.

Finally, the q-expansions required in Definition 2.3.1 for fx(M(ω)),
M ∈ Γ, follow, using the above relations from Theorems 1.8.2 and 1.8.3.

2.5 Modular functions for Γ

2.5.1 Construction of modular functions for Γ

Clearly the set of modular functions for Γ is a field extension of C, which
in the sequel will be denoted by CΓ. The main result of this section is:

Theorem 2.5.1 CΓ = C(j).

The proof of Theorem 2.5.1 needs some preparations. For the follow-
ing let F be the fundamental domain for Γ from Theorem 2.1.2. Let f be
a non-constant modular form for Γ of weight k. Then for ω ∈ F \ {i∞}
we denote by

nw(f) the index of the first coefficient
in the Laurent expansion of f at w ∈ H

and

nw(f) the index of the first coefficient
in the q-expansion of f at w if w∼ i∞.

Proposition 2.5.2 Let f be a non-constant modular form for Γ and let
w,w′ ∈ H∗ be the equivalent modulo Γ. Then nw(f) = nw′(f).

Proof For w ∼ i∞ the assertion is immediate by definition of nw(f).
For w �∼ i∞ let M = (a

c
b
d ) ∈ Γ with w′ = M(w). M maps a small disc

Dw with centre w onto a small disc containing w′ as an interior point.
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By the argument principle, we then find that

nw′(f) = 1
2πi

∮
M(Dw)

d log f(ω) = 1
2πi

∮
Dw

d log f(M(ξ))

= 1
2πi

∮
Dw

d log(cξ + d)kf(ξ)

= 1
2πi

∮
Dw

d log(cξ + d)k + 1
2πi

∮
Dw

d log f(ξ)

= 1
2πi

∮
Dw

d log f(ξ) = nw(f).

Herein 1
2πi

∮
Dw

d log(cξ + d)k = 0, because cξ + d �= 0 for ξ ∈ H.

Theorem 2.5.3 Let f be a non-constant modular form of weight k for
Γ. Then ⎛

⎝ ∑
w∈F\{i,ρ}

nw(f)

⎞
⎠ +

ni(f)
2

+
nρ(f)

3
=

k

12
.

Proof By the argument principle we have

2πi
∑

w∈F\{i,ρ,∞}
nw(f) =

∫
γ

f ′(ω)
f(ω)

dω =
∫
γ

d log f(ω),

where γ denotes the path along the boundary of a lower section of F

as described in the figure below. The section is chosen such that in the
upper part of F there are no poles and zeros other than possibly at
i∞. This may be due to condition (ii) in Definition 2.3.1. Further, at
i, ρ,−ρ and at possible poles and zeros on the boundary of F the path
is modified by small arcs of radius ε. Since f(ω +1) = f(ω) we first have

A∫
D′

d log f(ω) +

D∫
C′

d log f(ω) = 0.

The integrals from A′ to B and from B′ to C are calculated in the same
way. Here, the substitution ω 
→ −1

ω maps the path from A′ to B onto
the path from C to B′. We use the transformation formula

f
(−1

ω

)
= ωkf(ω),

by which we obtain

log f
(−1

ω

)
= k log ω + log f(ω) + c
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with a constant c and then

−
C∫

B′

d log f(ω) =

B∫
A′

d log f
(−1

ω

)
= k

B∫
A′

d log ω +

B∫
A′

d log f(ω).

Hence

lim
ε→0

⎛
⎝ B∫

A′

d log f(ω) +

C∫
B′

d log f(ω)

⎞
⎠ = − lim

ε→0
k

B∫
A′

d log ω = k
2πi

12
.

To calculate the integral from D to D′ we use the q-expansion of f :

f(ω) = f̂(q(ω)), q(ω) = e2πiω,

f̂(q) = cnqn + cn+1q
n+1 + · · · , cn �= 0, n = ni∞(f),

and we observe that by ω 
→ e2πiω the path from D to D′ is mapped
onto the boundary of a circle around 0. This implies that

D′∫
D

d log f(ω) = −
∮

d log f̂(q) = −2πi ni∞(f).

Next, we evaluate the integral along the arc from A to A′. Let A′′ be
the intersection point of the arc and the tangent of the unit circle at
ρ = e

2πi
3 . Then, with the distance δ(A′′, A′) and the radius ε, it follows
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from the tangent property that

lim
ε→0

δ(A′, A′′)
ε

= 0.

Further, in a neighbourhood of ρ

f ′(ω)
f(ω)

= O( 1
|ω−ρ| ) for ω → ρ.

Hence

lim
ε→0

A′∫
A′′

d log f(ω) = 0.

and, observing

f ′(ω)
f(ω)

= nρ(f)
1

ω − ρ
+ O(1) for ω → ρ,

it follows that

lim
ε→0

A′∫
A

d log f(ω) = −nρ(f) lim
ε→0

A′′∫
A

dω

ω − ρ
= −nρ(f)

2πi

6
.

In the same way it can be shown that

lim
ε→0

C′∫
C

d log f(ω) = −n−ρ(f)
2πi

6
= −nρ(f)

2πi

6

and

lim
ε→0

B′∫
B

d log f(ω) = −ni(f)
2πi

2
.

Combining all the results, we obtain∫
γ

d log f(ω) = 2πi

(
k

12
− 1

3
nρ(f) − 1

2
ni(f) − ni∞(f)

)
,

which proves the asserted formula of Theorem 2.5.3.

Let f be a non-constant modular function for Γ. Then, by Theorem
2.5.3 we can conclude that

nw(f) ≡ 0 mod 2 if w ∼ i,

nw(f) ≡ 0 mod 3 if w ∼ ρ.
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Now we define

n∗
w(f) :=

⎧⎨
⎩

nw(f) if w �∼ i, ρ,
1
2nw(f) if w ∼ i,
1
3nw(f) if w ∼ ρ

and for c ∈ C
Nc(f) :=

∑
w∈F

max(0, n∗
w(f − c)),

N∞(f) := −
∑

w∈F

min(0, n∗
w(f)).

By Theorem 2.5.3 we then obtain:

Theorem 2.5.4 Let f be a non-constant modular function for Γ. Then

Nc(f) = N∞(f)

for all c ∈ C. The common value Nc(f) is called the order of f .

As an example we consider the modular invariant j, which is holomor-
phic in H. By Theorems 1.8.5 and 1.8.6 we find out that the q-expansion
starts with q−1. Hence:

Theorem 2.5.5 We have

j(H) = C

and

j(ω1) = j(ω2) ⇐⇒ ω1 ∼ ω2 modulo Γ

for all ω1, ω2 ∈ H.

As an application of this theorem we will now show that every elliptic
curve over C, defined by an equation of the form

y2 = 4x3 − a2x − a3 with a2, a3 ∈ C, a3
2 − 27a2

3 �= 0,

can be parametrised as in (1.4) by the Weierstrass ℘ function for a lattice
and its derivative.

Remark 2.5.6 Using Theorem 2.5.3 it is easy to prove again that
Δ(ω) �= 0 for ω ∈ H.

Theorem 2.5.7 Let a2, a3 ∈ C have the property a3
2 − 27a2

3 �= 0. Then
there exists a complex lattice L such that

a2 = g2(L) and a3 = g3(L).
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Proof By 2.5.5 there exists an ω ∈ H with

123 a3
2

a3
2 − 27a2

3

= j(ω) = 123 g2(L1)3

g2(L1)3 − 27g3(L1)2
, L1 = [ω, 1].

Hence

a3
2 = λg2(L1)3 and a3

2 − 27a2
3 = λg2(L1)3 − 27g3(L1)2

with some λ ∈ C, λ �= 0, and further, with a suitable 12-th root ξ of λ:

a2 = ξ4g2(L1) = g2(ξ−1L1), a3 = ξ3g3(L1) = g2(ξ−1L1).

Therefore, L = ξ−1L1 is a lattice having the required property.

Proof of Theorem 2.5.1: Our conclusions are similar to the proof of The-
orem 1.3.3. Let f be a non-constant function in CΓ and ω1, . . . , ωm the
different points ω ∈ F \ {i∞}, where nω(f) �= 0. j having order 1, it
follows that

g = f
m∏

μ=1
(j − j(ωμ))−n∗

ωμ
(f)

has no poles or zeros other than possibly at i∞. Hence by Theorem
2.5.4, g must be a constant, which proves that f is a rational function
of j.

This proof of Theorem 2.5.1 also shows that:

Theorem 2.5.8 The ring of modular functions for Γ that are holo-
morphic in H is given by C[j].

2.5.2 The q-expansion principle

For the later construction of algebraic numbers the field of constants C
is unsuitable. We will, rather, need functions in Q(j) or polynomials of
j having coefficients in an additive subgroup of C. These functions will
be characterised by the q-expansion principle.

By Theorems 1.8.5 and 1.8.6 we obtain the q-expansion of j:

j(ω) =

(
1 + 240

∞∑
n=1

∑
d|n

d3qn

)3

q
∞∏

n=1
(1 − qn)24

= q−1 +
∞∑

n=0

cnqn ∈ 1
q

Z[[q]].

This leads us to:
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Theorem 2.5.9 (q-expansion principle)

(i) For f =
∑

n≥n0

anqn ∈ CΓ = C(j) and a subfield Λ of C we have

f ∈ Λ(j) ⇐⇒ f ∈ qn0Λ[[q]].

(ii) For f =
∑

n≥n0

anqn ∈ C[j] and an additive subgroup a of C we

have

f ∈ a[j] ⇐⇒ f ∈ qn0a[[q]].

Proof The implication from the left to the right is trivial for both asser-
tions. To prove the opposite implication for the first assertion, we write
f as a rational function of j according to Theorem 2.5.1:

f =
AM jM + · · · + A0

BN jN + · · · + B0
.

Assuming the polynomials in the numerator and the denominator to be
coprime, the coefficients Ak, Bk are uniquely determined up to a common
factor. Multiplying the equation by the denominator of the right-hand
side and inserting the q-expansion of j and its powers,

jkf =
∞∑

n=−∞
d(k)

ν qn, jk =
∞∑

n=−∞
c(k)
ν qn,

we obtain a linear equation for the Ak, Bk’s:
∞∑

n=−∞
(BNd(N)

n + · · · + B0d
(0)
n − (AMc(M)

n + · · · + A0c
(0)
n ))qn = 0.

By the identity theorem for power series this is equivalent to the infinite
system of linear equations

BNd(N)
n + · · · + B0d

(0)
n − (AMc(M)

n + · · · + A0c
(0)
n ), n ∈ Z.

This system having coefficients in Λ and the space of solutions being
one-dimensional, we can conclude that there exists a non-zero solution
(AM , . . . , A0, BN , . . . , B0) ∈ ΛM+N+2. Hence f ∈ Λ(j).

To prove the missing implication in (ii), we write

f = AM jM + · · · + A0

with coefficients Ak ∈ C. We then use the fact that the q-expansion of
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jk starts with q−k:

jk = q−k +
∞∑

n=−k+1

c(k)
n qn ∈ q−kZ[[q]].

Inserting these expansions into the above equation, we obtain
∞∑

n=n0

anqn =

AM (q−M + c
(M)
−(M−1)q

−(N−1) + · · · + c
(M)
0 + · · ·)

+ AM−1 ( q−(M−1) + · · · + c
(M−1)
0 + · · ·)

.

.

.

+ A0 ( 1 + · · ·).

Herein by assumption the an are in a, and because the c
(k)
n are in Z

we find recursively that AM ∈ a, Am−1 ∈ a, . . . , A0 ∈ a by comparing
coefficients.

2.6 Modular functions for subgroups of Γ

2.6.1 The isomorphisms of CU/CΓ

Clearly, the set of modular functions for a subgroup U of Γ is a field
extension of CΓ that we will denote by CU in the sequel. More precisely
we have:

Theorem 2.6.1 Let U be a subgroup of Γ with −(1
0

0
1 ) ∈ U and

[Γ : U ] < ∞. Then:

(i) CU/CΓ is algebraic of degree [CU : CΓ] = [Γ : U ].
(ii) Every M ∈ Γ defines an isomorphism

(fλM )(ω) = f(M(ω))

of CU onto CM−1UM with λM |CΓ = idCΓ , which only depends on
the coset UM .

(iii) For a decomposition Γ =
n⋃

ν=1
UMν into right cosets of Γ modulo

U we obtain by λMν
, ν = 1, . . . , n, all different embeddings of

CU/CΓ into the algebraic closure of CΓ.
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(iv) The main-polynomial of a function f ∈ CU ,

F (X, j) :=
n∏

ν=1

(X − fλMν ),

has coefficients in CΓ and, for f holomorphic in H we even have

F (X, j) ∈ C[X, j].

Proof The assertions (ii)–(iv), apart from the fact that the λMν
are all

different, are obtained by direct verification, recalling Theorem 2.5.8 for
the second part of (iv). To prove that all λMν

are different, which implies
(i), we must prove the existence of a function in CU such that all con-
jugates fλMν are different. Such functions will explicitly be constructed
for all subgroups to be considered in the sequel. In the general case the
existence of these functions is proved by applying the Riemann–Roch
Theorem to the compact Riemann surface associated with U\H∗.

2.6.2 The extended q-expansion principle

For the construction of algebraic numbers we need modular functions
with a main-polynomial having coefficients in Λ(j) for a subfield Λ of C,
as for instance Λ = Q. To characterise such functions we generalise the
q-expansion principle:

Theorem 2.6.2 (extended q-expansion principle) Let U be a
subgroup of Γ, [Γ : U ] < ∞, and let f ∈ CU be holomorphic in H with
main-polynomial F (X, j).

(i) If ONE conjugate fλM of f has q-coefficients in Λ, then

F (X, j) ∈ Λ[X, j].

(ii) If ALL conjugates fλM of f have q-coefficients in a subring a of
C, then

F (X, j) ∈ a[X, j].

Proof The holomorphy of f implies the holomorphy of its conjugates.
Hence, the coefficients of the minimal polynomial p(X, j) of f over CΓ

are in C[j]:

p(X, j) =
n∑

ν=0

(
m∑

μ=0

cν,μjμ

)
Xν , cν,μ ∈ C.
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The coefficients cν,μ are uniquely determined by
m∑

μ=0

cn,μjμ = 1 and p(fλM , j) = 0.

Inserting the q-expansions

jμ(fλM )ν =
∞∑

k=−∞
a
(ν,μ)
k q

k
l

and by comparing coefficients, we obtain a system of linear equations
equivalent to p(fλM , j) = 0:

cn,0 = 1,
n∑

ν=0

m∑
μ=0

cν,μa(ν,μ)
n = 0, ν ∈ Z.

By assumption about the q-expansion of fλM, the coefficients a
(ν,μ)
n

are in Λ. Hence, by linear algebra there exists a non-trivial solution
(cν,μ) ∈ Λn+m+2. This implies that the minimal polynomial over CΓ has
coefficients in Λ[j]. The same holds for the polynomial F (X, j), which is
a power of p(X, j).

Under the assumptions made in (ii) the coefficients

pν(j) =
m∑

μ=0

cν,μjμ

of the minimal polynomial are in a[j] by Theorem 2.5.9. Again this
implies that F (X, j) ∈ a[X, j], because F (X, j) is a power of p(X, j).

2.7 Modular functions for ΓR

In 2.4.2 we have seen that jR and ϕR are in CΓR
for a primitive matrix

R. In this section we will show that these functions are generators of
CΓR

/CΓ. Furthermore, our aim is to prove Q(j, jR) = Q(j, ϕR) and to
characterise the functions in this field.

Theorem 2.7.1 Let gR be one of the functions jR and ϕR. Then:

(i) CΓR
= C(j, gR).

(ii) For a complete system Rμ of inequivalent matrices of determi-
nant r the functions gRμ

, μ = 1, . . . , ψ(r), are all different and
constitute a complete system of conjugates of gR over CΓ.
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Proof By Theorem 2.2.5 we see that by gRμ
all conjugates of gR over

CΓ are given. It remains to prove that the gRμ
are pairwise different,

which will be shown by looking at their q-expansions. We recall that

j = q−1 +
∞∑

n=0

cnqn, Δ( z
1 ) = (2π)12q

∞∏
n=1

(1 − qn)24.

The gRμ
only depend on the equivalence class of Rμ, so we appeal to

Theorem 2.2.5, and we assume that Rμ = (a
0

b
d ). Then

j( a
0

b
d ) = ζb

dq
a
d +

∞∑
n=0

cnζbn
d q

an
d ,

ϕ( a
0

b
d ) = a12

ζa
d q

an
d

∞∏
n=1

(1 − ζan
d q

an
d )24

q
∞∏

n=1
(1 − qn)24

.

Herein the leading coefficients are all different if Rμ runs through the
system of representatives in Theorem 2.2.5.

In view of later applications we consider the fields

QΓ := Q(j) and QΓR
:= Q(j, jR).

According to Theorem 2.6.2 the minimal polynomial of jR over CΓ has
coefficients in QΓ, so by Theorem 2.7.1 we obtain:

Theorem 2.7.2 We have

[QΓR
: QΓ] = ψ(r),

and the different isomorphisms of QΓR
/QΓ are given by

λMμ
, μ = 1, . . . , ψ(r),

if RMμ, μ = 1, . . . , ψ(r), Mμ ∈ Γ, is a system of representatives of
primitive matrices of determinant r.

To characterise the functions in QΓR
, we set up the following notation

for the conjugates of f ∈ CΓR
over CΓ. We set:

fR′ := fλM′ , for ΓRM ′ = ΓR′, M ′ ∈ Γ.

In particular, using this notation, we can write f = fR.
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Theorem 2.7.3 Let R,R0 be in Pr and fR ∈ CΓR
. We assume jR0 to

have q-coefficients in Q. Then

fR ∈ QΓR
⇐⇒ (fR0 has q-coefficients in Q).

Proof The implication from the left to the right is trivial. To prove the
opposite implication, we observe that jR0 is a generating element for the
extension CΓR

/CΓ. Hence

fR0 =
ψ(r)∑
μ=1

aμ(j)jμ
R0

with coefficients aμ(j)∈C(j) that are uniquely determined. Inserting
the q-expansion of the functions involved, we obtain a system of linear
equations over Q for the q-coefficients of aμ(j). Hence, the aμ(j) have
q-coefficients in Q, which implies that they are in Q(j), so the above
representation shows that fR0 ∈QΓR0

, and it follows that fR ∈QΓR
.

For the following we define the modular polynomial of order r to
be the main-polynomial of jR over QΓ,

Ir(X, j) :=
ψ(r)∏
μ=1

(X − jRμ
),

which is also the minimal polynomial of jR over QΓ. Herein Rμ runs
through a system of representatives of primitive matrices of determinant
r.

Theorem 2.7.4 We have:

(i) Ir(X, j) ∈ Z[X, j],
(ii) Ir(X,X) �= 0,
(iii) The leading coefficient of Ir(X,X) is ±1 for r ∈ N \ N2.

Proof j( r
0

0
1 ) having q-coefficients in Q and jR being holomorphic in H,

the first part of Theorem 2.6.2 tells us that

Ir(X, j) ∈ Q[X, j],

and from the second part we obtain

Ir(X, j) ∈ O[X, j]

because the q-coefficients of the functions jR are in the ring O of alge-
braic integers. This proves the first assertion of Theorem 2.7.4.
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To prove the remaining assertions, we consider the q-expansion of
Ir(j, j), and we observe that the lowest coefficient in this q-expansion is
equal to the leading coefficient of the polynomial Ir(X,X). Using the
representatives of Theorem 2.2.4 we find that:

Ir(j, j) =
∏

( a
0

b
d )

(
[q−1 + · · ·] − [ζ−ab

r q−
a
d + · · ·]

)
.

Since a
d �= 1 if r is not a square, the leading coefficient of Ir(X,X) is

a product of roots of unity, hence equal to ±1, because Ir(X,X) is in
Q[X,X]. For r = t2 the leading coefficient is given by

±
∏

b mod t

(1 − ζb
t ) = ±

{
t if t is a prime power,
1 otherwise.

In particular, this shows again that Ir(X,X) �= 0.

Now we consider the function ϕR with the main-polynomial

Φr(X, j) :=
ψ(r)∏
μ=1

(X − ϕRμ
).

We have:

Theorem 2.7.5 Let R be a primitive matrix of determinant r. Then:

(i) QΓR
= QΓ(ϕR),

(ii) Φr(X, j) = Xψ(r)+B
(r)
ψ(r)−1(j)X

ψ(r)−1(j)+. . .+B
(r)
0 (j) ∈ Z[X, j].

Herein B
(r)
0 (j) = ±

ψ(r)∏
μ=1

a12
μ with the representatives Rμ = (aμ

0
bμ

dμ
)

from Theorem 2.2.4.

(iii) For a prime p we have B
(p)
0 (j) = p12.

Proof The first assertion of Theorem 2.7.5 follows from Theorem 2.7.3
because ϕ( r

0
0
1 ) has q-coefficients in Q. For arbitrary R ∈ Pr the q-

coefficients of ϕR are in Z[ζr], and ϕR is holomorphic, so by 2.5.9 the
coefficients of Φr(X, j) are in Z[j]. Furthermore, ϕR having no zeros in
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H implies that

B
(r)
0 (j) = (−1)ψ(r)

ψ(r)∏
μ=1

ϕRμ

as a polynomial in Z[j] must be a constant. Hence, it is equal to the
product of the coefficients of the lowest terms in the q-expansions:

B
(r)
0 (j) = (−1)ψ(r)

ψ(r)∏
μ=1

ζaμbμ
r a12

μ .

If r = p is a prime, this product is equal to p12.

In the later applications we will sometimes need the representation of
a function f as a rational function of j and another function. This is
obtained by:

Theorem 2.7.6 Let P be a primitive matrix, whose determinant is a
prime p. Let fP ∈ QΓP

be holomorphic in H with the property that the
conjugates fP ′ , P ′ ∈ Pp, have q-coefficients that are algebraic integers.
Then:

fP Φ′
p(ϕP , j) = a0(j) + a1(j)ϕP + · · · + ap(j)ϕ

p
P

with aμ(j) ∈ Z[j], μ = 0, . . . , p.

Further, a0(j) ∈ pZ[j] if f( p
0

0
1 ) has q-coefficients divisible by p.

Proof The proof follows from the q-expansion principle, using the fol-
lowing algebraic lemma:

Lemma 2.7.7 Let k(ϕ)/k be a separable field extension of degree n,
and let

Φ(X) = Xn + Bn−1X
n−1 + · · · + B0

be the minimal polynomial of ϕ over k. Then:

(i) 1
Φ′(ϕ) , . . . ,

ϕn−1

Φ′(ϕ) is a basis of k(ϕ)/k.

(ii) Every f ∈ k(ϕ) has a representation

f =
a0 + a1ϕ + · · · + an−1ϕ

n−1

Φ′(ϕ)
,
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where the coefficients aμ ∈ k are given by the formula

aμ =
n∑

ν=μ+1

Bνtrk(ϕ)/k(fϕν−(μ+1)).

Before proving the lemma, we first use it to prove Theorem 2.7.6.
Therefore we apply the lemma to the extension QΓ(ϕP )/QΓ and the
function fP . The formula of the lemma then shows that the coefficients
aμ(j) are polynomials of j, because the B

(p)
ν (j) and the functions fP and

ϕP with all their conjugates are holomorphic. Further, the hypothesis
on fP implies that the q-coefficients of the aμ(j) are algebraic integers.
Therefore, by the q-expansion principle, the aμ(j) are in Z[j].

Applying the isomorphism λM0 with ΓPM0 = Γ(p
0

0
1 ) to the represen-

tation, we obtain

f( p
0

0
1 )Φ

′
p(ϕ( p

0
0
1 ), j) = a0(j) + a1(j)ϕ( p

0
0
1 ) + · · · + ap(j)ϕ

p

( p
0

0
1 )

.

Herein f( p
0

0
1 ) as well as ϕ( p

0
0
1 ) have q-coefficients divisible by p and, since

Φ′(ϕ( p
0

0
1 )) has integral q-coefficients, the representation implies that the

q-coefficients of a0(j) are divisible by p. Applying again the q-expansion
principle, we find that a0(j) ∈ pZ[j].

Proof of Lemma 2.7.7: Writing

Φ(X) =
n∏

μ=1

(X − ϕσμ)

with the different isomorphisms σ1, . . . , σn of k(ϕ)/k, we obtain(
Φ(X) − Φ(ϕ)

X − ϕ

)σμ
∣∣∣∣
X=ϕσμ

= Φ′(ϕσμ)δμ,ν ,

where δμ,ν denotes the Kronecker symbol. By summation over ν this
becomes [

trK(ϕ)/k

(
f

Φ(X) − Φ(ϕ)
X − ϕ

)]
X=ϕ

= fΦ′(ϕ),

where the trace is applied to the coefficients of the polynomial f Φ(X)−Φ(ϕ)
X−ϕ .

Writing

Φ(X) − Φ(ϕ)
X − ϕ

=
n∑

μ=1

Bμ
Xμ − ϕμ

X − ϕ
=

n∑
μ=1

Bμ

μ−1∑
ν=0

ϕμ−(ν+1)Xν

=
n−1∑
ν=0

(
n∑

μ=ν+1

Bμϕμ−(ν+1)

)
Xν ,
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we end up with the formula

n−1∑
ν=0

(
n∑

μ=ν+1

Bμtrk(ϕ)/k

(
fϕμ−(ν+1)

))
ϕν = fΦ′(ϕ).

This implies the assertion of the lemma because by separability Φ′(ϕ) �= 0.

2.8 Modular functions for Γ(N)

Let N a natural number,

x =
(a1

N
,
a2

N

)
∈ 1

N
(Z × Z) \ Z × Z

and

τx(ω) := g(2)(ω)℘
(
x
(ω

1

) ∣∣∣ω
1

)
an N-th division value of Weber’s τ function as defined in 2.4.7.
With these division values we have

Theorem 2.8.1 CΓ(N) is Galois over CΓ with Galois group

G(CΓ(N)/CΓ) = {λM | M ∈ Γ, M mod Γ(N)} ∼= Γ/Γ(N).

CΓ(N) is generated over CΓ by the set of functions

τx, x ∈ 1
N

(Z × Z) \ Z × Z.

Proof We know that the N -th division values of the τ function are
in CΓ(N). Let K be the subfield generated by them. We consider the
corresponding subgroup of Γ,

U = {M ∈ Γ | λM |K = idK},

which contains Γ(N). The assertion of Theorem 2.8.1 is proved by show-
ing that U = Γ(N). For M ∈ U we have

τx = τλM
x = τxM for all x ∈ 1

N
(Z × Z) \ Z × Z.

This implies that M ∈ Γ(N) because, as we will show,

τx = τx′ ⇐⇒ x ≡ ±x′ mod Z × Z.
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To prove this equivalence, we look at the q-expansion of τx. Using the
identity

qmQ±1

(1 − qmQ±1)
=

∞∑
n=1

nqmnQ±n

we obtain by modifying the series in Theorem 1.8.2:

τx(ω) = [q−1 + · · ·]
[
1 +

12Q

(1 − Q)2
+ 12

∞∑
n,m=1

nqnm(Qn + Q−n − 2)

]

with q = e2πiω and Q = ζa2
N q

a1
N .

Herein,however, forreasonofconvergence,wehavetoassumethat |qQ±1| <

1, which can be achieved by changing x modulo Z×Z. Further, the q-
coefficients of the factor [q−1 + · · ·] due to g(2) are in Z. This formula
implies the above equivalence. So we have proved Theorem 2.8.1.

According to the above formula, τ( a
N ,0) has a rational q-expansion.

Further, an arbitrary N -th division value is conjugate to τ( a
N ,0) over QΓ

for a suitable a ∈ Z. Therefore, by the extended q-expansion principle the
main-polynomial of an N -th division value is in Q(j)[X]. Analogously
to 2.7 we therefore consider the extension of Q(j) generated by all N -th
division values. However, for the later applications we should take the
N -th cyclotomic field QN = Q(ζN ) as a field of constants rather than Q.
To characterise these functions we define the modular function field
of level N ,

FN := {f ∈ CΓ(N) | f having q-coefficients in QN in all cusps},

first introduced by Söhngen (1935). We have:

Theorem 2.8.2 FN is generated over QN (j) by all N -th division val-
ues of the τ function .

Proof By the primitive element theorem we know there is a linear com-
bination

g =
∑

x

nxτx, nx ∈ Z,

of N -th division values generating CΓ(N) over CΓ. Observing now that
the q-coefficients of g are in QN , we can show as in the proof of Theorem
2.7.3 that:

FN ⊆ QN (j, g).
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Hence, FN is contained in the field generated over QN (j) by the N -th
division values. The opposite inclusion is trivial.

Remark 2.8.3 In the proof of Theorem 2.8.2 we only used the functions
in FN as having q-coefficients in QN . Therefore, the proof shows that
a function in CΓ(N) having q-coefficients in QN necessarily also has q-
coefficients in QN in ALL cusps.

By Theorems 2.8.1 and 2.8.2 the extension FN/QN (j) is Galois and

G(FN/QN (j)) ∼= Γ/Γ(N).

To determine the Galois group of FN/QΓ, we have to extend the auto-
morphisms

λa = (ζN 
→ ζa
N ), a ∈ (Z/NZ)∗,

of QN to FN . For this purpose we set( ∞∑
n=−∞

anq
n
N

)λa

:=
∞∑

n=−∞
(aλa

n )q
n
N

for a Laurent series
∞∑

n=−∞
anq

n
N in q

1
N with coefficients in QN , thereby

defining an automorphism of the field of Laurent series over QN . The
action of λa on a division value τx can also be described by

τλa
x = τx( 1

0
0
a ).

In view of Theorem 2.8.2 this implies that the restriction of λa to FN

is an automorphism of FN . Hence the Galois group FN/QΓ is generated
by the two subgroups

{λM | M ∈ Γ} ∼= Γ/Γ(N) and {λa | a ∈ (Z/NZ)∗} ∼= (Z/NZ)∗.

Further, the action of λa, a ∈ (Z/NZ)∗, and λM ,M ∈ Γ, on the N -th
division values shows that for every λ ∈ G(FN/QΓ) there is a matrix
A ∈ Gl2(Z/NZ) with

ζλ
N = ζdet A

N and τλ
x = τxA

for all N -th partial values τx. A is a uniquely determined modulo N up to
a factor ±1 and, since every matrix A ∈ Gl2(Z/NZ) has a decomposition
of the form

A ≡ M1( 1
0

0
a )M2 mod N with M1,M2 ∈ Γ and a ∈ Z prime to N,

it defines an element λ ∈ G(FN/QΓ).
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Theorem 2.8.4 FN is Galois over QΓ and

G(FN/QΓ) ∼= Gl2(Z/NZ)/{±1}.

The action of the automorphism λA corresponding to a matrix A ∈
Gl2(Z/NZ) on the generating elements ζN and τx is given by

ζλA

N = ζ
det(A)
N and τλA

x = τxA.

For an arbitrary function f ∈ FN the action is calculated via a decom-
position of the above form of A:

fλA = [[fλM1 ]
λ

( 1
0

0
a

) ]λM2 ,

observing that by definition λ( 1
0

0
a ) is the application of automorphism λa

of QN to the q-coefficients of a function in FN . To simplify notation, we
often write the action of λA as

f ◦ A := fλA .

2.9 The field Q(γ2, γ3)

In order to find a simple algebraic equation for modular functions, it is
sometimes useful to replace Q(j) as the base field by one of the extensions

Q(γ2), Q(γ3) or Q(γ2, γ3).

of Q(j). We set

U2 := {M ∈ Γ | γλM
2 = γ2},

U3 := {M ∈ Γ | γλM
3 = γ3},

U6 :=< U2, U3 > .

By the η-transformation formula, we see that Γ(6) is a subgroup of U6.
Therefore, we have the inclusion

CU6 ⊆ CΓ(N), for 6|N.

In particular, the q-expansions of the functions in CU6 = C(γ2, γ3) are
power series of q

1
6 . We are now going to find a suitable generalisation of

Theorems 2.5.2 and 2.6.2.

Theorem 2.9.1 The ring of holomorphic functions in C(γ2, γ3) is
given by C[γ2, γ3].
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Theorem 2.9.2

(i) Let f =
∑

n≥n0

anq
n
6 be in C(γ2, γ3), and let Λ be a subfield of C.

Then:

f ∈ Λ(γ2, γ3) ⇐⇒ f ∈ q
n0
6 Λ[[q

1
6 ]].

(ii) Let f =
∑

n≥n0

anq
n
6 be in C[γ2, γ3] and let a be an additive sub-

group of C. Then

f ∈ a[γ2, γ3] ⇐⇒ f ∈ q
n0
6 a[[q

1
6 ]].

Proof of Theorem 2.9.1 We show that in every H holomorphic function
f ∈ C(γ2, γ3) is a polynomial in γ2 and γ3. For the functions in C(γ2)
the proof is completely analogous to the proof of Theorem 2.5.8 because
C(γ2) is a rational function field and γ2 takes every value in H.

C(γ2, γ3)/C(γ2) being of degree 2, every function in f ∈ C(γ2, γ3) can
be written in the form

f = a(γ2) + b(γ2)γ3, a(γ2), b(γ2) ∈ C(γ2).

Therefore, for f holomorphic in H we have to show that a(γ2) and b(γ2)
are polynomials. Let λM be the non-trivial automorphism of C(γ2, γ3)/
C(γ2) then

f + fλM = 2a(γ2) and (f − fλM )2 = (2b(γ2))2(γ3
2 − 123)

are holomorphic in H and thus polynomials in γ2. X3 − 123 having only
simple zeros in C, this implies that a(γ2) and also b(γ2) are polynomials
in γ2. Hence f is in C[γ2, γ3].

Proof of Theorem 2.9.2 The q-expansions of γ2 and γ3 are of the form

γ2 = q−
1
3

[
1 +

∞∑
n=1

cnqn

]
,

γ3 = q−
1
2

[
1 +

∞∑
n=1

dnqn

]
,

with cn, dn ∈ Z. The implication from the right to the left in the first
part of Theorem 2.9.2 is now proved analogously to the proof of the
first part of Theorem 2.5.9 by inserting the q-expansion of the functions
involved into the representation f = a(γ2) + b(γ2)γ3. For f having q-
coefficients in Λ, this shows that the coefficients of a(X) and b(X) are
solutions to a system of linear equations with coefficients in Λ.
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To prove the second assertion we write

f =
∑

(μ,ν)∈{0,1,2}×{0,1}
γμ
2 γν

3 pμ,ν(j)

with polynomials pμ,ν . Herein

γμ
2 γν

3 pμ,ν(j) =
∑

n≡2μ+3ν mod 6

bnq
n
6 .

The q-expansions of different summands containing no common power
of q, we can conclude that the pμ,ν(j) have q-coefficients in a if this is
true for the q-coefficients of f . By Theorem 2.5.9 we now obtain the
implication from the right to the left in the second part of Theorem
2.9.2. The converse implication is trivial.

By Theorems 2.9.1 and 2.9.2 we come analogously to Theorem 2.9.3:

Theorem 2.9.3 Let s be one of the numbers 2,3,6, and let U be a
subgroup of Γ with [Γ : U ] < ∞. Let f ∈ CU be holomorphic in H. Then,
in particular, f is a function in CU∩Us

. By m(X) we denote the minimal
polynomial of f over CUs

. Then:

(i) If ONE conjugate fλM of f over CUs
has q-coefficients in the

field Λ, then

m(X) ∈ Λ[X, γs] for s = 2, 3,

m(X) ∈ Λ[X, γ2, γ3] for s = 6.

(ii) If ALL conjugates of f over CUs
have q have q-coefficients in a

subring a of C, then

m(X) ∈ a[X, γs] for s = 2, 3,

m(X) ∈ a[X, γ2, γ3] for s = 6.

2.10 Lower powers of η-quotients

The lower powers of η-quotients considered in section 2.4.3 satisfy rather
simple algebraic equations over the field Q(γ2, γ3). Similarly to Weber
(1908), §72, for n ∈ N we study the functions

ηn(ω) :=
√

n
η(nω)
η(ω)

.

In view of later applications we also consider the functions

ηp,q(ω) :=
η(pω)η(qω)
η(pqω)η(ω)

.
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with odd primes p, q. More precisely, we will need the functions

gn(ω) :=
η
(

ω
n

)
η(ω)

. (2.3)

and

gp,q(ω) :=
η
(

ω
p

)
η
(

ω
q

)
η
(

ω
pq

)
η(ω)

, (2.4)

which, up to a constant factor, are conjugate to ηn resp. to ηp,q over
C(γ2, γ3). For instance, as can be derived from the next two theorems,

g6
n is conjugate over C(γ2, γ3) to (−1)

n−1
2 η6

n,

and for odd primes p, q

gm
p,q is conjugate over C(γ2, γ3) to (−1)

p−1
2

q−1
2 ηm

p,q with m = gcd(pq, 3).

To compute the equations of some powers of ηn and ηp,q over Q(γ2, γ3)
we need explicit formulae for their conjugates, so let s again be one of
the numbers 2, 3, 6. Then, if the natural number n is coprime to s, we
have

[Us : Γ( n
0

0
1 ) ∩ Us] = [Γ : Γ( n

0
0
1 )]

with the above definition of Us. Setting Q2 := Q(γ2), Q3 := Q(γ3) and
Q6 := Q(γ2, γ3), this implies that isomorphisms of QΓ

( n
0

0
1 )

Qs over Qs

are obtained by determining the matrices Mμ in Theorem 2.6.1 in Us.
Therefore, we choose a system of representatives of primitive matrices
of determinant n of the form

Rμ =
(

a b

0 d

)
with b ≡ 0 mod s

and then matrices Mμ ∈ Us so that(
n 0
0 1

)
Mμ = Nμ

(
a b

0 d

)
with a matrix Nμ ∈ Γ. Expressing Mμ by

Nμ =
(

α β

γ δ

)
yields

Mμ =
(

αa
n

αb+βd
n

γa γb + δd

)
.
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Now we choose

α = d,

β = −b + νa, ν ∈ Z, so that gcd(α, β) = 1
and then

γ, δ ∈ Z with αδ − βγ = 1.

Thus, for a given primitive matrix Rμ =
(

a
0

b
d

)
we have determined

unimodular matrices

Mμ =
(

1
γa

ν

γb + δd

)
, Nμ =

(
d

γ

−b + νa

δ

)

with (n
0

0
1 )Mμ = Nμ(a

0
b
d ). As mentioned above for n coprime to s we can

find a system of representatives Rμ such that

b ≡ 0 mod 8 if s = 2,

b ≡ 0 mod 3 if s = 3,

b ≡ 0 mod 24 if s = 6.

The above construction shows that in these cases also ν and γ can be
found divisible by 3, 8, 24 with γ > 0. For Mμ and Nμ we then have the
congruences

Mμ ≡
(

1 0
0 1

)
mod t and Nμ ≡

(
d 0
0 d

)
mod t

with t = 3, 8, 24.

For 3 � n we know by section 2.4.3 that:

η8
nγn−1

2 ∈ QΓ
( n
0

0
1 )

.

According to Theorem 2.7.1 η24
n is a generating element for QΓ

( n
0

0
1 )

over
QΓ and it is also a generator for QΓ

( n
0

0
1 )

Q2 because QΓ
( n
0

0
1 )

∩ Q2 = QΓ.

The minimal polynomial of η8
n over Q2 is given by∏
μ

(X − η
8λMμ
n )

with the above system {Mμ}. Using the transformation formula of the
η function as in 2.4.3 and, bearing in mind the congruences for Mμ and
Nμ, we obtain explicit formulae for the conjugates. Similar results are
obtained for η6

n and ηn
2 if n is prime to 2 resp. 6. This leads to:
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Theorem 2.10.1
(i) Let n be a natural number not divisible by 3. Then η8

n is a gen-
erating function for QΓ

( n
0

0
1 )

Q2 over Q2, and the conjugates of η8
n

over Q2 are given by

a4

(
η(aω+b

d )
η(ω)

)8

,

where (a
0

b
d ) is a system of representatives of primitive matrices

of determinant n with b ≡ 0 mod 3.

(ii) Let n be a natural number not divisible by 2. Then η6
n is a gen-

erating function for QΓ
( n
0

0
1 )

Q3 over Q3 and the conjugates of η6
n

over Q3 are given by

(−1)
d−1
2 a3

(
η(aω+b

d )
η(ω)

)6

,

where (a
0

b
d ) is a system of representatives of primitive matrices

of determinant n with b ≡ 0 mod 4.

(iii) Let n be a natural number prime to 6. Then η2
n is a generating

function for QΓ
( n
0

0
1 )

Q6 over Q6, and the conjugates of η2
n over

Q6 are given by

(−1)
d−1
2 a

(
η(aω+b

d )
η(ω)

)2

,

where (a
0

b
d ) is a system of representatives of primitive matrices

of determinant n with b ≡ 0 mod 12.

(iv) Let n be an odd natural number which is a perfect square. We set
m = 1 if n is divisible by 3 and m = 3 otherwise. Then ηm

n is
a generating function of QΓ

( n
0

0
1 )

over QΓ, and the conjugates of
ηm

n over QΓ are given by(
( b

e )i
d−1
2
√

a
η(aω+b

d )
η(ω)

)m

,

where (a
0

b
d ) is a system of representatives of primitive matrices

of determinant n with b ≡ 0 mod 24 and e = gcd(a, d).
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Proof The results in the cases (i)–(iii) are obtained as described above.
To prove (iv), we use the transformation formula of the η function, which
yields the above formula with the Legendre symbol (γ

d ) instead of the
factor ( b

e ). In view of 1 = αδ − βγ ≡ −βγ mod d and β = −b + νa, the
symbol (γ

d ) becomes ( b−νa
d ). Herein b − νa for all possible choices of ν

is running through the residue classes modulo d that are congruent to b

modulo a. The images η
λMμ
n only depend on the matrices (a

0
b
d ), so the

Legendre symbols ( b−νa
d ) are all equal, and the common value is ( b

e ).

A similar result can be derived for the functions ηp,q(ω) with p, q ∈ N
prime to 6.

Theorem 2.10.2 Let p, q be primes other than 2 and 3. Then ηp,q is a
generating function of QΓ

( pq
0

0
1 )

Q6 over Q6, and the conjugates over Q6

are of the following form:

(i) In the case p = q:
η(pω)η(pω)
η(p2ω)η(ω) ,

(−1)
p−1
2

q−1
2

η( ω+b
p )2

η( ω+b

p2 )η(ω)
, b mod p, b ≡ 0 mod 24,

√
p( b

p )i
1−p
2

η(pω)2

η( pω+b
p )η(ω)

, b mod p, b ≡ 0 mod 24, p � b.

(ii) In the case p �= q:
η(pω)η(qω)
η(pqω)η(ω) ,

(p
q )

η(pω)η(
ω+ b

p
q )

η( pω+b
q )η(ω)

, b mod q, b ≡ 0 mod 24p,

( q
p )

η(
ω+ b

q
p )η(qω)

η( qω+b
p )η(ω)

, b mod p, b ≡ 0 mod 24q,

(−1)
p−1
2

q−1
2

η( ω+b
p )η( ω+b

q )

η( ω+b
pq )η(ω)

, b mod pq, b ≡ 0 mod 24.

Proof In the proof of Theorem 2.10.2 we use the same arguments as
in the proof of Theorem 2.10.1. In addition, we have to determine the
action of the Mμ on the cosets Γ(p

0
0
1 ) and Γ( q

0
0
1 ), where the Mμ are
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defined by the relation(
pq 0
0 1

)
Mμ = Nμ

(
a b

0 d

)
.

Therefore, we observe that an equation(
ad

0
0
1

)
M =

(
α

γ

β

δ

)(
a

0
b

d

)
implies that (

a

0
0
1

)
M =

( α
d

γ

β

δd

)(
a

0
b

1

)
and (

d

0
0
1

)
M =

(
α

γa

β
a

δ

)(
1
0

b
a

d

)
.

In the same way (
ad

0
0
1

)
M =

(
α

γ

β

δ

)(
1
0

b

ad

)
implies that (

a

0
0
1

)
M =

( α
d

γ

β

δd

)(
1
0

b

a

)
.

Using these relations, the conjugates are obtained by the transformation
formula of the η function. For the third formula in the case p = q the
transformation formula of the η function first yields (γ

p ) instead of ( b
p ).

Then, using the congruence

γb ≡ −γ(−b + νp) ≡ −γβ ≡ αδ − γβ ≡ 1 mod p,

we find that the two factors are equal. Finally, by looking at their q-
expansions, the conjugates all turn out to be different, which proves
that ηp,q is a generator for QΓ( pq

0
0
1 )

Q6 over Q6.

Example 2.10.3 We are now able to determine the minimal polynomi-
als for the powers of gn and for gp,q by solving the system of equation
in the proof of Theorem 2.9.3 (see also Weber (1908), pp. 251, 253, for
the first five equations):

mg8
2
(X) = X3 − γ2X + 16

mg6
3

= X4 + 18X2 − γ3X − 27
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mg2
5
(X) = X6 + 10X3 − γ2X + 5

mg2
7
(X) = X8 + 7 · 2X6 + 7 · 9X4 + 7 · 10X2 − γ3X − 7

mg2
11

= X12−11·90X6+11·40γ2X
4−11·15γ3X

3+11·2γ2
2X2−γ2γ3X−11

mg5,7(X) = X48 + (−j + 708) X47 + (35 j + 171402) X46

+ (−525 j + 15185504) X45 + (4340 j + 248865015) X44

+ (−20825 j + 1763984952) X43 + (52507 j + 6992359702) X42

+ (−22260 j + 19325688804) X41 + (−243035 j + 42055238451) X40

+ (596085 j + 70108209360) X39 + (−272090 j + 108345969504) X38

+ (−671132 j + 121198179480) X37 + (969290 j + 155029457048) X36

+ (−1612065 j + 97918126080) X35 + (2493785 j + 141722714700) X34

+ (647290 j − 1509796288) X33 + (−3217739 j + 108236157813) X32

+ (3033590 j − 93954247716) X31 + (−5781615 j + 91135898154) X30

+ (1744085 j − 108382009680) X29 + (1645840 j + 66862445601) X28

+ (−2260650 j − 66642524048) X27 + (6807810 j + 38019611082) X26

+ (−2737140 j − 28638526644) X25 + (2182740 j + 17438539150) X24

+ (−125335 j − 8820058716) X23 + (−1729889 j + 5404139562) X22

+ (1024275 j − 1967888032) X21 + (−1121960 j + 1183191681) X20

+ (395675 j − 370697040) X19 + (−54915 j + 103145994) X18

+ (15582 j − 42145404) X17 + (34755 j − 15703947) X16

+ (−6475 j − 3186512) X15 + (1120 j − 4585140) X14

+ (−176 j + 1313040) X13 +
(
j2 − 1486 j − 38632

)
X12

+ (−7 j + 399000) X11 + (−19 j + 211104) X10 + (−9 j + 6771) X8

+ (8 j − 6084) X7 + (7 j − 5258) X6

+ (j − 792) X5 − 105X4 + 16X3 + 42X2 + 12X + 1

For higher p, q the coefficients of mgp,q
are growing very fast. Without

skipping most of the summands the following example would fill three
pages.

mg5,17(X) = X108 +
(
−γ2

2j2 + 1983 γ2
2j − 703818 γ2

2
)
X107

.................................
+

(
358985068495 j4 − 309034473137475737745 j3

−17585251716130674348255782 j2 − 7911838808006536150814586061 j

+1572070145524394198501876301844) X54
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....................
+

(
γ2

2j2−1983 γ2
2j + 728366 γ2

2
)
X5+14076 γ2 X4+(−5 j − 21824) X3

+ 5 γ2 X + 1



3
Basic facts from number theory

To investigate how singular values of elliptic and modular functions are
linked to class fields over quadratic imaginary number fields, we need
some facts about orders and ideals in quadratic number fields. Further-
more, we will collect the basic definitions and results from class field
theory. Here we will use the classical language because this marries well
with singular values of elliptic and modular functions that are essentially
dependent on ideals.

3.1 Ideal theory of suborders in a quadratic number field

3.1.1 Fractional ideals, integral ideals, proper ideals, regular
ideals

Let K be a quadratic imaginary number field. Let d denote the discrim-
inant and OK the maximal order of K. OK is a free Z-module of rank
2, described by a basis

OK = [ω, 1] with ω =
d +

√
d

2
,

where we are using the notation

[a, b] = Za + Zb

for a lattice. An order in K is defined as a subring containing the unit
element 1 of K, which is also a rank two Z-module. Every order is a
subring of OK and for every t ∈ N there exists a unique order O, with
[OK : O] = t, given by

O = Ot := [tω, 1].

82
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With these notations OK = O1. The conductor of O = Ot is defined
as the greatest integral ideal of O that is also an ideal of O1:

t = {ξ ∈ O | ξO1 ⊆ O}.

The conductor of Ot is given by

t = O1t.

Therefore, Ot is also called the order of conductor tO1 or "order of
conductor t".

Definition 3.1.1 Let O be an order in K and a a free Z-module of
rank 2 in K. Then a is called

(i) an ideal of O if Oa ⊆ a,
(ii) an integral ideal of O if Oa ⊆ a ⊆ O,
(iii) a proper ideal of O if O = {ξ ∈ K | ξa ⊆ a}.

The next theorem shows that every free Z-module of rank 2 in K is a
proper ideal of some order in K.

Theorem 3.1.2 Let a = [α1, α2] be a free Z-module of rank 2 in K

and α := α1
α2

. Then:

(i) O := {ξ ∈ K | ξa ⊆ a} is an order in K.
(ii) Let AX2 +BX +C = 0, A,B,C ∈ Z, A > 0, and gcd(A,B,C) =

1, be the primitive quadratic equation satisfied by α. Then

O = [Aα, 1] = Ot.

Denote by

D(α) := B2 − 4AC

the discriminant of AX2 + BX + C. Then the conductor t of O

is obtained from the relation

D(α) = t2d

with the discriminant d of K. Thus, the proper ideals of O are
exactly the free Z-modules of rank 2 in K, with a ratio of basis
satisfying a primitive quadratic equation of discriminant t2d.

Notation: Later we will consider the values of modular functions f

depending on the ratio α of basis of a proper ideal a of some order
Ot. Since the assertions to be stated about f(α) mostly depend only
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on t, it will be convenient not only to define the discriminant D(α) of a
quadratic imaginary number α ∈ H but also the conductor of α to be
the conductor of the order of [α, 1].

Proof Writing the elements ξ ∈ K as ξ = mα + n with m,n ∈ Q, we
find that

ξ[α, 1] ⊆ [α, 1] ⇐⇒
{

mα2 + nα = nα − m
A (Bα + C) ∈ [α, 1]

mα + n ∈ [α, 1]

}

⇐⇒
{

A| gcd(mB,mC)
m,n ∈ Z

}
⇐⇒

{
A|m

m,n ∈ Z

}
⇐⇒ ξ ∈ [Aα, 1].

This implies that O = [Aα, 1]. In particular, O is an order in K. Since
the conductor t of O is equal to the index

t = [O1 : O]

it can also be expressed by the absolute value of the determinant of a ra-
tional matrix transforming a Z-basis of O1 into a basis of O. Therefore,
in view of

Aα =
−B ±

√
B2 − 4AC

2
=

−B ± t
√

d

2
we find the conductor to be t.

The product ab of two free Z-modules a,b of rank 2 in K is defined
as usual as the Z-module generated by the products ab of elements a ∈ a

and b ∈ b. The norm N(a) of a proper O-ideal a is defined as the
absolute value of a determinant of a rational matrix transforming a Z-
basis of O into a Z-basis of a.

Theorem 3.1.3 The set of proper ideals of O = Ot is a group It

under multiplication with O as neutral element. For a ∈ It we have
aaτ = N(a)O,

where τ denotes the generating automorphism of K/Q.

Proof Clearly, it suffices to prove the equality of the product of a and
aτ . So let

a = [α1, α2] = α2[α, 1] with α =
α1

α2
.

α satisfies a primitive quadratic equation

AX2 + BX + C = 0.
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Denoting the trace of K/Q by tr(.), we find that

aaτ = N(α2)[α, ατ , N(α), 1] = [N(α2)[α, tr(α), N(α), 1]

=
[
α,

B

A
,
C

A
, 1

]
=

N(α2)
A

[Aα, 1] =
N(α2)

A
O.

Now (
α1

α2

)
= α2

(α

1

)
=

(
1
A 0
0 1

)
D

(
Aα

1

)

with the representing matrix D of α2. Thus

N(a) =
∣∣∣∣det

((
1
A 0
0 1

)
D

)∣∣∣∣ =
|N(α2)|

|A| ,

which is the asserted identity.

Examples of proper ideals other than principal ideals are given by
regular ideals:

Definition 3.1.4 Let O be the order of conductor t in K and let a be
an ideal of O. Then a is called a regular ideal of O if there exists ξ ∈ O,
prime to t, such that

ξa + t = O.

Theorem 3.1.5 Every regular ideal of O is a proper ideal of O.

Proof It suffices to show that every ideal a of O with

a + t = O

is invertible. So let ã := O1a the ideal of O1 above a and ã
−1 its

inverse. We set

a′ := O + tã
−1

.

Clearly, this is an ideal of O, and we find that

aa′ = a(O + tã
−1) = a + ta(O1ã

−1) = a + tãã
−1 = a + t = O.

Hence, aa′ = O. Now it is easy to see that a is a proper ideal of O.



86 Basic facts from number theory

3.1.2 Ideal groups

Theorem 3.1.6 Let O be the order of conductor t in K. Then the set
I

(0)
t of regular ideals of O is a subgroup of the group of proper ideals of

O. Let A
t denote the group of fractional ideals of O1 prime to t. Then

the map

κ : I(0)
t → A

t
, at 
→ O1at,

defines a bijection. For a given a ∈ A
t the corresponding proper ideal at

of O is obtained by:

at = a ∩ St,

where St denotes the quotient ring of O defined by the semi-group of
elements prime to t. For an integral ideal a in A

t we have

at = a ∩O,

and

O/at
∼= O1/a.

Proof To start, let a be an integral ideal of O1 prime to t:

a + t = O1.

We contend that

a ∩O + t = O, O1(a ∩O) = a and O/(a ∩O) ∼= O1/a. (3.1)

The first equality is immediate, since t ⊆ O. The second is obtained as
follows: We have

O1(a ∩O) = (a + t)(a ∩O) = a(a ∩ t) + t(a ∩O),

and herein the second summand can be modified because t is an integral
ideal of O1 prime to a ∩O:

t ∩ (a ∩O) = (t ∩ a) ∩O = (ta) ∩O = ta.

Therefore, we obtain

O1(a ∩O) = a(a ∩O) + ta = a(a ∩O + t) = aO = a.

To prove the third assertion in (3.1) we derive from

O1 = a + t ⊆ a + O ⊆ O1



3.1 Ideal theory of suborders in a quadratic number field 87

the equality O1 = a + O, which implies that

O1/a = (O + a)/a ∼= O/(a ∩O).

Now we consider an integral regular ideal a of O, and we show analo-
gously to (3.1)

aO1 + t = O1 and (aO1) ∩O = a.

Herein the first equality follows from a + t = O by multiplication with
O1. The second is obtained as the second equality in (3.1). We have

(aO1) ∩O = (aO1) ∩ (a + t).

Recalling the inclusion aO1 ⊇ a, the right-hand side can be modified:

aO1 ∩O = a + (aO1) ∩ t = a + (aO1)t = a + at = a.

This completes the proof of the asserted bijection for integral ideals in
I

(0)
t and A

t. For arbitrary ideals in I
(0)
t resp. in A

t the assertions of
the theorem can be reduced to the "integral case": therefore let a be an
arbitrary ideal in A

t. Then there exists some ξ in O1 prime to t such
that

ξa + t = O1.

Replacing ξ by a power of ξ, we can further achieve that ξ ≡ 1 mod t so
that ξ is in O. ξ being a unit in St, we obtain by intersecting

O = O1 ∩ St = (ξa + t) ∩ St = ξ(a ∩ St) + t

and then

O1(a ∩ St) =
1
ξ
O1(ξa ∩ St) =

1
ξ
(ξa ∩O) =

1
ξ
ξa = a.

In the same way we can show that:

ξO1a + t = O1 and (aO1) ∩ St = a

for a regular ideal a of O and a ξ ∈ O that is prime to t with ξa+t = O.
This completes the proof of Theorem 3.1.6.

The ring ideal class group of O = Ot is defined by

Rt := It/Ht,

where

Ht := {γO | γ ∈ K, γ �= 0}

denotes the subgroup of principal ideals in It. We have:
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Theorem 3.1.7 Every ring ideal class in Rt contains an integral reg-
ular ideal. In view of Theorem 3.1.6 this implies that

A
t
/Ut

∼= Rt by aUt 
→ (a ∩ St)Ht,

where, as above, A
t denotes the group of fractional ideals of O1 that are

prime to t. Ut denotes the subgroup

At := {α1
α2

O1 | αiOt + t = Ot},

and A
t
/Ut is called the ring divisor class group modulo t.

In the later applications we will need a further isomorphism analogous
to that in Theorem 3.1.7. We fix an integral ideal f of Ot that is not
necessarily a proper ideal of Ot and define the subgroups

It,f := {a ∈ It | a = a1
a2

,ai ∈ It,ai + f = Ot},
St,f := {a = α1

α2
Ot | αiOt + f = Ot, α1 ≡ α2 mod f}.

We call St,f the ray modulo f of Ot and

Rt,f := It,f/St,f

the ray class group modulo f of Ot. In particular, for t = 1 we denote
by

Kf := I1,f/S1,f

the ray class group modulo f. Then, analogously to Theorem 3.1.7 we
have:

Theorem 3.1.8 In every ray class modulo f of Ot there exists an
integral regular ideal. Thus, we have the isomorphism

A
tf

/Ut,f
∼= It,f/St,f by aUt,f 
→ (a ∩ St)St,f,

where, as above, A
tf denotes the group of fractional ideals of O1 that

are prime to tf, and by Ut,f we denote the subgroup

Ut,f := {α1
α2

O1 | αiOt + tf = Ot, α1 ≡ α2 mod f}.

Proof of Theorems 3.1.7 and 3.1.8 In view of Theorem 3.1.6 it suffices to
show that there exists a regular ideal in every ideal class of It modulo
Ht resp. of It,f modulo St,f. For the classes modulo Ht this follows by
Theorem 3.1.10, as will be explained after this theorem. For the classes
modulo St,f we need some further facts about the ring Ot: Let a be in
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It,f. Adapting the conclusions after the proof of Theorem 3.1.10 we can
find an element λ ∈ K and an ideal b of Ot, prime to tf, such that

a = λb.

Herein we have by definition

a = a1
a2

with integral ideals ai ∈ It,f,

and we can write

λOt = a1

a2b
= a1(a2b)e−1

(a2b)e
.

Choosing an exponent e ∈ N so that (a2b)e is principal, we obtain

λ = λ1
λ2

with λiOt + f = Ot.

As we will show, we can find two elements λ′
i ∈ Ot, i = 1, 2, prime to tf

such that

λ′
i ≡ λi mod f.

Then λb and b
′ := λ′

1
λ′

2
b are in the same class modulo St,f. Further, b

′

is regular and is in the ray class of a. Multiplying b
′ by a power of λ′e

2 ,
satisfying the congruence λ′e

2 ≡ 1 mod f, we find that b
′′ := λ′e

2 b
′ is a

regular ideal in the class of a.
To construct λ′

i we observe that Ot is a noetherian ring, in which
every ideal �= (0) is maximal. This follows from the fact that every ideal
�= (0) is a free rank two module over Z, which implies that Ot/a is
finite. Hence, the two ideals f and ft have a decomposition as a product
of primary ideals:

f = q1 · . . . · qm resp. ft = q′
1 · . . . · q′

n,

where the radicals

pi =
√

qi resp. p′
i =

√
q′

i

are pairwise coprime.

pi + pj = Ot and p′
i + p′

j = Ot if i �= j.

Since f divides ft, the pi must be some of the p′
i, which implies m ≤ n.

Therefore, we may assume that

pi = p′
i, i = 1, . . . , m.
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Ot being noetherian we further have the inclusions

pe
i ⊆ qi, p′

i
e ⊆ q′

i

with a suitable common exponent e. For λ with λOt + f = Ot we pick
a solution of the system of simultaneous congruences

λ′ ≡ λ mod f,

λ′ ≡ 1 mod p′
i
e
, i = m + 1, . . . , n,

which is possible because the ideals involved are pairwise coprime. Such
a solution λ′ satisfies

λ′ ≡ λ mod f and λOt + ft = Ot.

This finishes the proof.

By Theorems 3.1.7 and 3.1.8 we find the following formulae:

Theorem 3.1.9 The indices of Rt and Rt,f are given by:

ht := |Rt|= hK
wt(Ot)Φ1(t)
w1(O1)Φt(t)

= hK
wt(Ot)
w1(O1)

t
∏
p|t

(
1 −

(
d

p

)
1
p

)
,

|Rt,f|= ht
wt(f)

wt(Ot)
Φt(f).

Herein hK denotes the class number of K, and for an integral ideal a

of Ot we denote by wt(a) the number of roots of unity ξ ∈ Ot with
ξ ≡ 1 mod a. Φt is the Euler function of Ot.

Proof In view of Theorem 3.1.7, to determine |Rt|, we must find a
formula for [At : Ut]. Let H

t
1 denote the subgoup of principal ideals of

O1, that are prime to t. Since every ideal of O1 is equivalent to an ideal
prime to t, the groups I1/H1 and A

t
/H

t
1 are isomorphic, hence

[At : Ht
1] = hK .

To compute [Ht
1 : Ut], we consider the epimorphism

κ : O
∗

1 ×O
∗

1 → H
t
1/Ut

(ν, ν′) 
→ ( ν
ν′ )Ut

with the group of prime residues O
∗

1 of O1 modulo t. It is easy to see
that this map is well defined, its kernel consisting of all pairs

(ν, ν′) with ν = ν′αε
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with some α ∈ St prime to t and some unit ε ∈ O1. Now we have
St/Stt ∼= Ot/t. Therefore, the elements of the kernel of κ can also be
characterised by

(ν, ν′) with ν = ν′αε, α ∈ U, ε ∈ W,

where U denotes the group of prime residues modulo t in Ot and W the
subgroup of prime residue classes modulo t represented by units of O1.
Hence

|ker(κ)| = Φ1(t)|UW |.

Using |UW | = |U ||W |
|U∩W | , this implies that

|ker(κ)| =
Φ1(t)Φt(t)w1(O1)

wt(Ot)

and the formula for |Rt| is proved.

To prove the asserted formula for |Rt,f|, we consider the inclusions

It,f ⊇ H
f
t ⊇ St,f,

where

H
f
t := {ν1

ν2
Ot | νiOt + f = Ot}

denotes the subgroup of principal ideals of It,f. Since, as will be ex-
plained after Theorem 3.1.10, in every ring ideal class there exists an
integral ideal prime to ft, this implies that

[It,f : Hf
t ] = ht.

Therefore, it remains to be shown that

[Hf
t : St,f] =

1
wt(Ot)

Φt(f).

Therefore, we consider the epimorphism

κ : O
∗

t ×O
∗

t → H
f
t/St,f

(ν, ν′) 
→ ( ν
ν′ Ot)St,f

,

where O
∗

t denotes the group of prime residues of Ot modulo f. The
kernel consists of all pairs

(ν1, ν2) with ν2 = ν1ε
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for a unit ε in Ot. Hence

|ker(κ)| = Φt(f)wt(Ot),

and this implies the asserted formula for |Rt,f|.

Theorem 3.1.10 (n-system) Let n be a natural number. Let α0 ∈ H
be the ratio of a basis of a proper ideal of Ot and let

A0X
2 + B0X + C0 = 0 with gcd(A0, n) = 1, A0 > 0.

be the primitive quadratic equation satisfied by α0. Then, in every ring
ideal class modulo t there exists an ideal a = [α1, α2], such that the ratio
of the basis α = α1

α2
∈ H satisfies a primitive equation of the form

AX2 + BX + C = 0

with

gcd(A,n) = 1, A > 0 and B ≡ B0 mod n.

Choosing such an ideal in every ring ideal class, we call the system of
corresponding ratios of basis an n-system.

Remark 3.1.11 In particular, by choosing n = t in Theorem 3.1.10 it
follows that in every class there exists an ideal

a = A[α, 1] =

[
A,

−B + t
√

d

2

]
with gcd(A, t) = 1,

hence a regular ideal.

Theorem 3.1.12 Let n be a natural number, and let α ∈ H be the
ratio of a basis of a proper ideal of Ot satisfying a primitive equation

AX2 + BX + C = 0 with gcd(A,n) = 1, A > 0.

Then there exists a unimodular transformation M ∈ Γ(n), so that α′ :=
M(α) is a root of a primitive equation

A′X2 + B′X + C ′ = 0

with

gcd(A′, nt) = 1, A′ > 0 and B′ ≡ B mod n.
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Proof of Theorem 3.1.10 let α be the ratio of a basis of a proper ideal
a of Ot, and let n be a natural number. Since the ratios of basis in H
of ideals equivalent to a are exactly the images of α under unimodular
transformations, we have to determine M ∈ Γ such that M(α) satisfies
an equation having the desired properties. We proceed by induction on
the number of primes dividing n. For n = 1 nothing is to be shown, so
we assume the assertion to be proved for n, and we let n′ = nps, s ∈ N,
with a prime p not dividing n. To prove the assertion for n′, we consider,
for a given μ ∈ Z, the unimodular transformation

Mμ :=
(

1
0

−μ

1

)
, Nμ :=

(
1
−μ

0
1

)
.

For the root ω ∈ H of a primitive quadratic equation

AX2 + BX + C = 0,

we find that Mμ(ω) resp. Nμ(ω) satisfy

AX2 + (B + 2μA)X + (C + μB + μ2A) = 0 resp.

(A + μB + μ2C)X2 + (B + 2μC)X + C = 0.

Now we assume α to be a root of the primitive equation

AX2 + BX + C = 0 with gcd(A,n) = 1, A > 0 and B ≡ B0 mod n.

Then, transforming α by some product of Mμ and Nμ with μ ∈ N
divisible by n, these conditions will not be lost if the μ’s are sufficiently
large. Note that B2 − 4AC < 0 and A > 0 imply C > 0. In this way
we can further achieve the new A as prime to np. In the cases p �= 2 or
(p = 2 and B ≡ 0 mod 2) this becomes clear by writing A+μB+μ2C =
A+μ(B +μC). For p = 2 and B ≡ 1 mod 2 one has first to transform α

by a suitable Mμ so that C ≡ 0 mod 2. Hereafter, we obtain an equation
with A ≡ 1 mod 2 by applying a suitable Nμ. In order for B to satisfy
the desired congruence modulo nps, we apply a suitable Mμ. Thus, we
end up with an equation, in which B ≡ B0 mod nps. If p �= 2, this is
immediate. If p = 2, we have to observe that the coefficients of X of
two primitive quadratic equations having the same discriminant have
the same parity.

Proof of Theorem 3.1.12 Proceeding as in the last proof, we can achieve
the new coefficient A to be also prime to t.
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3.1.3 Primitive matrices and bases of ideals

In what follows we will consider the action of primitive matrices on
Z-basis of ideals. Therefore, we set up some notation: for α1, α2 ∈ C,
linearly independent over R, we define

α :=
α1

α2
, α :=

(
α1

α2

)
and [α] := Zα1 + Zα2.

For a rational 2× 2-matrix S =
(

a
c

b
d

)
of determinant s �= 0, the ratio of

the basis Sα is then given by S(α) = aα+b
cα+d .

Theorem 3.1.13 Let S be a primitive matrix of determinant s and
[α] ∈ It. Then:

(i) [Sα] ∈ It′ with t′|ts and t|t′s.
(ii) If t′ = st, then Ot[Sα] = [α], and if S′ is another primitive

matrix of determinant s with [S′α] ∈ Its, then S′ ∼ SDε, where
Dε is the matrix of a unit in Ot with respect to the basis α.

(iii) If s|t and t′ = t
s , then sO t

s
[α] = [Sα]. In particular, the equiva-

lence class of S is uniquely determined by [Sα] ∈ I t
s
.

Proof (i) By changing the basis in [α] and [Sα] we can arrive at S =(
1
0

0
s

)
. Assume AX2 + BX + C = 0 to be the primitive equation of α.

Then S(α) satisfies

s2AX2 + sBX + C = 0.

The primitive equation for S(α) is then obtained by dividing by the
gcd(s2A, sB,C). Recalling gcd(A,B,C) = 1, it follows that

D(S(α))|s2D(α) and D(α)|s2D(S(α)).

The relation between D(α) and t from Theorem 3.1.2 now proves (i) of
Theorem 3.1.13.

(ii) In the case of t′ = ts the above equation is necessarily primitive and
thus C prime to s. According to Theorem 3.1.2 we have Ot = [Aα, 1]
and computation shows that

Ot[Sα] = α2[Aα, 1][α, s] = α2[Aα2, α, s]

= α2[Bα + C,α, s] = [α, 1] = α2[α, 1] = [α].

If S′ is a further primitive matrix of determinant s satisfying

[Sα] = ε[Sα] (3.2)
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with an element ε ∈ K, then by multiplication with Ot we obtain

[α] = ε[α].

This implies ε to be a unit in Ot and, from (3.2) it follows that

MS = S′Dε

with a unimodular matrix M and the matrix Dε of ε with respect to α.
Hence, S is equivalent to S′Dε.

(iii) If [Sα] is in I t
s
, then

AX2 +
B

s
X +

C

s2
= 0

is the primitive equation of S(α) = α
s . Hence B is divisible by s and C

by s2. A must be prime to s. Further, by Theorem 3.1.2

O t
s

= [A
α

s
, 1].

Now we compute

O t
s
[α] = α2[A

α

s
, 1][α, 1] = α2[A

α2

s
, α,A

α

s
, 1]

= α2[
Bα + C

s
,
α

s
, 1] = α2[

α

s
, 1] =

1
s
[Sα].

This completes the proof of 3.

The next theorem makes the statement of Theorem 3.1.13 more precise
if s is a prime.

Theorem 3.1.14 Let P be a primitive matrix, whose determinant is
a prime p, and we let [α] ∈ It. Then:

(i) If p|t, there exists a primitive matrix P1 of determinant p with

[Pα] ∈ Itp if P �∼ P1,

[Pα] ∈ Itp−1 if P ∼ P1.

(ii) In the case p�t the result depends on the decomposition of p in K:

(a) If p = p, then we always have [Pα] ∈ Itp.

(b) If p = p2, then there exists a primitive matrix Pp, such
that [Ppα] is a basis of [α]pt with pt = p ∩Ot. And then
for P we have

[Pα] = [α]pt ∈ It if P ∼ Pp,

[Pα] ∈ Itp if P �∼ Pp.
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(c) If p = pp, then there exist two inequivalent primitive ma-
trices Pp, Pp, such that [Ppα] resp. [Ppα] is a basis of [α]pt

resp. [α]pt with pt = p ∩Ot. And then for P we have

[Pα] = [α]pt ∈ It if P ∼ Pp,

[Pα] = [α]pt ∈ It if P ∼ Pp,

[Pα] ∈ Itp if P �∼ Pp, Pp.

Proof (i) In view of Theorem 3.1.13 we only have to show that for p | t

there is no primitive matrix of determinant p with D(P (α)) = D(α).
As in the proof of Theorem 3.1.13 we may assume that P =

(
1
0

0
p

)
. Let

AX2 + BX + C = 0 be the primitive equation of α. If D(P (α)) = t2d,
then

pAX2 + BX +
C

p
= 0

would be the primitive equation of P (α) and C would be divisible by
p. Further, B would also be divisible by p, because of B2 − 4AC = t2d.
This implies that p2�C and p�A because of gcd(A,B,C) = 1. For p �= 2,
we conclude that B2 − 4AC �≡ 0 mod p2, which is a contradiction to
B2 − 4AC = t2d ≡ 0 mod p2. For p = 2, it follows that B2 − 4AC ≡
8, 12 mod 16, which is a contradiction to t2d ≡ 0, 4 mod 16.

(ii) (a) We may again assume that P =
(

1
0

0
p

)
. Then [Pα] ∈ It would

imply p|C as in (i). and then t2d = D(α) ≡ B2 mod p. But p is inert
by assumption and p � t. Therefore, t2d cannot be a square modulo p.
Hence [Pα] is not in It but in Ipt.

To prove (b) we need:

Lemma 3.1.15 Let a be an integral regular ideal of Ot. Then for every
b ∈ It we have:

[b : ba] = N(a).

Proof of the lemma If b is an integral regular ideal of Ot, the assertion
follows from Theorem 3.1.6 and the fact that the norm of ideals of O1

is multiplicative. The general case can be reduced to this special case:
by Theorem 3.1.10 every ideal in It is of the form γc with an element
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γ ∈ K\{0} and an integral regular ideal c of Ot. Now we have γc/γca ∼=
c/ca, because multiplication by γ is an isomorphism.

Proof of (ii) (b) Let p be the prime ideal of O1 above p and pt = O∩p

the corresponding regular ideal of Ot. By Lemma 3.1.15 we then have
[[α] : [α]pt] = N(pt) = p. Hence, there exists a primitive matrix Pp
with [Ppα] = [α]pt. We contend that, up to equivalence, Pp is the only
primitive matrix P with [Pα] ∈ It. Therefore, we observe that [Pα] ∈ It

implies that [[α] : [Pα]] = p. Thus, the integral ideal a := [Pα][α]−1

contains p, so it is regular. By Theorem 3.1.6 ã := O1a has norm p

and hence is equal to p. Thus, a = pt and [Pα] = [α]pt. Since this
determines P up to equivalence we can conclude that P ∼ Pp.

This proves part (b) of (ii), and (c) is obtained in the same way.

To finish, we use Theorems 3.1.13 and 3.1.14 to prove the next theorem
which will be needed later. Given a natural number t and a prime p, we
consider the epimorphisms

κ : Itp → It, a 
→ aOt,

κ̂ : Rtp → Rt, aHtp 
→ κ(a)Ht.

By the above theorem we will be able to determine explicitly κ−1({b})
resp. κ̂−1({bHt}) for a given b ∈ It.

Theorem 3.1.16 Let [α] be in It, and let Pμ, μ = 1, . . . , p + 1, run
through a system of representatives of primitive matrices of determinant
p. We assume that P1, . . . , Pm are exactly all Pμ having the property
[Pμα] ∈ Itp. Then:

m =

⎧⎪⎪⎨
⎪⎪⎩

p − 1 if p = pp,p �= p, p � t,

p if p = p2, p � t,

p + 1 if p = p, p � t,

p if p|t.

Furthermore, [Pμα], μ = 1, . . . ,m, are exactly all ideals in It that are
mapped to [α] by κ, and we have the equivalence

[Pμα]Htp = [Pμ′α]Htp ⇐⇒ ([Pμα] = ε[Pμ′α] with a unit ε ∈ Ot).

Clearly, by the classes of [Pμα], μ = 1, . . . ,m, in Rtp we are given all
classes that are mapped to [α]Ht under κ̂. The number of different such
classes is m

e , where e denotes the index of the unit groups of Otp in the
unit group of Ot. Therefore, we know that e = 1 except for t2d = −3,−4.
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For the remaining Pm+1, . . . , Pp+1 we have:

Ppα and Pp+1α are bases of [α]ptp and [α]ptp if p = pp,p �= p, p � t,

Pp+1α is a basis of [α]pt if p = p2, p � t,

Pp+1α is a basis of an ideal atp−1 ∈ Itp−1 if p|t.

Moreover, for p|t the ideal class of [α] is mapped to the ideal class of
atp−1Htp−1 by κ̂ : Rt → Rtp−1 .

Proof The assertions follow immediately from Theorems 3.1.13 and
3.1.14. We have only to show that the pre-images of [α] under κ are
of the form [Pα] with some primitive matrix P of determinant p. To see
this, we observe that for a pre-image a ∈ Itp we have the inclusions

p[α] = pOta ⊂ Otpa = a ⊂ Ota = [α],

which are strict because the ideals on the left and the right are in It and
that in the middle is in Itp−1 . Therefore, from [[α] : p[α]] = p2 we obtain
[[α] : a] = p. Hence, there exists a primitive matrix P of determinant p,
such that Pα is a basis of a.

3.1.4 Integral ideals that are not regular

As already mentioned, an integral ideal a of an order Ot is a product
of primary ideals. If a is regular, the primary ideals are powers of prime
ideals and the factorisation is unique. If a is not regular we have unique-
ness only for the corresponding radicals. By the next two theorems all
non-regular prime ideals and primary ideals are determined.

Theorem 3.1.17 [Bettner] Non-regular prime ideals of Ot are given
by

pp = pO t
p
,

where p is a divisor of t.

Proof First, given a prime p dividing t, the set defined by pp := pO t
p

is an integral ideal of Ot that is not regular because p | t. Further, we
find that

[Ot : pp] =
[O t

p
: pp]

[O t
p

: Ot]
=

p2

p
= p.
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Hence pp is a prime ideal. Conversely, let p be a non-regular prime ideal
in Ot. Then

p + t �= Ot,

and we have the inclusion

p ⊆ p + t � Ot.

Moreover, Ot/p being finite, p is even maximal. Therefore, in view of
the above inclusion we may conclude that p = p + t, hence

t ∈ p.

This implies that p contains a prime p dividing t and we have the inclu-
sion

p2
p = p2O t

p
⊂ pOt ⊆ p,

which proves that pp ⊆ p, because p is a prime ideal by assumption.
The maximality of pp now implies that pp = p.

The primary ideals belonging to a given non-regular prime ideal pp of
Ot are explicitly described in the next theorem.

Theorem 3.1.18 Let p be a prime dividing t and t = prt0, p � t0.
Then all pp-primary ideals of Ot are given by

q = pν [Qα]

with some primitive matrix Q and a basis α of Ot0 . The determinant of
Q is a p-power and the discriminant D(Q(α)) satisfies

D(Q(α)) | t2dK .

The exponent ν, ν ∈ N0, must be large enough to ensure the inclusion
q ⊆ Ot.

Proof By Theorems 3.1.2 and 3.1.17 we can immediately see that the
ideals q defined in the theorem are pp-primary. Conversely, let q be an
arbitrary pp-primary ideal of Ot. Then, Ot being noetherian, a power
of pp is contained in q:

pnO t
p

= pN
p ⊆ q ⊆ Ot.

Therefore

[Ot0 : q] = [Ot0 : Ot][Ot : Q] | pν+n,
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and it follows that q is of the above form. The condition on D(Q(α)) is
implied by Theorem 3.1.2 because q is an ideal of Ot.

3.2 Density theorems

Let K be an algebraic number field and

ζK(s) =
∑
g

1
N(g)s

, s > 1,

its ζ function, where the summation is over all integral ideals g of K

(meaning ideals of the maximal order of K). From its product expansion

ζK(s) =
∏
p

1
1 − 1

N(p)s

,

where p runs through all prime ideals of K, one deduces that

log(ζK(s)) =
∑
p

1
N(p)s

+ O(1) for s → 1+.

Together with the well-known fact that

lim
s→1+

ζK(s)
s − 1

∈ R>0,

we thus obtain the relation

lim
s→1+

−1
log(s − 1)

∑
p

1
N(p)s

= 1, (3.3)

which motivates the following definition.

Definition 3.2.1 (Dirichlet density) Let A be a set of prime ideals
of K. Then the limit

δ(A) := lim
s→1+

−1
log(s − 1)

∑
p∈A

1
N(p)s

,

provided that it exists, is called the Dirichlet density of A.

The Dirichlet density of a set A of prime ideals is determined by the
prime ideals of degree 1 in A. To be precise, we have:

Remark 3.2.2 Let A and B be two sets of prime ideals in K differing
by
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• finitely many prime ideals of degree 1 and
• an arbitrary set of prime ideals of degree ≥ 2.

Then the existence of δ(A) implies the existence of δ(B) and both are
equal.

Proof The proof is immediate by the inequality∑
p

deg(p)≥2

1
N(p))

≤ [K : Q]
∑

p

1
p2

< ∞,

where p runs through all rational primes. To derive the inequality, one
has to observe that given a prime p, there are at most [K : Q] many
prime ideals in K whose norm is a p-power.

For a given extension L/K of number fields, we now consider the set
PL/K of prime ideals of K splitting completely in L.

Theorem 3.2.3 The Dirichlet density of PL/K exists, and we have

δ(PL/K) =
1

[L̃ : K]
,

where L̃ denotes the Galois closure of L/K.

Proof First, we assume L/K to be Galois, so L = L̃. Let P(1)
L be the set

of prime ideals of degree 1 in L, and let P(1)
L/K be the set of prime ideals

of degree 1 in K that split completely in L. Then, by (3.3) and Remark
3.2.2 we have

δ(P(1)
L ) = 1 and δ(P(1)

L/K) = δ(PL/K).

Therefore, to prove Theorem 3.2.3, it is sufficient to derive the relation

1 = nδ(P(1)
L/K) with n = [L : K]. (3.4)

The proof of this equation follows from the fact that, except for a finite
number, every prime ideal p ∈ P(1)

L/K splits completely in L,

pOL = P1 · . . . ·Pn,

with prime ideals Pi of norm

N(Pi) = N(p).

Conversely, every prime ideal P of degree 1 in L occurs in such a de-
composition for exactly one p ∈ P(1)

L/K . The relation (3.4) now follows
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directly from the definition of the Dirichlet density. This completes the
proof of Theorem 3.2.3 for a Galois extension L/K. The general case
can be reduced to this special case by showing that

δ(PL/K) = δ(PL̃/K).

To prove this equation, observe that

L̃ = L1 · . . . · Ln

is a product of fields that are conjugate to L over K. First, every prime
ideal p of K that splits completely in L̃ also splits completely in L. Con-
versely, every prime ideal that splits completely in L splits completely
in all conjugate fields Li and thus also in L̃ up to a finite number of
exceptions, as will be proved by the next lemma.

Lemma 3.2.4 Let L1, L2 be finite extensions of a number field K, and
let p be a prime ideal in K that splits completely in L1 and L2. Then p

also splits completely in L1L2.

Proof In view of the above application it will suffice to give a proof
with finitely many p’s excluded. We choose an integral generator α for
L2 over L1. Then we have the inclusion

OL1L2 ⊆ 1
d
OL1 [α]

with the discriminant d of the minimal polynomial of α over L1. Now,
let p be a prime ideal in K splitting completely in L1 and in L2. In
order to show that p also splits completely in L1L2, we have to prove
the congruence

ξN(p) ≡ ξ mod P for all ξ ∈ OL1L2

for every prime ideal P of L1L2 above p. Therefore, let Pi = P ∩ Li be
the prime ideals of Li under P. Then

ξN(p) ≡ ξ mod Pi for all ξ ∈ OLi
, i = 1, 2,

because, by assumption, p splits completely in both Li. This implies
that

ξN(p) ≡ ξ mod P for all ξ ∈ OL1 [α],

and by the above inclusion we see that this congruence also holds for all
ξ∈OL1L2 if p is prime to d. Therefore, every prime ideal P of L1L2 over
p has relative degree 1, hence p splits completely in L1L2. This completes
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the proof for all prime ideals of K except for the finitely many p’s
dividing d.

For later applications of the above facts we will need the following
theorem:

Theorem 3.2.5 Let N/K and L/K be finite extensions of number
fields, and let N/K be Galois. Further, we assume that with a finite
number of exceptions the prime ideals of degree 1 in K splitting com-
pletely in N also split completely in L. Then we have L ⊆ N .

Proof By Lemma 3.2.4, up to a finite number of exceptions, all prime
ideals of degree 1 in K split completely in N if and only if they split
completely in NL, so by Theorem 3.2.3

[ÑL : K] = [N : K],

which implies the asserted inclusion L ⊆ N .

3.3 Class field theory

Let L/K be an extension of number fields with Galois group G =
G(L/K). We fix two prime ideals P above p of L resp. K with residue
fields

LP = OL/P and Kp = OK/p ∼= (OK + P)/P.

The Galois group G(LP/Kp) of LP/Kp is generated by the Frobenius
map

ϕ : LP → LP, ϕ(ξ + P) := ξN(p) + P.

For P unramified over K we have an isomorphism between G(LP/Kp)
and the decomposition group

Gz(P/K) := {ψ ∈ G | P
ψ = P}

by

ψ 
→ ψ̄ with ψ̄(ξ + P) := ψ(ξ) + P for all ξ ∈ OL.

Hence, there exists a unique automorphism σ(P) ∈ Gz(P) with

ξσ(P) ≡ ξN(p) mod P for all ξ ∈ OL.



104 Basic facts from number theory

In the following we assume G to be abelian. Then σ(P) only depends
on p. Therefore, we can define the Frobenius automorphism

σ(p) := σ(P)

with some prime ideal P of L lying over p. Let m be an integral ideal of
K that is divisible by all prime ideals ramified in L, and let A

m be the
group fractional ideals of K that are prime to m. Then by multiplicative
extension of

σ : p 
→ σ(p),

we obtain an epimorphism

σ : Am → G

called an Artin map. In particular, we have the isomorphism

A
m

/U ∼= G by aU 
→ σ(a), (3.5)

where U denotes the kernel of σ. By abuse of notation we denote this
map again by the symbol σ:

σ(aU) := σ(a).

As an application we can determine the factorisation in L of a prime
ideal p ∈ A

m:

pOL = P1 · . . . ·Pr,

with different prime ideals Pi of L having the same relative degree f

over K and f being the order of pU in A
m

/U:

f =
[
LPi

/Kp

]
= o(pU).

In particular, the prime ideals in U are, except for a finite number, exactly
the prime ideals of K splitting completely in L, and this also implies that
U contains infinitely many prime ideals of degree 1. By class field theory
we even know this to be true for every coset modulo U.

By Theorem 3.2.5, L is uniquely determined by U. Therefore, L is
called the class field of K corresponding to U. As an application of this
fact we have the equivalence

L ⊆ L′ ⇐⇒ U ⊇ U
′
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for two extensions L,L′ of K unramified outside m and the correspond-
ing subgroups U,U

′ of A
m. Further, for U ⊇ U

′ we have

σ(k)|L′ = σ(k′) if k ⊇ k
′
, (3.6)

for two ideal classes k ∈ A
m

/U, k′ ∈ A
m

/U
′, which follows directly from

the definition of the Artin map.
As an application of this relation we obtain:

Theorem 3.3.1 Let L ⊂ L′ be abelian extensions of K, unramified
outside m, and let U ⊃ U

′ be the corresponding subgroups of A
m. Let s

be in Z \ Z2 and
√

s ∈ L′. Then for every integral ideal c of OK , prime
to 2sm, we have

√
s

σ(c) =
(

s
N(c)

)√
s,

where
(

s
N(c)

)
denotes the Legendre symbol.

As σ(c) only depends on the ideal class k
′ modulo U

′ of c, we can define
a character of A

m
/U

′ by

χs(k
′) :=

(
s

N(c)

)
with c ∈ k

′, c integral and c � 2s.

Clearly, χs has order 2 if
√

s is not in K and is equal to the principal
character for

√
s in K.

In the case [L′ : K] > 2 there always exists an ideal class k
′ ∈ A

m
/U

′

with

k
′ �= U

′ and
(

s
N(c)

)
= 1 for all integral ideals c ∈ k

′ with c � 2s.

If
√

s ∈ L′ \ L, then every ideal class k ∈ A
m

/U contains two ideal
classes k

′
± ∈ A

m
/U

′ with

k
′
± ⊂ k and χs(k

′
±) = ±1.

Proof For the proof we may assume c to be a prime ideal p. Then, by
definition of σ(p), we have

√
s

σ(p) ≡
√

s
N(p) mod p

and this implies that

√
s

σ(p)−1 ≡ s
N(p)−1

2 mod p.



106 Basic facts from number theory

The Euler criterion now tells us that

s
N(p)−1

2 ≡
(

s
N(p)

)
mod N(p),

and this proves the first assertion of our theorem because p is prime to 2.
The next two assertions are now immediate. To prove the last assertion,
observe that the Frobenius map σ(k) of L/K has two extensions ψ± to
L′ with

√
s

ψ± = ±
√

s

because
√

s ∈ L′ \ L and by (3.6) we know that ψ± = σ(k′±) with two
ideal classes k

′
± modulo U

′ contained in k. This proves the last assertion
of our theorem.

In the same way we prove for later purposes:

Theorem 3.3.2 Let L be an abelian extension of K, unramified outside
m, and let U be the corresponding subgroup of A

m. Let ζ be an n-th root
of unity contained in L. Then

ζσ(c) = ζN(c)

for every integral ideal c of OK prime to nm.

Proof It is again sufficient to give the proof for a prime ideal c = p � nm.
First, ζσ(p) is again an n-th root of unity

ζσ(p) = ζν , ν ∈ Z,

and by definition of σ, we have

ζν ≡ ζN(p) mod p.

If ζν − ζN(p) was not equal to zero, it must be a divisor of n, which
contradicts the above congruence. Hence, ζν = ζN(p), as asserted in the
theorem.

The main theorem of class field theory determines all possible sub-
groups of A

m corresponding to abelian extensions of K. To be more
precise, we fix an integral ideal f and define the ray modulo f:

Sf :=
{(

α1

α2

) ∣∣∣∣ αi ∈ OK prime to f, α1 ≡ α2 mod f

}
.

If f is divisible by all prime ideals dividing m, then Sf is a subgroup
of A

m and, according to class field theory, there exists a unique abelian
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extension Kf of K associated with Sf. It is called the ray class field
modulo f over K. For f = (N), N ∈ N, we sometimes write KN instead
of K(N) for simplicity.

For K totally imaginary, in particular for K imaginary quadratic, the
ray class fields including their subextensions of K represent all abelian
extensions of K, which means that, given an abelian extension L of K,
then L is a subfield of some ray class field Kf. In this situation L/K is

unramified outside m = f, and for the corresponding subgroup U of A
f

we have

A
f ⊇ U = σ−1(G(Kf/L)) ⊇ Sf,

where G(Kf/L) denotes the Galois group of Kf/L.
In complex multiplication the "natural" extensions are connected to

the modular invariant j and to Weber’s τ function. The corresponding
subgroups are given by Ut and Ut,f, defined in Theorems 3.1.7 and 3.1.8.
Let Ωt be the class field corresponding to Ut (tO = t). Then, using the
Artin map, the Galois group of Ωt/K is isomorphic to A

t
/Ut. In view

of Theorem 3.1.7 we then also have an isomorphism between the ring
ideal class group of Ot and the Galois group of Ωt/K. We describe this
isomorphism in the following way because this will be suitable later for
the action on singular values of modular functions:

σ : It → G(Ωt/K) with ker(σ) = Ht.

Again, by abuse of notation, we have used the same symbol σ as for
the Artin map. σ is characterised by the following property: given an
integral ideal c, prime to t, with corresponding ring ideal ct := c ∩ Ot,
then the image σ(ct) is by definition the Frobenius automorphism of
Ωt/K associated with c:

σ(ct) := σ(c).

Due to this description, Ωt is called the ring class field modulo t of
K. In particular,

Ω := Ω1

is the maximal unramified abelian extension of K, which is called the
Hilbert class field of K. In this case A

(1) is the ideal group of K and
the subgroup U1 corresponding to Ω is the group of principal ideals of K.
Hence, the Galois group of Ω/K is isomorphic to the ideal group of K.



108 Basic facts from number theory

The class field corresponding to the subgroup Ut,f is called the ray
class field modulo f of Ot and is denoted by Kt,f. Its Galois group
over K is isomorphic to the ray class group modulo f of Ot. In analogy
to the ring class fields, we have an epimorphism

σ : It,f → G(Kt,f/K) with ker(σ) = St,f,

defined by

σ(ct) := σ(c)

for every integral of O1 prime to ft with the Frobenius automorphism
σ(c) of Kt,f.

For t = 1 the group R1,f is equal to the ray class group modulo f

defined above and Kf = K(1),f is the ray class field modulo f.
The inclusion Ut ⊇ Ut,f implies that Ωt ⊆ Kt,f, and we have the

following diagram for class fields of K and corresponding subgroups of
It,f:

Kt,f St,f

| |
Ωt Ht ∩ It,f

| |
K It,f

For an explicit description of the Galois groups of Ωt/K and Kt,f/Ωt

let

a1, . . . ,aht
∈ It,f

be a system of coset representatives modulo Ht ∩ It,f which is also a
system of coset representatives for It modulo Ht, because in every class
of It modulo Ht there exist integral ideals coprime to ft. Therefore, the
restrictions of the corresponding Frobenius automorphisms σ(ai) to Ωt

all yield different automorphisms of Ωt/K:

G(Ωt/K) = {σ(a1)|Ωt, . . . , σ(aht
)|Ωt}.

Now, choose λ1, . . . , λm ∈ Ot, prime to f, such that the residue classes
λi + f form a system of coset representatives modulo the subgroup
of prime residue classes generated by roots of unity in Ot. Then, by
σ(λi), i = 1, . . . m, we obtain the different automorphisms of Kf/Ω:

G(Kf/Ω) = {σ(λ1), . . . , σ(λm)}.
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Further, by Theorem 3.1.9 we obtain explicit formulae for the degrees:

[Ωt : K] = hK
wt(Ot)Φ1(t)
w1(O1)Φt(t)

,

[Kt,f : Ωt] =
wt(f)

wt(Ot)
Φt(f).

To compute the discriminant of Kf/K, we consider the characters of

U
f
/Sf, which in short we call "characters modulo f". Given an integral

ideal b of K, then via the epimorphism

κ : Abf
/Sbf → A

f
/Sf, aSbf 
→ aSf,

every character χ modulo f induces a character χ̃ := χ ◦ κ modulo bf.
Conversely, one may ask whether a given character modulo f is induced
by a character modulo a proper divisor f

′ of f. If not, then we call χ a
primitive character.

Theorem 3.3.3 (conductor of a character) For every character
χ modulo f there exists a unique divisor f

′ of f and a unique primitive
character χ′ modulo f

′, so that χ is induced by χ′. fχ := f
′ is called the

conductor of χ.

Let L/K be a subextension of Kf/K and let U denote the correspond-

ing subgroup of A
f. Then, we have the inclusion

A
f ⊇ U ⊇ Sf.

We define a character of L/K as a character χ modulo f with ker χ ⊇ U.

Theorem 3.3.4 (conductor-discriminant-formula) Let dL/K

denote the relative discriminant of L/K. Then

dL/K =
∏
χ

fχ,

where χ runs through all characters of L/K.

Applying this formula in the case of a quadratic imaginary base field
K, we obtain:
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Theorem 3.3.5 Let K be a quadratic imaginary number field, f an
integral ideal in K and Kf the ray class field modulo f over K. Let p

be a prime ideal dividing f. We write f = prb with an integral ideal b,
p � b. Then the p-exponent of dKf/K is given by

vp(dKf/K) = [Kb : K]
1
w0

(wr(r + 1)Φ(pr) − cr) ,

where

wi := w(pib)

is the number of roots of unity in K congruent to 1 modulo pib, and cr

is defined by

cr :=
i∑

j=0

wjΦ(pj)

with Euler’s function Φ.

Proof For 1 ≤ i ≤ r we have vp(fχ) ≤ i if and only if χ is a character
of Kbpi/K. Hence, the number of χ with vp(fχ) = i is given by

[Kbpi : K] − [Kbpi−1 : K] = [Kb : K]
(

wi

w0
Φ(pi) − wi−1

w0
Φ(pi−1)

)
.

Therefore

vp(Kf/K) = [Kb : K]
1

w0

r∑
i=1

(
wiΦ(pi) − wi−1Φ(pi−1)

)

= [Kb : K]
1

w0

(
wrΦ(pr) −

r−1∑
i=1

wiΦ(pi)

)

= [Kb : K]
1

w0
(wr(r + 1)Φ(pr) − cr) ,

and the formula is proved.



4
Factorisation of singular values

Modular functions from FN have the nice property that their values at a
quadratic imaginary number α are algebraic and generate an abelian ex-
tension of K = Q(α). Therefore these values are called singular values.
Some of these values can also be factorised explicitly, which is crucial
for determining the generated fields.

4.1 Singular values

In this section we show that singular values are algebraic, and we will also
provide some factorisation properties that will be needed later. First, we
consider the modular invariant j. Let a be a lattice and α1, α2 a Z-basis
of a with α := α1

α2
∈ H. We set

j(a) := j(α),

whereby j(a) is well defined, because for an arbitrary basis α′
1, α

′
2 the

ratio α′ = α′
1

α′
2
∈ H is related to α by a unimodular transformation which

leaves j invariant. Further, j(a) only depends on the class of the lattice,
i.e. we have

j(a) = j(aλ) for λ ∈ C∗.

Theorem 4.1.1 Let α ∈ H be a quadratic imaginary number. Then
j(α) is an algebraic integer.

Proof Let a = [α, 1] be the Z-module generated by α and 1, and let t be
the conductor of the order of a in K = Q(α). We choose a prime ideal p
of degree 1 not dividing t with the property that the corresponding ring

111
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ideal pt is principal. Then

j(α) = j(a) = j(apt)

because a and apt are in the same class. In view of N(pt) = p with a
prime p there exists a primitive matrix P of determinant p, so that

P
(α

1

)
is a basis of apt. We then have

j(P (α)) = j(apt) = j(a) = j(α),

and it follows that

Ip(j(α), j(α)) = Ip(j(P (α), j(α)) = 0

with the main-polynomial Ip(X, j). Now, by Theorem 2.7.4, we know
that Ip(X,X) is a normalised polynomial in Z[X]. Hence j(α) is an
algebraic integer and Theorem 4.1.1 is proved.

Theorem 4.1.1 implies:

Theorem 4.1.2 Let f be in FN , N ∈ N, and let α ∈ H be a quadratic
imaginary with f(α) �= ∞. Then:

(i) f(α) is algebraic,
(ii) f(α) is an algebraic integer if f is holomorphic in H and the

q-coefficients in all cusps are algebraic integers.

Proof For f holomorphic in H the assertions of our theorem follow
from the extended q-expansion principle of Theorem 2.6.2 together with
Theorem 4.1.1.

To prove the first assertion for f having poles in H, the following
lemma provides a representation of f as a rational function with alge-
braic coefficients of j and some division values τx, x ∈ 1

N (Z×Z) \Z×Z
such that the representation is also valid for the values at α unless α is
equivalent to i =

√
−1 or ρ = −1+

√
−3

2 . This proves the first assertion
for f and α �∼ i, ρ, because j and τx are holomorphic in H. To prove the
assertion for α equivalent to i or ρ we write

f(α) = f̃(N1α) with f̃(ω) = f

(
ω

N1

)
where N1 is a natural number. Then f̃ ∈ FNN1 , and N1α is not equiva-
lent to i or ρ for a suitable N1.
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Lemma 4.1.3 Let Λ be a subfield of C, and let f be in ΛFN having no
pole at α ∈ H. Let α1, . . . , αs modulo Γ(N) be all points in H equivalent
to α modulo Γ, but different from α, where f has a pole. Let

τi := τxi
, i = 1, . . . ,m,

denote all different functions in the set
{
τx | x ∈ 1

N (Z × Z) \ Z × Z
}

.

Then there exist i1, . . . , is ∈ {1, . . . , m} such that

τik
(α) �= τik

(αk), k = 1, . . . , s,

and we have a representation of f as

f =

[Γ:Γ(N)]∑
μ1,...,μm=0

aμ(j)τμ1
1 · . . . · τμm

m

(
s∏

k=1

(τik
− τik

(αk))
∏

1≤i<j≤m

(τi − τj))n

with a natural exponent n and rational functions

aμ(j) ∈ Λ(τi1(α1), . . . , τis
(αs))(j),

having no pole at α.

Proof We consider the tower of fields

L0 = ΛQN (j), L1 = L0(τ1), . . . , Lm = Lm−1(τm) = ΛFN .

Applying Lemma 2.7.7 to the extension Lm/Lm−1, shows that f can be
written as

f =

[Γ:Γ(N)]∑
μ=0

gm−1,μτμ
m∏

i

(τm − τi)
,

where the τi in the product are all conjugates of τm over Lm−1 different
from τm. The coefficients gm−1,μ are in Lm−1. First, we assume f to have
no pole at α1, .., αs. Then the explicit formula in Lemma 2.7.7 shows that
the same is true for the gm−1,μ. Now, applying the same arguments to
the gm−1,μ and the extension Lm−1/Lm−2 and so on, we end up with a
representation of the form

f =

[Γ:Γ(N)]∑
μ1,...,μm=0

g0,μ(j)τμ1
1 · . . . · τμm

m

(
∏

1≤i<j≤m

(τi − τj))n
,



114 Factorisation of singular values

where the coefficients aμ(j) := g0,μ ∈ L0 = Λ(j) have no poles at α, and
n is some natural number.

For f having poles at α1, . . . , αs, s ≥ 1, we conclude as follows: the αk

can be written as Mkα with Mk ∈ Γ \ Γ(N). This implies the existence
of suitable xk ∈ 1

N (Z × Z) with ±xk �≡ xkMk mod Z × Z. Hence

τxk
(α) − τxk

(αk) = τxk
(α) − τxkMk

(α) �= 0.

Therefore, with an exponent n high enough, the function

f̂ := f

s∏
k=1

(τik
− τik

(αk))n

is without poles at α1, . . . , αs. Then, applying the above construction to
f̂ , we obtain the asserted representation for f .

In the next two sections we consider the singular values of ϕA and
ϕx, which are algebraic integers according to Theorem 4.1.2. Moreover,
they have no zero in H, which implies that the lowest coefficient of their
main-polynomial must be a constant. Using this fact, we will be able to
factorise the singular values of ϕA and ϕx.

4.2 Factorisation of ϕA(α)

Theorem 4.2.1 Let K be an imaginary quadratic number field, and
let α =

(
α1
α2

)
be a basis of a proper ideal a of Ot. We assume that

α = α1
α2

∈ H. Let p be a prime that splits in K,

p = pp,

and does not divide t. Then there exist two primitive matrices Pp, Pp,
uniquely determined up to equivalence, such that

Ppα resp. Ppα

are bases of apt resp. apt. We then have

ϕPp
(α) ∼ p

12 and ϕPp
(α) ∼ p12.

Further, ϕP (α) is a unit for all primitive matrices P of determinant p

that are not equivalent to Pp and Pp.
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Proof By Theorem 4.1.2, we know that ϕP (α) is an algebraic integer
for every primitive matrix P of determinant p. Further, according to
Theorem 2.7.5, we have the formula∏

P

ϕP (α) = p12,

where P runs through a system of inequivalent matrices of determinant
p, so ϕP (α) must divide p12 = p12p

12. Now we choose an exponent
m ∈ N, so that

pm
t = (ξ)

is principal. Then we have the identity

p12 Δ(apm
t )

Δ(apm−1
t )

· . . . · p12 Δ(apt)
Δ(a)

= p12m Δ(aξ)
Δ(a)

=
p12m

ξ12
∼ p

12m
.

Writing

ϕPp
(α) = p12 Δ(apt)

Δ(a)
,

and recalling that these values are divisors of p12 = p12p
12, it follows

that each factor in the product must be associated with p
12. This proves

the first assertion of our theorem, which implies the second because the
product of all ϕP (α)’s is equal to p12.

By Theorem 4.2.1 we obtain:

Theorem 4.2.2 For a,b ∈ It we have

Δ(a)
Δ(ab)

∼ bO1.

Proof We choose a prime ideal p of degree 1 not dividing t, so that pt

is in the class of b:

b = ξpt, ξ ∈ K.

Then, by homogeneity of Δ

Δ(a)
Δ(ab)

= ξ12 Δ(a)
Δ(apt)

.

Theorem 4.2.1 now implies that

Δ(a)
Δ(ab)

∼ ξ12p12p
−12 = (ξp)12 = b

12
O1.
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In particular, by Theorem 4.2.2 we find the following theorem used in
the sequel:

Theorem 4.2.3 Let a1,a2 be in Its, s ∈ N, with Ota1 = Ota2. Then:

Δ(a1)
Δ(a2)

∼ 1.

To factorise the singular values of ϕA for an arbitrary rational matrix
A of positive determinant, observe that

A = a · Q1 · . . . · Qn

is a product of primitive matrices of prime determinant with a rational
factor a, and we can write

ϕA(ω) = ϕQ1(ω2) · . . . · ϕQn
(ωn)

with ωn = ω and ωi = Qi · . . . · Qn(ω), i ≥ 2. Therefore, it suffices
to treat the case when det(A) is a prime. Following the exposition of
Deuring (1958) we prove:

Theorem 4.2.4 Let p be a prime, P a primitive matrix of determinant
p and α = (α1

α2
) a basis of a proper ideal a ∈ It with α = α1

α2
∈ H. Let

pe be the p-part of t. Then:

(i) If p splits in K, p = pp:

ϕP (α) ∼

⎧⎪⎪⎨
⎪⎪⎩

1, if [Pα] ∈ Itp,

p12 if [Pα] ∈ Itp−1 ,

p
12

, if [Pα] = apt.

(ii) If p is ramified in K, p = p2:

ϕP (α) ∼

⎧⎪⎪⎨
⎪⎪⎩

p
6

pe+1 , if [Pα] ∈ Itp,

p12− 6
pe if [Pα] ∈ Itp−1 ,

p12, if [Pα] = apt.

(iii) If p is inert in K, p = p:

ϕP (α) ∼
{

p
12

pe(p+1) , if [Pα] ∈ Itp,

p
12− 12

pe−1(p+1) if [Pα] ∈ Itp−1 .
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Proof As ϕP only depends on the equivalence class ΓP , it suffices to
prove the assertions for a system of representatives P1, . . . , Pp+1 of prim-
itive matrices of determinant p. We proceed by induction on e starting
with e = 0.

(i) For p split in K, p = pp, we may assume Piα, i = 1, 2, to be bases
of apt and apt. Then for i = 2, . . . , p + 1 the Piα must be the basis of
ideals from Itp. Keeping in mind that the product of all ϕPi

(α) equals
p12, the assertion follows from Theorem 4.2.1.

(ii) For p ramified in K, p = p2, we may assume P1α to be a basis
of apt, and the other Piα must be the basis of ideals in Itp. Moreover,
for the latter, the ϕPi

(α) are associated with each other by Theorem
4.2.3. The assertion now follows as in (i).

(iii) For p inert in K, p = p, all Piα are bases of ideals in Itp, and
again by Theorem 4.2.3 the ϕPi

(α) are associated with each other, which
proves the asserted factorisation.

Now we treat the case e > 0. Recalling Theorem 3.1.14, we may
assume that [P1α] ∈ Itp and [Piα] ∈ Itp−1 for i = 2, . . . , p+1. Theorem
4.2.3 and Theorem 3.1.16 imply again that ϕPi

(α), i = 2, . . . , p + 1, are
associate to each other, hence

ϕP1(α)ϕP2(α)p ∼ p12.

In this product the factorisation of the first factor is obtained from the
case e − 1. To see this we write the first factor as(

p12 Δ(P1α)
Δ(α)

)(
p12 Δ(pP−1

1 P1α)
Δ(P1α)

)
= p12.

Herein, pP−1
1 maps the basis P1α of an ideal in Itp−1 on a basis of an

ideal from It. Therefore, from the case e − 1 we know that the second
factor in the product is associated with

pne−1 with ne−1 =

⎧⎨
⎩

0, if p = pp,
6
pe if p = p2,
12

pe−1(p+1) if p = p.

This implies that

ϕP1(α) ∼ p12−ne−1 and ϕP2(α) ∼ p
ne−1

p = pne ,

which is the asserted factorisation.
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4.3 Factorisation of ϕ(ξ | L)

The factorisation of the singular values of Klein’s normalization of the σ

function will be derived from Theorem 4.2.4 using the following formulae
of Theorem 1.9.3: ∏

α∈a/b

ϕ(ξ + α|b)12m = ϕ(ξ|a)12m,

∏
α∈a/b

α �∈b

ϕ(α|b)12m =
(

Δ(a)
Δ(b)

)m

.

Herein a ⊃ b are proper ideals of some orders in K, ξ ∈ K \ a and m a
natural number depending on ξ. The following theorem essentially goes
back to Ramachandra (1969) and Schertz (1989) for t = 1 and was then
generalised by Bley (1994) for an arbitrary conductor t ∈ N:

Theorem 4.3.1 For at ∈ I
0
t and ξ ∈ St \ at the set

o(ξ,at) := {λ ∈ K | λξ ∈ at}

is an integral regular ideal in It and has therefore a unique factorisation
with prime ideal factors. We have

ϕ(ξ|at) ∼

⎧⎨
⎩

1 , if o(ξ,at) is composite,
p

1
Φ(ps) if o(ξ,at) = ps

t is the power of
a prime ideal pt.

p denotes the prime ideal p = ptO1 of O1.

Before proving the theorem we will first make some remarks and some
preparations. We use the notation

ϕ(ξ|at) := ϕ(ξ|α1
α2

)

with a Z-basis α1, α2 of at. This is an abuse of notation for the value
still depends on the basis, but since for different bases the values only
differ by a factor which is a root of unity, the factorisation is the same
for every choice of basis.

The results of Theorem 4.3.1 do not contain the factorisation of the
singular values ϕ(ξ|a) for t �= 1 when the ideal a is not regular. However,
as Bley (1994) remarks, these cases can be derived from Theorem 4.3.1
by using the formula

ϕ(ξ|a) = ζ
∏

λ∈a/taO1

ϕ(ξ − λ| taO1), ζ12 = 1, (4.1)
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where a is an integral ideal of Ot and ξ ∈ Ot\a. The formula shows that
the algebraic integer ϕ(ξ|a) is a divisor of taO1. To be more precise, one
can easily derive from Theorem 4.3.1 the following result:

Theorem 4.3.2 [Bley] Let a be an integral ideal of Ot and ξ ∈ Ot \a.
Then the algebraic integer ϕ(ξ|a) is a divisor of taO1. Given a prime
divisor p of taO1, we write

taO1 = pnb with an integral ideal b of O1 prime to p .

Then the ideal p occurs in the factorisation of ϕ(ξ|a) with the following
exponent:

(i) In the case ξ /∈ a + (b ∩Ot):

vp(ϕ(ξ|a)) = 0.

(ii) In the case ξ ∈ a + (b ∩ Ot) let i0 ∈ {0, . . . , n − 1} be minimal
with

ξ ∈ a + (pi0b ∩Ot), ξ /∈ a + (pi0+1b ∩Ot).

Then

vp(ϕ(ξ|a)) =
1

Φ(pn)

(
|a ∩ b|
|pnb| − |a ∩ pb|

|pnb|

)

+ · · · +

+
1

Φ(pn−i0+1)

(
|a ∩ pi0−1b|

|pnb| − |a ∩ pi0b|
|pnb|

)

+
1

Φ(pn−i0)
|a ∩ pi0b|
|pnb| .

Recalling homogeneity, ϕ(ξ|α1
α2

) = ϕ(γξ|γα1
γα2

), γ ∈ K∗, it is easy to
see that it is sufficient to prove Theorem 4.3.1 for regular ideals at and
ξ ∈ Ot \ at. We need:

Theorem 4.3.3 Let at be an integral regular ideal of Ot, ξ ∈ Ot \at,
and let γ ∈ O1 have the property γξ �∈ at. Then

ϕ(ξ|at)|ϕ(γξ|at).
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Proof Observing at ⊆ at

γ , the assertion follows from the product formula
of Theorem 1.9.3:

ϕ(γξ|at) = ϕ
(
ξ
∣∣∣at

γ

)
∼

∏
α∈at

γ /at

ϕ(ξ + α|at),

where ϕ(ξ|at) is a factor of the right-hand side.

Proof of Theorem 4.3.1 We conclude as in Bley (1994). Let

at = (p1)
e1
t · . . . · (ps)

es
t

be the factorisation of at. For ξ ∈ Ot \at and ν = 1, . . . , ei we then have

o(ξ,at) = (pi)
ν
t ⇐⇒ ξ ∈ at

(pi)
ν
t

\ at

(pi)
ν−1
t

.

Now by Theorem 1.9.3 we obtain

∏
ξ∈Ot/at

o(ξ,at)|(pi)
ν
t

ϕ(ξ|at) =
∏

ξ∈ at
(pi)

ν
t

/at

ϕ(ξ|at) =
12

√√√√Δ( at

(pi)
ν
t
)

Δ(at)
∼ pν

i ,

and it follows that ∏
ξ∈Ot/at

o(ξ,at)=(pi)
ν
t

ϕ(ξ|at) ∼ pi.

In the last product all factors are associated with each other. This follows
from Theorem 4.3.3 because for ξ, ξ′ ∈ Ot with o(ξ,at) = o(ξ′,at) there
are elements γ, γ′ ∈ Ot such that

γξ ≡ ξ′ mod at and γ′ξ′ ≡ ξ mod at.

Further, the number of factors in the product is equal to∣∣Ot/(pi)
ν
t

∣∣ =
∣∣O1/p

ν
i

∣∣ = Φ(pν
i ).

This proves our assertion for o(ξ,at) being the power of a prime ideal.
Otherwise ϕ(ξ|at) must be a unit. This follows from

∏
ξ∈Ot/at

ξ �∈at

ϕ(ξ|at) ∼ 12

√
Δ(Ot)
Δ(at)

∼ atO1,

recalling that the product of factors in which o(ξ,at) is the power of a
prime ideal, is also associated with atO1.
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4.4 A result of Dorman, Gross and Zagier

To factorise the singular values in the preceding sections it was essential
that the modular functions had no zero in the upper-half plane, so the
method does not apply to functions like j or τx. However, in a special case
the above-named authors obtained the following result on differences of
singular values of j.

Let d1, d2 be relatively prime fundamental discriminants of quadratic
imaginary number fields K1, K2, we define the quantity

J(d1, d2) :=
∏

a1,a2

(j(a1) − j(a2))
4

w1w2 ,

where a1,a2 run through a system of representatives for the ideal classes
in K1 resp. K2 and w1, w2 denote the number of roots of unity in K1

resp. K2. We quote the following result from Gross and Zagier (1985):

Theorem 4.4.1

J(d1, d2)2 = ±
∏

x, n, n′ ∈ Z
n, n′ > 0

x2 + 4nn′ = d1d2

nε(n′).

To define the exponent ε(n) note that for a prime l dividing d1d2−x2

4

we have
(

d1d2
l

)
�= −1. For such a prime, define

ε(l) :=
{(

d1
l

)
if gcd(l, d1) = 1,(

d2
l

)
if gcd(l, d2) = 1

and then

ε(n) :=
∏
l|n

ε(l)νl for n =
∏
l|n

lνl .

In the same paper Gross and Zagier also derive the following result:

Theorem 4.4.2 Let d < −4 be the discriminant of an order Ot in a
quadratic imaginary number field K and l a prime satisfying

(
d
l

)
= 1.

Then, for any proper ideal a of Ot

N(j(a))N(j(a) − 123) �≡ 0 mod l,

where N denotes the norm of K(j(a))/Q.



5
The Reciprocity Law

In Chapter 4 we have shown that singular values of functions from FN

generate algebraic number fields. Our aim now is to determine the action
of automorphisms on these values. The main result is the assertion of
Theorem 5.1.2, which tells us that the generated fields are abelian ex-
tensions of imaginary quadratic number fields. In the following section
we will discuss some applications which we will need later.

5.1 The Reciprocity Law of Weber, Hasse, Söhngen, Shimura

The "source" of the Reciprocity Law 5.1.2 is the following theorem:

Theorem 5.1.1 Let K be a quadratic imaginary number field and p

a prime that splits in K: p = pp. Let a be a proper ideal of Ot, α1, α2

a basis of a and α := α1
α2

∈ H. We assume p� t. Let Pp be a primitive
matrix of determinant p, so that Ppα is a basis of apt.

Let Λ be an algebraic number field, P a primitive matrix of deter-
minant p and f = fP a function from ΛQΓP

, holomorphic in H. We
assume f to have integral q-coefficients in all cusps and f( p

0
0
1 ) to have

q-coefficients divisible by p. Then the algebraic integer fPp
(α) is divisible

by p.

Proof According to Theorem 2.7.6 we can write

fP
p
(α)

∏
P �∼P

p

(ϕP
p
(α) − ϕP (α))

= a0(j(α)) + a1(j(α))ϕPp
(α) + · · · + ap(j(α))ϕPp

(α)p

with polynomials aμ(j) satisfying

a0(j) ∈ pOΛ[j] and aμ(j) ∈ OΛ[j], μ = 1, . . . , p.

122
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Herein j(α) is an algebraic integer by Theorem 4.1.1. ϕPp
(α) is even

divisible by p according to Theorem 4.2.1 and the other values ϕP (α)
in the product are units for p. The assertion now follows from the above
representation of fPp

(α).

To state the Reciprocity Law, we set up the following notation. Let
A ∈ Z2×2 with determinant a > 0 coprime to N ∈ N and f ∈ FN . Then
we define a function fA by

fA(ω) := [f ◦ aA−1](A(ω)).

The following properties of fA are immediate:

(i) fM = f for all M ∈ Γ.
(ii) fMA = fA for all M ∈ Γ, i.e. fA only depends on ΓA.
(iii) fA ◦ M = (f ◦ M)A for all M ∈ ΓA = Γ ∩ A−1ΓA.

Theorem 5.1.2 (Weber, Hasse, Söhngen, Shimura) Let K

be a quadratic imaginary number field and a = [α] ∈ It with basis
α =

(
α1
α2

)
and α = α1

α2
∈ H. Let f be in FN with f(α) �= ∞. Then

f(α) ∈ K(tN).

Further, let c be an integral ideal in K of norm c > 0, coprime to tN ,
and let ct denote the corresponding ideal in It. There exists C ∈ Z2×2

of determinant c such that

Cα is a basis of act.

Let σ(c) denote the Frobenius automorphism of K(Nt)/K belonging to c.
Then

f(α)σ(c) = fC(α).

Proof First let c = p be a prime ideal of degree 1 and norm p in K

with p �= p, and let Pα be a basis of apt with a primitive matrix P of
determinant p. The above properties of fP then imply the polynomial

SP (X,ω) :=
∏

M∈Γ/Γ(N)

(X − ((f ◦ M)P (ω) − (f ◦ M)p(ω)))

to have coefficients in (QN )ΓP
:

SP (X,ω) ∈ (QN )ΓP
[X].
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We first treat the case of f being holomorphic in H with integral q-
coefficients for all f ◦ M, M ∈ Γ:

f ◦ M =
∞∑

n=0

anq
n
N , an ∈ Z[ζN ].

Then for P0 =
(

p
0

0
1

)
we have

(f ◦ M)P0 − (f ◦ M)p =
∞∑

n=0

aσp
n q

n
N p −

( ∞∑
n=0

anq
n
N

)p

,

where σp denotes the automorphism (ζN 
→ ζp
N ) of QN . Using a

σp
n ≡

ap
n mod p we obtain the following congruence that is to be understood

as a congruence for the q-coefficients:

(f ◦ M)P0 − (f ◦ M)p ≡ 0 mod p,

and thus

SP0(X,ω) ≡ X [Γ:Γ(N)] mod p.

Since P (α) is the ratio of a basis of apt by assumption, it follows from
Theorem 5.1.1 that the X-coefficients of SP (X,α) are contained in an
algebraic extension of K satisfying the congruence

SP (X,α) ≡ X [Γ:Γ(N)] mod p.

For every prime ideal P in L := K({f ◦ M(α) | M mod Γ(N)}), lying
above p, this implies that

fP (α) − f(α)p ≡ 0 mod P.

Now the Frobenius automorphism σ(P) of P over K by definition sat-
isfies

f(α)σ(P) ≡ f(α)p mod P,

and we can conclude that

f(α)σ(P) ≡ fP (α) mod P. (5.1)

Following Söhngen (1935), we will use this congruence to show that
f(α) is contained in the ray class field K(Nt). Therefore, we contend
that fP (α) = f(α) for p in the principal ray class modulo Nt. So let
p = (π) with π = 1 + tNβ, β ∈ OK . Since

P

(
α1

α2

)
and

(
πα1

πα2

)
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are bases of apt, we have

P

(
α1

α2

)
= M

(
πα1

πα2

)
with a unimodular matrix M . This implies that

P

(
α1

α2

)
= M(E + NtDβ)

(
α1

α2

)
with the matrix Dβ of β with respect to the basis α1, α2 and the unit
matrix E. The last equality shows that P = M(E + tNDβ), hence

P ≡ M mod tN.

Keeping in mind p = N(π) ≡ 1 mod tN , it follows that

pP−1 ≡ M−1 mod tN,

and then fP (α) = fM (α) = f(α), as was to be shown. Therefore, we have

f(α) ∈ K(tN).

Now we contend that the congruence in (5.1) becomes equality

f(α)σ(P) = fP (α)

for c = p satisfying the assumption of our theorem. To show this, it
suffices to prove the congruence

f(α)σ(P) ≡ fP (α) mod Q

for infinitely many prime ideals Q of K(tN). Therefore, in the ray class
modulo tN of p we choose infinitely many prime ideals q of degree 1
with q �= q and for each a prime ideal Q of K(tN) above q. Then we
have

aqt = aptβ with β ≡ 1 mod tN.

Let P resp. Q be the primitive matrix such that

P

(
α1

α2

)
resp. Q

(
α1

α2

)
is a basis of apt resp. aqt. Then we have

P ≡ MQ mod tN

with a unimodular matrix M . This implies that fP (α) = fQ(α), and
since the Frobenius automorphisms of P and Q are equal, we obtain

f(α)σ(P) − fP (α) = f(α)σ(Q) − fQ(α) ≡ 0 mod Q.
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This congruence holding for infinitely many prime ideals Q, we can
conclude that f(α)σ(Pp) = fP (α). This implies the second assertion
for c = p a prime ideal of degree 1, p �= p, because σ(p)|K(f(α)) =
σ(P)|K(f(α)) by definition of σ(p).

Now let f be an arbitrary function in FN with f(α) �= ∞. To prove
the assertions in this general case, we proceed as in the proof of Theorem
4.1.2 and write

f = R(j, τ1, . . . , τm), (5.2)

with a rational function R ∈ Qa(X0, . . . , Xm)). Since j and τi satisfy
the hypothesis made at the beginning of the proof, we can derive that
the coefficients of R are in the N -th cyclotomic field, hence in K(tN).
For α not equivalent to i =

√
−1 or ρ modulo Γ, the representation is

also valid for the value at α, and it follows that

f(α) ∈ K(tN).

Now let P be a prime ideal in K(tN) above p and let σ(P) be the
corresponding Frobenius automorphism of K(tN)/K. To compute the
action of σ(P) on f(α) using the representation, we extend the action
of g 
→ g ◦ ( 1

0
0
p ) to K(tN)FN by( ∞∑

n=0

anq
n
N

)
◦ σ(P) :=

∞∑
n=0

aσ(Pp)
n q

n
N .

To be precise, this is even an automorphism of K(tN)FN/Q(j), because
the generating functions τu, u ∈ 1

N (Z × Z) \ Z × Z, over K(tN) are per-
muted by this extension. Let h be one of function involved in the above
representation (5.2) of f or a coefficient of the rational function R, then
with the matrices M1,M2 ∈ Γ in a decomposition pP−1 = M1( 1

0
0
p )M2

the action of σ(P) on h(α) is given by the formula

h(α)σ(P) = [[[h ◦ M1] ◦ σ(P)] ◦ M2](P (α)).

From the above representation of f we obtain

f(α)σ(P) = [[[f ◦ M1] ◦ σ(P)] ◦ M2](P (α))

= [[[f ◦ M1] ◦ ( 1
0

0
p )] ◦ M2](P (α)) = fP (α).

In the remaining cases, when α is equivalent to i =
√
−1 or ρ modulo Γ

we adopt the method applied in the proof of Theorem 4.1.2

f(α) = f̃(N lα), f̃(ω) := f(
ω

N l
)
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with a suitable power N l of N , such that N lα is not equivalent to i =√
−1 or ρ modulo Γ. Since f̃ is in FN l+1 , we have a representation

f̃ = R(j, τ1, . . . , τm) mit R ∈ K(tN l+1)(X0, . . . , Xm),

where now τ1, . . . , τm are the different functions of τx, x ∈ 1
N l+1 (Z×Z)\

Z × Z. Via the identity

f = R(j ◦ κ, τ1 ◦ κ, . . . , τm ◦ κ), κ(ω) = N l+1ω,

gives

f(α) ∈ K(tN l+1)

and in the same way we find the asserted formula for the action of the
Frobenius automorphisms of K(tN l+1)/K. To show that f(α) is invariant
under the action of the automorphisms of K(tN l+1)/K(tN), we observe
that these automorphisms are given by σ(P), with P above a prime
ideal p of degree 1 in K, generated by an element π ≡ 1 mod tN . An
integral matrix P , transforming a basis of a into a basis of apt then
satisfies the congruence

P ≡ M mod tN

with a unimodular matrix M , and it follows that

f(α)σ(P) = fP (α) = fM (α) = f(α).

Hence f(α) ∈ K(tN).
It still remains to prove that the asserted formula for the Galois action

holds for an arbitrary integral ideal c coprime to tN . To show this, we
pick a prime ideal p of degree 1 and norm p in the ray class modulo Nt

of c. Then we have

λ1p = λ2c

with integral numbers λi ∈ K, coprime to Nt, satisfying λ1 ≡ λ2 mod tN .
Here, by multiplying with a suitable power of λ1 we can achieve that

λ1 ≡ λ2 ≡ 1 mod tN.

Two matrices P,C ∈ Z2×2 of positive determinant transforming a basis
of at into a basis of pt resp. ct are related by

PD1 = MCD2
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with a unimodular matrix M and the matrices Di of λi with respect to
the basis α von at. In view of λi ≡ 1 mod tN we here have

Di ≡
(

1
0

0
1

)
mod N,

and it follows that

f ◦ pP−1 = f ◦ pdet(D1)(PD1)−1 = f ◦ det(CD2)(MCD2)−1

= f ◦ c(MC)−1 = f ◦ cC−1M−1.

Recalling P (α) = MC(α) and σ(p) = σ(c), we finally obtain

f(α)σ(c) = f(α)σ(p) = [f ◦ pP−1](P (α)) = f ◦ cC−1M−1(MC(α))

= [f ◦ cC−1](C(α)) = fC(α).

5.2 Applications of the Reciprocity Law

For many functions the first assertion of Theorem 5.1.2 is rather im-
precise, because the singular values turn out to be in a proper subfield
of KtN . Using the following theorem, the ray class field KtN can be
replaced by the smaller ring class field ΩtN for certain functions.

Theorem 5.2.1 Let f be in FN with f
(−1

z

)
having rational q-coefficients,

and we assume that f ◦ M = f for all unimodular matrices M with

M ≡
(
∗
0

0
∗

)
mod N.

Then for α ∈ H quadratic imaginary with conductor t we have

f(α) ∈ ΩtN

if f(α) �= ∞.
Further, if Ot = [α, 1] and α coprime to tN, then

f(α)σ(α) = f

(
1
α

)
with the Frobenius automorphism σ(α) of ΩtN/K belonging to the ideal
αO1.

Proof Since f(α) ∈ KtN by Theorem 5.1.2, it remains to show that f(α)
is fixed under the automorphisms of KtN/ΩtN . These automorphisms



5.2 Applications of the Reciprocity Law 129

are given by σ(r) = σ(rO1), r ∈ Z, r coprime to tN . The matrix C in
Theorem 5.1.2 is then of the form

C =
(

r 0
0 r

)
.

Since r is coprime to N , we can find a unimodular matrix M with

r2C−1 ≡
(

1 0
0 r2

)
M mod N,

and M ≡
(

r 0
0 r′

)
mod N,

where r′ is a natural number satisfying rr′ ≡ 1 mod N . Now we find

f ◦ r2C−1 = f ◦
(

1
0

0
r2

)
= f,

because f has rational q-coefficients, and by Theorem 5.1.2 it follows
that f(α)σ(r) = f(α). Hence f(α) ∈ ΩtN .

To prove the second assertion, observe Ot = [α, 1] = [α, 1], which
implies that αOt = [α, a] with a = αα. By Theorem 5.1.2 and the fact
that

[
f ◦ ( 0

1
−1
0 )

]
(z) = f

(−1
z

)
has rational q-coefficients, we then obtain

f(α)σ(α) =
[
f ◦

(
a
0

0
1

)]
(α

a ) =
[
f ◦

(
0
1
−1
0

) (
1
0

0
a

) (
0
−1

1
0

)]
(α

a )

= f(α
a ) = f

(
1
α

)
,

which is our assertion.

Theorem 5.2.2 Let f be in QΓ( 1 0
0 r )

, r ∈ N, with f
(−1

z

)
having rational

q-coefficients. Let α be a basis of an ideal in It with ratio α ∈ H. Let ( 1 0
0 r )α

be a basis of an ideal in It′ . Then, if f(α) �= ∞, we have:

f(α) ∈ Ωt′′ with t′′ = lcm(t, t′).

Proof First, we have f(α) ∈ Ktr according to Theorem 5.1.2, and by
Theorem 3.1.13 we know t′′ | tr, hence Ωt′′ ⊆ Ktr. Therefore, we have
to show that f(α) is left fixed by all automorphisms σ(c), where c =
λO1, λ ∈ Ot′′ , with norm c coprime to tr. To compute f(α)σ(c), observe
that

a := [Aα,A] ∈ It and Ot = [Aα, 1],

where A is the leading coefficient of the primitive equation of α. Substi-
tuting α by α + μ with some μ ∈ rZ we can further achieve

ct = λOt = [Aα,Ac] and act = [Aα,Ac].
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Since f has period r, this substitution does not change f(α), and the
assumptions about [α] and

[
( 1 0
0 r )α

]
remain valid. Now, by Theorem

5.1.2 it follows that

f(α)σ(c) = f(α
c ),

and herein we have α
c = M(α) with a unimodular matrix M because

the ideals a and act′ are in the same class. To determine M we need the
primitive equation AX2 + BX + C = 0 of α. We find that

λ

(
Aα

Ac

)
=

(
u

−v

−vC

u − vB

)(
Aα

A

)
,

where u, v ∈ Z are defined by the representation λ = u + vAα ∈ Ot =
[Aα, 1]. Since

[Aα,Ac] = act = λ[Aα,A],

there exists a unimodular matrix M with(
Aα

Ac

)
= M

(
λ

(
Aα

A

))
= M

(
u

−v

−vC

u − vB

)(
Aα

A

)
, (5.3)

and by comparing coefficients we obtain(
1
0

0
c

)
= M

(
u

−v

−vC

u − vB

)
.

Now we contend that r divides vC. This implies that

M ≡
(∗
∗

0
∗
)

mod r,

hence M ∈ Γ( 1 0
0 r ), and therefore

f(α)σ(c) = f(α
c ) = f(M(α)) = f(α).

To prove r|vC, we write t′′ = ts, where s is a divisor of r, according
to Theorem 3.1.13. Then we first have s|v, because Ot′′ = [sAα, 1].
Further, α

r is a root of the equation r2AX2 + rBX + C = 0, and the
discriminant of the primitive equation of α

r divides t2s2d. Hence C must
be divisible by r

s , and we have proved that r divides vC. This concludes
the proof of Theorem 5.2.1.

Now we apply Theorem 5.1.2 to the singular values of j and τ (e).

Theorem 5.2.3 Let a be a proper ideal of Ot. Let c be an integral
ideal of O1 coprime to t and ct = c∩Ot the corresponding ideal of Ot.
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Then

j(a) ∈ Ωt and j(a)σ(c) = j(ac−1
t ).

Further, let N be a natural number and ξ ∈ 1
N a \ a. Then

τ (e)(ξ|a) ∈ KtN and τ (e)(ξ|a)σ(c) = τ (e)(ξ|ac−1
t ),

where τ = τ (e) denotes the τ function. (2e is the number of roots of unity
in Ot).

Proof Let α be a basis of a with ratio α ∈ H. Then by definition
j(a) = j(α), hence j(a) ∈ Kt, because j is in F1 and has rational q-
coefficients. Further, τ(ξ|a) = τx(α) with some x ∈ 1

N (Z × Z) \ (Z × Z),
and it follows that τ(ξ|a) ∈ KtN because τx is in FN .

To compute the Galois action of σ(c) let C be an integer matrix such
that Cα is a basis of act. Then, using Theorem 5.1.2, we find that

j(a)σ(c) = [j ◦ cC−1](C(α)) and τ(ξ|a)σ(c) = [τx ◦ cC−1](C(α)).

Since j has rational q-coefficients, we have j ◦ cC−1 = j, hence

j(a)σ(c) = j(C(α)).

Now act = cac−1
t , so C(α) is the ratio of a basis of ac−1

t too, and the
asserted Galois action on j(a) follows.

Further, using the rule τx ◦ cC−1 = τxcC−1 , we find that

τ(ξ|a)σ(c) = τ

(
xcC−1

(
C(α)

1

)∣∣∣∣ C(α)
1

)
= τ(x α|1cCα)

= τ(ξ|ac−1
t ),

keeping in mind that cC−1α is a basis of ac−1
t .

For most of the modular functions f ∈ FN considered in the sequel
the value f(α1

α2
), unlike the singular values of j and τ , depends on the

choice of basis α1, α2 for the lattice [α1, α2]. To compute the conjugates
of such singular values, the following two theorems are useful.

Theorem 5.2.4 Let α1, .., αht
∈ H be a 2N -system, i.e. the ratios of

basis of a system of coset representatives for the ring ideal classes of
conductor t with primitive equations AiX

2 + BiX + Ci = 0 normalised
by

gcd(Ai, N) = 1, Ai > 0 and Bi ≡ B1 mod 2N
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with a natural number N .
For f ∈ FN we set

fi := f ◦
(

Ai

0
0
1

)
.

Then, if f(A1α1) �= ∞, we have

fi(αi) ∈ KtN , i = 1, . . . , ht,

and there exist automorphisms σ1, . . . , σht
of KtN with

f1(α1)σi = fi(αi), i = 1, . . . , ht,

where the restrictions of σi to Ωt are the different automorphisms of
Ωt/K.
If, in particular, f1(α1) ∈ Ωt, then

ht∏
i=1

(X − fi(αi)) ∈ K[X].

Proof By Theorem 3.1.10 we know that there exist unimodular transfor-
mations Mi ∈ Γ(N), so that the α′

i := Mi(αi) have primitive equations
of the form

A′
iX

2 + B′
i + C ′

i = 0

with

gcd(A′
i, tN) = 1, A′

i > 0 and B′
i ≡ Bi mod N.

Since f(αi) = f(α′
i), we may assume the Ai to be coprime to Nt. Then

ai := [Aiαi, Ai]

are integral regular ideals of Ot and the corresponding ideals of O1,

ci := O1ai

satify

ai = ci ∩Ot.

Now we set σi := σ(ci). Then the restrictions to Ωt are the different
automorphisms of Ωt/K. We define

α0 := A1α1 =
−B1 + t

√
d

2
,
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which is the ratio of a basis of Ot and, since f(α0) �= ∞ by assumption,
we have

f(α0) ∈ KtN

by Theorem 5.1.2. Herein

f(α0) = f
(

−Bi+t
√

d
2

)
, i = 1, . . . , ht,

because B1 ≡ Bi mod 2N . By Theorem 5.1.2 we further obtain

f(α0)σi =
[
f ◦

(
Ai

0
0
1

)](
−Bi+t

√
d

2Ai

)
= fi(αi),

which implies that

f1(α1)σ−1
1 σi = fi(αi), i = 1, . . . , ht.

The restrictions of σ−1
1 σi to Ωt constituting again all different automor-

phisms of Ωt/K, this completes the proof of Theorem 5.2.4.

Later we will apply Theorem 5.2.4 to compute the conjugates of the
singular values of γ2 = 3

√
j and γ3 = 2

√
j − 123. In particular, Theorem

5.2.4 will be useful, when we are dealing with functions of the type

f(ω) =
n∏

i=1

η(Niω)ei with Ni ∈ N, ei ∈ Z and
n∑

i=1

ei = 0.

All these functions have the poperty of f
(−1

z

)
having rational q-coefficients,

which implies that f is invariant under the action of
(

Ai

0
0
1

)
. Hence the

conjugates of f(α1) in Theorem 5.2.4 are given by

f(α1)σi = f(αi).

In what follows, let f be one of the functions

p(z|ω1
ω2

) =
℘(z|ω1

ω2
)

6
√

Δ( ω1
ω2

)
, ϕ(z|ω1

ω2
) = σ∗(z|ω1

ω2
) 12

√
Δ(ω1

ω2
).

defined already in section 2.4. Unlike the τ function they depend on the
choice of basis ω1, ω2. As in section 2.4 we use the following notation for
the values of f at torsion points of C/[ω, 1]:

fx(ω) := f(x(ω
1 )|ω1 )

with x ∈ 1
N (Z×Z) \ (Z×Z). For a unimodular matrix M we then have

the transformation formulae

[fx ◦ M ] = κ(M)fxM
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with

κ(M) =
{

ε(M)−4, for f = p,

ε(M)2, for f = ϕ,

where ε(M) denotes the root of unity from the η-transformation formula.
To determine the conjugates of the singular values of fx we need, apart
from Theorem 5.2.4:

Theorem 5.2.5 Let α ∈ H be the ratio of a basis of an ideal [α] ∈ It,
and let ξ ∈ 1

N [α] \ [α] with some N ∈ N. Then

f(ξ|α) ∈
{

K6Nt, for f = p,

K12N2t, for f = ϕ.

Further, let c be an integral ideal of O1, coprime to 6Nt and ct the
corresponding ideal of Ot. Let C denote a rational matrix of determi-
nant c > 0, such that Cα is a basis of [α]ct. With unimodular matrices
M1,M2, defined by the decomposition

cC−1 ≡ M1( 1
0

0
c )M2 mod 6N

resp.

cC−1 ≡ M1( 1
0

0
c )M2 mod 12N2

we then have

f(ξ|α)σ(c) = κ(M1)cκ(M2)f(ξ|1cCα).

In particular, for ct = λOt with λ ∈ Ot and

Cα = λα,

we have 1
cCα = 1

λα and then

f(ξ|α)σ(λ) = κ(M1)cκ(M2)f(ξλ|α).

If the leading coefficient A in the primitive equation of α is coprime
to 6N , the unimodular matrices M1,M2 can be chosen such that the
congruences

M1 ≡ (a(us+v)+bun
1

−1
0 ) mod 12, M2 ≡ (uA

b
v
a ) mod 12

are satisfied. Herein n = Aαα, s = A(α+α), u and v are defined by the
representation λ = uAα+v, and a and b are solutions of the congruence

uAa − vb ≡ 1 mod 12.
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Proof According to our notation we first have

f(ξ|α) = fx(α) with some x ∈ 1
N

(Z × Z) \ (Z × Z).

Since fx is in F6N resp. in F12N2 , we can conclude by Theorem 5.1.2
that

fx(α) ∈ K6Nt resp. fx(α) ∈ K12N2t

and

fx(α)σ(c) = [fx ◦ cC−1](C(α)).

Herein fx ◦ cC−1 = fx ◦ M1( 1
0

0
c )M2, because the matrices cC−1 and

M1( 1
0

0
c )M2 are congruent modulo 6N resp. modulo 12N2. The compu-

tation shows that

fx ◦ M1( 1
0

0
c )M2 = [[fx ◦ M1] ◦ (1

0
0
c )] ◦ M2 = [[κ(M1)fxM1 ] ◦ (1

0
0
c )] ◦ M2.

Looking at the q-expansion of fxM1 , we find that the action of ( 1
0

0
c ) is

given by

fxM1 ◦ (1
0

0
c ) = fxM1(

1
0

0
c ).

Further, we have κ(M1) ◦ ( 1
0

0
c ) = κ(M1)c for the constant κ(M1), hence

[κ(M1)fxM1 ] ◦ ( 1
0

0
c ) = κ(M1)cfxM1(

1
0

0
c ).

Now, applying M2, it follows that

fx ◦ cC−1 = κ(M1)cκ(M2)fxM1(
1
0

0
c )M2

= κ(M1)cκ(M2)fxcC−1

and then, by homogeneity of f ,

f(ξ|α)σ(c) = κ(M1)cκ(M2)f(xcC−1(C(α)
1 )|C(α)

1 )

= κ(M1)cκ(M2)f(x(α
1 )|1c (C(α)

1 )) = κ(M1)cκ(M2)f(ξ|1cCα).

In the case ct = λOt and Cα = λα we further have by homogeneity of f

f(ξ| 1cCα) = f(ξ| 1λα) = f(ξλ|α).

Since σ(c) is depending on λ only modulo 6N resp. modulo 12N2, we can
change u and v modulo 6N resp. modulo 12N2 such that gcd(u, v) = 1.
If, in addition, the leading coefficient A of the primitive equation of α is
coprime to 6N , we can further achieve that gcd(Au, v) = 1. Hence there
exist a, b ∈ Z with

uAa − vb = 1.
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Therefore, we can define unimodular matrices by

M1 := (a(us+v)+bun
1

−1
0 ), M2 := (uA

b
v
a ).

The computation now shows that

cC−1 = (us+v
uA

−un
v ).

Finally, verifying the identity

M1( 1
0

0
c )M2 = cC−1

the last assertion of Theorem 5.2.5 is proved.

We now apply Theorem 5.2.5 to the function hγ(z|L) defined in (1.14):

Theorem 5.2.6 Let b ∈ It, N ∈ N, and λ, γ ∈ 1
N b, λ �∈ b. Then

hγ(λ|b) ∈ K12tN2 ,

and for every ν ∈ Ot with

ν ≡ 1 mod
b

γ
, ν coprime to 12tN2,

we have

hγ(λ|b)σ(ν) = ε(ν)hγ(λν|b)

with ε(ν) defined in (1.17).

Proof Let β be a basis of b with ratio β ∈ H. Then
1
2 lb(λ, γ) ∈ 2πi

2N2 Z

and so the exponential factor in the definition of hγ is a 2N2-th root of
unity. Further,

ϕ(λ + γ|b) = ϕx(β) and ϕ(λ|b) = ϕx′(β) with x, x′ ∈ 1
N

(Z × Z).

Therefore, by Theorem 5.2.5 we have

hγ(λ|b) ∈ K12tN2 .

Now, for ν ∈ Ot coprime to 12tN2 it follows by Theorem 5.2.5

hγ(λ|b)σ(ν) = e−
1
2 lb(λ,ν)N(ν) ϕ(λ + γ|bν−1)

ϕ(λ|bν−1)
.

Here, according to the rules for lL, we have

lb(λ, ν)N(ν) = lbν−1(λ, ν)
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and hence by (1.17)

hγ(λ|b)σ(ν) = ε(ν)hγ(λν|b)

if ν ≡ 1 mod b
γ .



6
Generation of ring class fields and

ray class fields

The first two sections of this chapter are devoted to the classical con-
structions of ring class fields and ray class fields by singular values of j

and the τ function. This is the analogue of the construction of cyclotomic
fields by roots of unity. However, the algebraic equation satisfied by the
singular values of j and the τ function are far from being as simple as the
equations for roots of unity. Therefore, in the next sections we consider
elliptic and modular functions other than j and τ , whose singular values
have simpler equations. As an application we include Heegner’s solution
of the class number one problem for imaginary quadratic number fields
using Schläfli’s functions discussed in section 6.4. Section 6.6 also con-
tains the Principal Ideal Theorem relying on properties of the η function
and in section 6.9 we prove a generalization using the σ function.

6.1 Generation of ring class fields by singular values of j

In this section we will show that the ring class field Ωt modulo t of a
quadratic imaginary number field K is generated over K by a singular
value of the modular invariant j. Therefore, we associate with every ring
ideal class k modulo t a singular value of j by

j(k) := j(a) := j(α1
α2

) with a = [α1, α2] ∈ k, α1
α2

∈ H,

and call it the modular invariant of k. Clearly, this value only depends
on k, because j is invariant by all unimodular transformations. j(k) is an
algebraic integer according to Theorem 4.1.1. More precisely, we have:

Theorem 6.1.1 For every ideal class k ∈ Rt we have

Ωt = K(j(k)).

138



6.1 Generation of ring class fields by singular values of j 139

There exists an isomorphism

σ : Rt → Gal(Ωt/K),

with the property that, given a prime ideal p of K coprime to t, then

σ((p ∩Ot)Ht)

is the Frobenius automorphism associated with p. Further,

j(k)σ(h) = j(kh−1)

for all h ∈ Rt.

Proof By Theorem 5.2.3 we know j(k) ∈ Ωt. To prove that Rt is iso-
morphic to the Galois group of Ωt/K, observe that by Theorem 3.1.7
we have the relations

A
t
/Ut

∼= Rt by aUt 
→ (a ∩ St)Ht

and

A
t
/Ut

∼= Gal(Kt/Ωt) by aUt 
→ σ(a),

where σ(a) denotes the Frobenius automorphism of Ωt/K associated
with a. The isomorphism Rt → G(Ω/K), obtained by combination of
the two isomorphisms above, will also be denoted by σ (there will be no
danger of confusion).

We still have to show that j(k) is a generator for the extension Ωt/K.
To do this we observe that the singular values j(k), k ∈ Rt, are all
conjugate to each other. Hence, it suffices to prove that they are all
different, so let k,h ∈ Rt with representatives a ∈ k, b ∈ h and ratios
of basis α = α1

α2
, β = β1

β2
∈ H. We assume that j(k) = j(h), which means

that j(α) = j(β). Since j is a modular function of order 1, this implies
that α = Mβ with a unimodular matrix M , so we have

(α1
α2

) = ξM(β1
β2

)

with some ξ ∈ K, and it follows that a = ξb, hence k = h. This com-
pletes the proof of Theorem 6.1.1.

The following theorem gives a characterisation of the subfields
Q(j(k)), k ∈ Rt.
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Theorem 6.1.2 The class polynomial

mt(X) :=
∏

k∈Rt

(X − j(k))

has coefficients in Z. Hence Ωt is Galois over Q. We have

Gal(Ωt/Q) = Gal(Ωt/K) ∪ Gal(Ωt/K)τ,

where τ denotes complex conjugation in Ωt. The action of τ on the in-
variants j(k) is given by

j(k)τ = j(k−1)

which implies the relation

σ(h) ◦ τ = τσ(h−1).

For the principal class e in Rt we have

Q(j(e)) = Ωt ∩ R

and

[Q(j(e)) : Q] = [Ωt : K].

The fields Q(j(k)), k ∈ Rt, are conjugate to each other over Q.

Proof The assertions of our theorem are immediate by Theorem 6.1.1.
The only thing to prove is the action of τ on the invariants j(k). To see
this, we pick an ideal a = [α1, α2] in k with α = α1

α2
∈ H. Now, j having

rational q-coefficients, it follows that

j(k)τ = j(α)τ = j(−ατ ).

Herein −ατ is the ratio of a basis of the ideal aτ , which is in k
−1. This

completes the proof of Theorem 6.1.2.

Unfortunately it transpires that the generation of Ωt by the modular
invariants j(k), k ∈ Rt, is rather useless for numerical purposes, because
the coefficients of the class polynomial are excessively high:
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Example 6.1.3 Let K = Q(
√
−47) and t = 1. Then:

m1(X) = X5 + 2257834125X4 − 9987963828125X3

+ 5115161850595703125X2

− 14982472850828613281250X

+ 6042929600623870849609375

Therefore sections 6.3 to 6.6 of this chapter will provide much simpler
generators for ring class fields.

Using the relation τ ◦ σ(k) = σ(k−1) ◦ τ of Theorem 6.1.2, the com-
mutator group of G = Gal(Ωt/Q) turns out to be

G′ = {σ(k2) | k ∈ Rt}.

Hence the maximal subfield of Ωt that is abelian over Q is a product of
quadratic fields. We quote the following result of Halter-Koch (1971):

Theorem 6.1.4 (Halter-Koch) Let d be the discriminant of K and
t ∈ N. Let p1, . . . , pn be the odd primes dividing td. Further, let 2s resp.
2st be the powers of 2 dividing d resp. t. We set p∗ := (−1)

p−1
2 p for an

odd prime p and

L
(0)
t := Q(

√
p∗1, . . . ,

√
p∗n).

Then the maximal subfield Lt of Ωt that is abelian over Q is given by

Lt =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

L
(0)
t if s = 0, st ≤ 1,

L
(0)
t (

√
−1) if s = 0, st = 2

or s = 2, st ≤ 1,

L
(0)
t (

√
(−1)e2) if s = 3, st = 0

and d
8 ≡ (−1)e mod 4,

L
(0)
t (

√
−1,

√
2) otherwise.

6.2 Generation of ray class fields by τ and j

For the following we fix an order Ot and a proper ideal a of Ot. Let
τ = τ (e) be the Weber τ function for the lattice a. Then by Theorem
5.2.5 for ξ ∈ K \ a the singular value τ(ξ|a) is contained in a ray class
field of K. Our aim is to characterise the field generated over Ωt by τ(ξ|a)
as a class field over K and to find explicit formulae for the conjugates
over K. In view of homogeneity of the τ function it will be sufficient to
treat the case ξ = 1.
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Proposition 6.2.1 Let f = a ∩ Ot, and let c, c′ integral ideals in It,f.
Then

cSt,f = c′St,f =⇒ τ(1|ac−1) = τ(1|ac′−1).

In particular, if c ∈ St,f, then

τ(1|ac−1) = τ(1|a).

Proof For c and c′ in the same ray class modulo f of Ot we have

λc = λ′c′

with λ, λ′ ∈ Ot, coprime to f and

λ ≡ λ′ mod f.

Multiplying the above equation by a power of λ, we can achieve

λ ≡ λ′ ≡ 1 mod f.

The last congruence then implies that

λ ≡ 1 mod ac−1 and λ′ ≡ 1 mod ac′−1

because c and c′ are integral ideals and thus

f = (a ∩Ot) ⊆ a ⊆ ac−1 and f = (a ∩Ot) ⊆ a ⊆ ac′−1.

Now, because of the periodicity of the τ function we obtain

τ(1|ac−1) = τ(λ|ac−1) = τ(1|a(λc)−1)

= τ(1|a(λ′c′)−1) = τ(λ′|ac−1) = τ(1|ac′−1).

By proposition 6.2.1 the singular value τ(1|fc−1) only depends on the
ray class k modulo f of c−1 in Ot. Therefore, we define:

Definition 6.2.2 Let c be an integral ideal in the ray class k modulo
f = a ∩Ot in Ot. Then we set

τa(k) := τ(1|ac−1).

With this notation we have:
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Theorem 6.2.3 Let a be a proper ideal of Ot and f = a ∩ Ot �= Ot.
Then for every ray class k ∈ Rt,f we have

Ωt(τa(k)) = Kt,f,

where Kt,f denotes the class field of K associated with the subgroup Ut,f.
There exists an isomorphism

σ : Rt,f → G(Kt,f/K),

with the property that, given a prime ideal p of K coprime to tf, then

σ((p ∩Ot)St,f)

is the Frobenius automorphism associated with p. Further,

τa(k)σ(h) = τa(kh−1)

for every h ∈ Rt,f.

Proof Let f be the smallest natural number in f. Then f · 1 ∈ f ⊆ a ⊆
ac−1 and hence by Theorem 5.2.3

τa(k) = τ(1|ac−1) ∈ Ktf .

To prove that τa(k) is in the subfield Kt,f of Ktf , we have to show that
τa(k) is left fixed under the relative automorphisms of Ktf/Kt,f. The
latter are given by the Frobenius automorphisms σ(c) of integral ideals
c ∈ Ut,f ∩ A

(f). Let ct = c ∩ Ot be the ring ideal associated with such
an ideal c, then by Theorem 5.2.5 the action of σ(c) on τa(k) is given by

τa(k)σ(c) = τ(1|a)σ(c) = τ(1|ac−1
t ).

Recalling ct ∈ St,f, it follows that τ(1|ac−1
t ) = τ(1|a), hence τa(k) is

left fixed by σ(c), so τa(k) must be in Kt,f.
To show that τ(k) is a generator for Kt,f over Ωt, we observe that the

Galois group of Kt,f/Ωt is the set of all Frobenius automorphisms

σ(c) of principal ideals c = (λ), λOt + f = Ot.

Given such an automorphism, we know by Theorem 5.2.3 that

τ(1|a)σ(c) = τ(λ|a)

and, using the periodicity of the τ function, we obtain

τ(1|a)σ(c) = τ(1|a) ⇐⇒ λ ≡ ε mod f
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with a root of unity ε ∈ Ot. This is, in turn, equivalent to c ∈ St,f.
Therfore, τ(1|a) is a generator for Kt,f over Ωt. The same holds for
the other values τa(k), k ∈ Rt,f, because they are conjugate to τ(1|a)
over K.

6.3 The singular values of γ2 and γ3

As we have seen, the ring class field modulo t over an imaginary quadratic
number field K can be generated by a singular value j(α). However,
numerically this generation is not very suitable, because the minimal
polynomial of j(α) has astronomically high coefficients, as we have seen
above. One way to simpler generators is to take singular values of

γ2 := 3
√

j and γ3 =
√

j − 123,

defined in section 2.4.2. Namely, it transpires that in many cases the
singular values γ2(α) and γ3(α) are already in K(j(α)). Moreover, the
singular values of γ2 and γ3 play a crucial role in the normalisation of
the Weierstrass ℘ function in section 7.1 that leads to the construction
of integral bases in ray class fields.

Theorem 6.3.1 Let α ∈ H be a root of the primitive quadratic equation

X2 + BX + C = 0 with 3 � A, B ≡ 0 mod 3

and discriminant D(α) = B2 − 4AC = t2d.
Then

Q(γ2(α)) =
{

Q(j(α)), if 3 � D(α),
Q(j(3α)) if 3|D(α).

Herein Q(j(3α)) is conjugate to the maximal real subfield of Ω3t and has
degree 3 over Q(j(α)) if 3|D(α) and D(α) �= −3. In the case D(α) = −3
we have Q(j(3α)) = Q.

In the case 3 � D(α) we further have: let α ∈ H run through a 3-system
of ratios of basis of representatives for the ring ideal classes modulo t,
where the α’s are roots of primitive equations normalised as above. Then
the γ2(α)’s are a complete system of conjugate numbers over Q.

For the singular values of γ3 we have:
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Theorem 6.3.2 Let α ∈ H be a root of the primitive quadratic equation

AX2 + BX + C = 0 with 2 � A

and discriminant D(α) = B2 − 4AC = t2d, and we assume that

B ≡
{

0 mod 4 if 2|D(α),
1 mod 4 if 2 � D(α).

Then

Q(
√

dγ3(α)) = Q(j(α)), if 2 � D(α),
Q(γ3(α)) = Q(j(2α)) if 2|D(α).

.

Herein Q(j(2α)) is conjugate to the maximal real subfield of Ω2t and has
degree 2 over Q(j(α)) if 2|D(α) and D(α) �= −4. In the case D(α) = −4
we have Q(j(2α)) = Q.

In the case 2 � D(α) we further have: let α ∈ H run through a 4-system
of ratios of basis of representatives for the ring ideal classes modulo t,
where the α’s are roots of primitive equations normalised as above. Then
the γ3(α)’s are a complete system of conjugate numbers over Q.

Proof of Theorem 6.3.1 Let M = (a
c

b
d ) be a unimodular matrix. Then

by Theorem 1.10.1 we obtain

γ2(M(ω)) = ζ
−ba−c(d(1−a2)−a)
3 γ2(ω)

with ζ3 = e
2πi
3 . Keeping in mind that γ2 has rational q-coefficients,

this implies that γ2 satisfies the hypothesis od Theorem 5.2.1. First, we
assume that

α =
{ √

−m or
3m+

√
−m

2 , −m ≡ 1 mod 4,

with a natural number m. Then, by Theorem 5.2.1 it follows that

γ2(α) ∈ Ω3t.

For α = 9+
√
−3

2 the assertion of our theorem is immediate, because
γ(α) = 0. In the remaining cases we have

[Ω3t : Ωt] =

⎧⎨
⎩

3 if m ≡ 0 mod 3,

2 if m ≡ −1 mod 3,

4 if m ≡ 1 mod 3

and

Gal(Ω3t/Ωt) =

⎧⎨
⎩

< σ(α + 1) > if m ≡ 0 mod 3,

< σ(α + 3) > if m ≡ −1 mod 3,

< σ(α ± 1) > if m ≡ 1 mod 3,
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where σ(α + μ), μ = ±1, 3 denotes the Frobenius automorphism cor-
responding to the ideal O1(α + μ). Observe that α + μ is coprime to
3t because t|m. Further, the automorphisms listed above are different
from the identity and are all distinct for m ≡ 1 mod 3 because then the
congruences

α + 1 ≡ r mod 3t, α + 3 ≡ r mod 3t resp. α ± 1 ≡ r mod 3t

as well as

α + 1 ≡ r(α − 1) mod 3t

with a rational number r coprime to 3t are not solvable. Finally, they
are relative automorphisms of Ω3t/Ωt because the numbers α + μ are
congruent to a rational number modulo t. Now, the Galois action can
be computed by Theorem 5.2.1:

γ2(α)σ(α+μ) = (γ2(α + μ)ζμ
3 )σ(α+μ) = γ2

(
1

α+μ

)
ζ

μnμ

3 .

Herein nμ is the norm of α + μ, and nμ is congruent to m + μ2 modulo
3. Using the transformation formula γ2(−1

z ) = γ2(z), this becomes

γ2(α)σ(α+μ) = γ2(α)ζμ(m+μ2+1)
3 .

Further, recalling that γ2(α) is real, it follows that

Q(γ2(α)) =
{

Ωt ∩ R = Q(j(α)) if 3 � m,

Ω3t ∩ R = Q(j(3α)) if 3|m.

This completes the proof of Theorem 6.3.1 for the above special argu-
ments. Now let α′ be the ratio of a basis of an arbitrary proper ideal
of Ot, with a primitive equation A′X2 + B′X + C ′ = 0 normalised
by 3 � A′ and B′ ≡ 0 mod 3. Then by Theorem 5.2.4 there exists an
automorphism σ′ of Ω3t such that

γ2(α′) = γ2(α)σ′
and j(3α′) = j(3α)σ′

.

This implies the remaining assertions of Theorem 6.3.1.

Proof of Theorem 6.3.2 The proof of this theorem is completely analo-
gous to the proof of 6.3.1. Again it suffices to consider arguments of the
form

α =

⎧⎨
⎩

−m+
√
−m

2 , −m ≡ 1 mod 4, or
√
−m
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with a natural number m. For a unimodular matrix M = (a
c

b
d ) we here

have the transformation formula

γ3(M(ω)) = (−1)−ba−c(d(1−a2)−a)−3(a−1)γ3(ω).

This implies that γ3 satisfies the hypothesis of Theorem 5.2.1 with N = 2.
Hence

γ3(α) ∈ Ω2t.

Here for D(α) �= −4 we have

[Ω2t : Ωt] =
{

1 or 3, if 2 � D(α),
2 if 2|D(α).

When 2 � D(α) we immediately have γ3(α) ∈ Ωt, because the square of
γ3(α) lies in Ωt. Further, in this case

√
dγ3(α) is real and thus

Q(
√

dγ3(α)) = Q(j(α)) if 2 � D(α).

When 2|D(α) the Galois group of Ω2t/Ωt is generated by σ(α + 1) and,
using the identities γ3(z + 1) = −γ(z) and γ3(−1

z ) = −γ3(z), we obtain
γ3(α)σ(α+1) = −γ3(α). This implies that Q(γ3(α)) = Ω2t∩R = Q(j(2α))
because in this case γ3(α) is real. The remaining part of the proof is now
analogous to the proof of Theorem 6.3.1.

Examples 6.3.3 Let K = Q(
√
−47). Then the Hilbert class field Ω is

of degree 5 over K and the above theorems tell us that

Ω = K(γ3(α)), Ω = K(γ2(α)) with α =
−3 +

√
−47

2

with smaller minimal equations than for j(α) in Example 6.1.3:

mγ3(α),K = X5 − 6893
√
−47X4 + 12355331X3 + 227234667

√
−47X2

+99447994734X − 338821592087
√
−47

mγ2(α),K = X5 + 1320X4 + 12100X3

+1927375X2 + 13571250X + 252209375

Smaller generating equations for Ω will be provided by Schläfli’s function
f in Example 6.4.3 and by the double eta-quotients in Example 6.6.8.
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6.4 The singular values of Schläfli’s functions

Particularly simple generators for the ring class fields are obtained by
Schläfli’s functions first used by Weber (1908) for this purpose. We follow
the exposition in Schertz (2002). Schläfli’s functions are defined by

f(z) = e−
πi
24

η
(

z+1
2

)
η (z)

, f1(z) =
η
(

z
2

)
η (z)

, f2(z) =
√

2
η (2z)
η (z)

, �(z) > 0.

They are obviously related by modular transformations and satisfy

ff1f2 =
√

2.

The modular equations computed according to Theorem 2.10.1 can be
written as

γ2 =
f24 − 16

f8
=

f24
1 + 16

f8
1

=
f24
2 + 16

f8
2

.

Therefore, in view of Theorem 6.3.1, it will be sufficient to consider the
singular values of f3. By Theorem 1.10.1 we find the transformation
formula

f(M(ω))3 = f(ω)3 for M = (a
c

b
d ) ∈ Γ,M ≡ (∗0

0
∗ ) mod 16. (6.1)

Further, f having rational q-coefficients, we can apply Theorem 5.2.1
with N = 16, and we obtain:

Theorem 6.4.1 Let α ∈ H be a root of the primitive quadratic equation

AX2 + 2BX + C = 0 with 2 � A, B ≡ 0 mod 16

and discriminant D(α) = B2 − 4AC = −4m = t2d.
Then the following singular values g(α) are generators of Q(j(α)) over Q:

(
( 2

A ) 1√
2
f(α)2

)3

if m ≡ 1 mod 8,

f(α)3 if m ≡ 3 mod 8,(
1
2f(α)4

)3 if m ≡ 5 mod 8,(
( 2

A ) 1√
2
f(α)

)3

if m ≡ 7 mod 8,(
( 2

A ) 1√
2
f1(α)2

)3

if m ≡ 2 mod 4,(
( 2

A ) 1
2
√

2
f1(α)4

)3

if m ≡ 4 mod 8.
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Further, if α runs through a 16-system modulo t with B ≡ 0 mod 16,
then the g(α) constitute a complete system of conjugate numbers over
Q. Hence the minimal polynomial over Q is given by∏

{A,B,C}
(X − g(α))

and has coefficients in Z, because g(α) is an algebraic integer.

Remark 6.4.2 For D(α) not divisible by 3 the assertions of Theorem
6.4.1 hold without the exponent 3 if the primitive equation of α satisfies
the additional condition 3 � A and 3|B. This is immediate by the relations
between γ2 and f resp. f1.

Proof of Theorem 6.4.1 With m ∈ N, as defined in the theorem, we set

βμ =
{ √

−m + 2μ if m ≡ 1 mod 2,√
−m + 1 + 2μ if m ≡ 0 mod 2.

By (6.1) and Theorem 5.2.1 we first have

f3(βμ) ∈ Ω16t.

Here [Ω16t : Ωt] = 16 and, if we choose μ ∈ Z, μ mod 8, then βμ is
coprime to t and

Gal(Ω16t/Ωt) =< {σ(βμ) : μ mod 8} > .

Further, using f(ω+2μ) = ζ−μ
24 f(ω), it follows from Theorem 5.2.1 that:

f3(β0)σ(βμ) =
(
f3(βμ)ζμ

8

)σ(βμ)
= f3

(
−1
−βμ

)
ζ

μσ(βμ)
8 .

Theorem 3.3.2 tells us that ζ
σ(βμ)
8 = ζ

nμ

8 with the complex norm nμ of
βμ. Using the identity f(−1

z ) = f(z) we then obtain

f3(
√
−m)σ(βμ)−1 = ζ

μ(m+1+4μ2)
8 if 2 � m,

and, using f3
1 (z) = ζ16f

3(z + 1), we further obtain

f6
1 (
√
−m)σ(βμ)−1 = ζ

(m+2)(2μ+1)
8 if 2|m.

Finally, by Theorem 3.3.1 we find that
√

2
σ(βμ)−1

=
(

2
nμ

)
.

Using these formulae, we can easily verify that the singular values g(α))
listed in Theorem 6.4.1 lie in K(j(α)) for α =

√
−m and, since they are
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real, we can conclude that they are even in Q(j(α)). Moreover, g(α) is a
generator of Q(j(α)), because in all cases j(α) is a rational function of
g(α) with rational coefficients. This completes the proof for α =

√
−m.

The general case is settled as in the proof of Theorem 6.3.1 using
Theorem 5.2.4. Observe that for a root α of a primitive equation AX2 +
2BX + C = 0 normalised as in Theorem 6.4.1 we have

√
2

σ(a)
=

(
2
A

)√
2, a = [α, 1],

according to Theorem 3.3.1.

In contrast to the singular values of j the singular values from Theo-
rem 6.4.1 have minimal equations with remarkably small coefficients,
particularly for m not divisible by 3 because then the assertions of
Theorem 6.4.1 hold without the exponent 3.

Examples 6.4.3

(i) m = 17,Θ = 1√
2
f(
√
−m)2

mΘ,K(X) = X4 − X3 − 2X2 − X + 1

(ii) m = 11,Θ = f(
√
−m)

mΘ,K(X) = X3 − 2X2 + 2X − 2

(iii) m = 13,Θ = 1
2f(

√
−m)4

mΘ,K(X) = X2 − 3X − 1

(iv) m=23 , Θ = 1√
2
f(
√
−m)

mΘ,K(X) = X3 − X − 1

(v) m=22, Θ = 1√
2
f1(

√
−m)2

mΘ,K(X) = X2 − 2X − 1

(vi) m=28, Θ = 1
2
√

2
f1(

√
−m)4

mΘ,K(X)(X) = X2 − 6X + 2

(vii) m=47, Θ = 1√
2
f(
√
−m)

mΘ,K(X) = X5 − X3 − 2X2 − 2X − 1

(viii) m=407, Θ = 1√
2
f(
√
−m)

mΘ,K(X) = X16 − 10X15 + 4X14 − 33X13 + 17X12 − 19X11 −
4X10 − 12X8 − 15X6 + 2X5 − 9X4 − X3 − 2X2 − X − 1

The following section deals with one of the nicest applications of sin-
gular values of Schläfli’s functions.
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6.5 Heegner’s solution of the class number one problem

In his Disquisitiones Arithmeticae 1801 Gauss conjectured that there are
exactly nine quadratic imaginary number fields of class number 1, namely

K = Q(
√
−m), m = 1, 2, 3, 7, 11, 19, 43, 67, 163.

The first complete solution of the problem is due to Heegner (1952), who
crucially used Weber’s results on Schläfli’s functions.

We follow the the exposition of H.M. Stark, who explained Heegner’s
proof to the author in July 1969 during a boat trip on the River Rhein
near the Cathedral of Cologne. We start our exposition by some remarks
that reduce the problem to the non-trivial cases. Let d be the discrimi-
nant of a quadratic imaginary number field K of class number one. Then
by Theorem 6.1.4 we conclude that d must be a prime discriminant, i.e.

d = −4,−8 or d = −p, p a prime, p ≡ 3 mod 4.

Further, we know that 2 splits in K for p ≡ 7 mod 8, hence 2 is the
norm of a non-rational integer in K. Therefore, in this case the class
number can only be 1 for p = 7. Therefore, to prove Gauss’s conjecture,
it suffices to show that for a prime p ≡ 3 mod 8:

hQ(
√−p) = 1 =⇒ p = 3, 11, 19, 43, 67, 163.

Heegner considers the function

F (z) := 212 Δ(2z)
Δ(z)

.

F is related to Schläfli’s function f by

F

(
z + 3

2

)
= −

( √
2

f(z)

)24

. (6.2)

and its modular equation is given by

(F + 16)3 = jF. (6.3)

Now, for the following let p be a prime, p ≡ 3 mod 8, with hQ(
√−p) = 1.

We set

α :=
3 +

√−p

2
,

which is the ratio of a basis of the maximal order of K = Q(
√−p), and

we study the 12-th root of −F (α):

h(α) :=
2

f(
√−p)2

,
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defined by (6.2). Then, according to Theorems 6.3.1 and 6.4.1, the pow-
ers h(α), h(α)2 and h(α)4 as generators of the maximal real subfield of
Ω2 are cubic irrationalities. The minimal equation of h(α)4 is obtained
by (6.3):

X3 + γ2(α)X − 16 (6.4)

because we know that γ2(α) is in Z. On the other hand the mini-
mal equation of h(α)4 can be derived from the minimal equation of
h(α). Let

ml(X) = X3 + AlX
2 + BlX − 22l

, l = 0, 1, 2,

be the minimal equations for h(α)2
l

over Q. They have coefficients in
Z, since h(α) is integral. The sign in −22l

is determined by observing
that h(α) is real and positive and has two other non-real conjugates over
Q that are complex conjugates of each other. The coefficients of ml(X)
and ml+1(X) are related by

Al+1 = 2Bl − A2
l

Bl+1 = B2
l + 2(2l+1)Al

}
, l = 1, 2. (6.5)

To see this, we write ml(X) = 0 as

X3 + BlX = −(AlX
2 − 22l

).

Taking squares on both sides, this leads us to

X6 + (2Bl − A2
l )X

4 + (B2 + 22l+1Al)X2 − 22l+1
.

Hence h(α)2
l+1

=
(
h(α)2

l
)2

is a root of

X3 + (2Bl − Al)X2 + (B2 + 22l+1Al)X − 22l+1
.

Since this must be the minimal equation for the cubic irrationality
h(α)2

l+1
it follows (6.5). Using (6.5) and (6.4), we then find a Diophan-

tine equation for A0 and B0, by which all possible primes p ≡ 3 mod 8
with hQ(

√−p) = 1 can be determined: first, we have A2 = 0 by (6.4), and
by (6.5) we then obtain:

0 = A2 = 2B1 − A2
1 = 2(B2

0 + 4A0) − (2B0 − A2
0)

2, (6.6)

γ2(α) = B2 = B2
1 + 8A1 = (B2

0 + 4A0)2 + 8(2B0 − A2
0). (6.7)

From (6.6) it follows that

B0 = 4b, A0 = 2a with a, b ∈ Z,
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and, setting

y := 2(b − a2) and x := −a,

(6.6) becomes the Heegner equation

y2 = 2x(x3 − 1). (6.8)

According to Heegner all solutions (x, y) ∈ Z × Z of this equation are
given by

(x, y) = (0, 0), (1, 0), (−1, 2), (−1,−2), (−2, 6), (−2,−6). (6.9)

By (6.7) this leads to six possible values for γ2(α) and, because γ2(α)
uniquely determines Q(

√−p), it follows that there exist at most six
quadratic imaginary number fields of discriminant d ≡ −3 mod 8 and
class number one. Since on the other hand we know that six such fields
exist, the problem is solved. To be more precise, the solutions in (6.9)
are in bijection to the following values of γ2:

0, − 25 · 3, − 25 · 3 · 11, − 25, − 26 · 3 · 5 · 23 · 29, − 26 · 3 · 5

and the latter to the discriminants d = −p,

p = 3, 19, 67, 11, 163, 43.

Remark 6.5.1 The formulae (6.5) have already been used in 1908 in
Weber’s Algebra III (1908) on page 475 to compute the cubic equations
for f(

√
−m), m = 11, 19, 43, 163. However, it took 44 years before Heeg-

ner had the idea to use the relation to derive a Diophantine equation
leading to the solution of Gauss’s problem.

At first Heegner’s proof was believed to be invalid because it seemed
that he had used the result of Theorem 6.4.1 for m ≡ 3 mod 8, which at
that time had not yet been proved. But in fact, as the above exposition
shows, he had only made use of the weaker statement about f6, which
had been proved by Weber (1908). A gap in this proof was rectified
later by Stark (1969) and, finally Birch (1969) and Meyer (1970) gave
a proof for special cases of Weber’s assertion about f3, including when
hQ(

√
−m) = 1.

Before complete evidence was provided for the requisites of Heegner’s
solution, Stark (1967) published an independent proof of Gauss’s con-
jecture. Remarkably, the heart of this proof was again the singular value
of a modular function, and this is also true for the proof of Siegel (1968),
by which he intended to interpret Stark’s solution.
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6.6 Generation of ring class fields by η-quotients

In view of the results in Theorem 6.4.1, one may ask whether more
general η-quotients can supply simple generators of ring class fields. To
obtain such results we first prove:

Theorem 6.6.1 Let a,b be proper ideals of the orders Ot′ resp. Ot′′

in K. Then
Δ(a)
Δ(b)

∈ Ωt with t = lcm(t′, t′′).

The action of the Frobenius automorphism corresponding to a proper
ideal c of Ot is given by(

Δ(a)
Δ(b)

)σ(c)

=
Δ(ac−1)
Δ(bc−1)

.

Proof First, we assume a, b and c to be of the form

a = pt′ , b = qt′′ , c = rt

with prime ideals p,q, r of degree 1 and norm p, q resp. r not dividing
t2d. Then, for some α ∈ H

Ot = [α, 1], a = [s′α, p], b = [s′′α, q],

ac = [s′α, rp], bc = [s′′α, rq], s′ =
t

t′
, s′′ =

t

t′′
,

and we have

Δ(a)
Δ(b)

= g(α) with g(ω) =
Δ

(
s′ω
p

)
Δ

(
s′′ω

q

) .

Since g satisfies the hypothesis of Theorem 5.2.1 with N = tpq, it follows
that

Δ(a)
Δ(b)

∈ Ωt2pq

and then by Theorem 5.1.2(
Δ(a)
Δ(b)

)σ(r)

= g(α)σ(c) = g
(α

r

)
=

Δ(ac)
Δ(bc)

=
Δ(ac−1)
Δ(bc−1)

. (6.10)

For the last equation note that c = N(c)c−1 together with the homo-

geneity of Δ. By the last formula it is evident that the image
(

Δ(a)
Δ(b)

)σ(r)
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only depends on the ring ideal class modulo t of rt. Hence(
Δ(a)
Δ(b)

)σ(r)

=
Δ(a)
Δ(b)

, for rt ∈ Ht,

and therefore Δ(a)

Δ(b)
∈ Ωt, because all automorphisms of Ωt2pq/Ωt are

given by σ(r) with some prime ideal r of degree 1 not dividing t2dpq.
The same argument applies to the Galois action because in every ring
ideal class there exists an integral regular ideal coprime to t2dpq. This
completes the proof of our theorem for a and b of the special form above.
In general, we have

a = ξ′pt′ , b = ξ′′qt′′ , ξ′, ξ′′ ∈ K \ {0},

with prime ideals p,q of degree 1 not dividing t because there exists some
prime ideal of degree 1 in every ideal class modulo Ut. We then have

Δ(a)
Δ(b)

=
(

ξ′′

ξ′

)12 Δ(pt′)
Δ(qt′′)

,

whereby the assertion of our theorem is reduced to the special cases
considered earlier.

Our aim now is to prove that ring class fields can be generated by
the Δ-quotients of Theorem 6.6.1. By Theorem 6.4.1 we already know
that Schläfli’s functions have this property. However, the proof does not
extend to most cases because, unlike Schläfli’s functions, the modular
invariant is in general not a rational function of the function g in the
proof of Theorem 6.6.1. Therefore, following Schertz (1978), we will use
the results from Chapter 11, which imply that the L-function s of the
extension Ωt/K does not vanish at s = 1.

Theorem 6.6.2 Let a,b ∈ It and O = Ot. Then for every interme-
diate field K ⊆ L ⊆ Ωt and every natural exponent e we have

L = K

(
NΩt/L

((
Δ(a)
Δ(b)

)e))
if aU �= bU,

L = K

(
NΩt/L

((
Δ(a)Δ(b)

Δ(ab)Δ(O)

)e))
if a �∈ U and b

2 �∈ U,

where U is the subgroup of Rt corresponding to L.

For the proof of Theorem 6.6.2 we need:
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Lemma 6.6.3 Let G be a finite abelian group. Then:

(i) Given two elements a, b ∈ G \ {1} there exists a character χ of G

with χ(a), χ(b) �= 1.
(ii) Given three elements a, b, c ∈ G\{1} with c2 �= 1 then there exists

a character χ with χ(a), χ(b), χ(c) �= 1.

Proof For the first assertion we have to distinguish the cases "b ∈< a >"
and "b �∈< a >". In the first case a generating character χ0 of < a >

has the property χ0(a), χ0(b) �= 1, and χ is obtained by extension of χ0

to G. In the second case there exists an extension χ1 of χ0 to < a, b >

with χ1(b) �= 1. Any extension of χ1 to G then has the desired property.

To prove the second assertion we may assume the orders of a and b

to be primes pa, pb and the order of c to be the power of a prime pc. If
not all of these primes are equal, pc �= pa, pb say, then c �∈< a, b > and
the character we want is obtained as in the first part by extension of a
character χ0 of < a, b > with χ0(a), χ0(b) �= 1, so for the following we
assume all three primes to be equal to p. Then for < a >=< b > we can
conclude as in the first part. Otherwise we have

< a, b >=< a > × < b > .

For c not in < a, b > we proceed again by extending a character of
< a, b >. In the remaining case we have

c = aμbν , (μ, ν) �≡ (0, 0) mod p,

the order of c is equal to p and p must be different from 2 because by
assumption c2 �= 1. Now, because of < a, b >=< a > × < b > we can
find characters χa, χb of < a, b > with

χa(a) = χb(b) = ζ and χa(b) = χb(a) = 1,

where ζ is a primitive p-th root of unity. We set

χ := χm
a χn

b , m, n ∈ Z.

Then we have

χ(a) = ζm, χ(b) = ζn, χ(c) = ζmμ+nν ,

and, noting that p �= 2, we see that the exponents m,n can be chosen
such that χ(a), χ(b) �= 1. Now any extension of χ to G has the desired
property.
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Proof of Theorem 6.6.2 From homogeneity of Δ it follows that for c ∈ It

δ(c) := N(c)12|Δ(c)|2, c ∈ It,

only depends on the ideal class of c, and for any character χ �= 1 of Rt

we know by Theorem 11.1.1∑
c mod Ht

χ(c) log(δ(c)) �= 0,

where for simplicity we have written χ(c) instead of χ(cHt).
Now, assume the first assertion of our theorem to be false. Then

Θ := NΩt/L

((
Δ(a)
Δ(b)

)e)

is contained in a proper subfield L′, K ⊆ L′ ⊂ L. For the corresponding
subgroup U

′ of Rt we then have

U
′ ⊃ U,U

′ �= U.

Therefore, by Lemma 6.6.3 there exists a character χ of Rt/U with

χ|U′ �= 1 and χ(ab
−1) �= 1.

Since Θ lies in L′ by assumption, it follows that

∑
c1 mod U

′

⎛
⎜⎜⎜⎜⎜⎝

∑
c2 ∈ U

′

c2 mod U

χ(c2)

⎞
⎟⎟⎟⎟⎟⎠ log |Θσ(c1)| = 0 (6.11)

using the relation ∑
c2 ∈ U

′

c2 mod U

χ(c2) = 0.

On the other hand by Theorem 6.6.1 we have

2
∑

c mod U

χ(c) log |Θσ(c)| =
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= e
∑

c mod U

χ(c) log

∣∣∣∣∣∣∣∣∣∣∣
∏

ds ∈ U

ds mod Ut

(
N(b)
N(a)

)12
δ(ad−1c−1)
δ(bd−1c−1)

∣∣∣∣∣∣∣∣∣∣∣
.

Using the above character relation and the rule δ(a) = δ(a), we further
obtain

2
∑

c mod U

χ(c) log |Θσ(c)| = 2e(χ(a) − χ(b))
∑

c mod ht

χ(c) log(δ(c)).

Herein the right-hand side is different from zero because χ(ab
−1) �= 1.

This contradiction to (6.11) then proves the first assertion of Theorem
6.6.2.

To prove the second assertion, we set

Θ := NΩt/L

((
Δ(a)Δ(b)

Δ(ab)Δ(O)

)e)
.

The assumption of Θ lying in a proper subfield L′ of L then leads to the
equation

0 = 2
∑

c mod U

χ(c) log |Θσ(c)|

= 2e(χ(a) − 1)(χ(b) − 1)
∑

c mod ht

χ(c) log(δ(c)),

which is contradictory if, according to Lemma 6.6.3, the character χ is
chosen such that

χ|U = 1, χ|U′ �= 1, χ(a) �= 1, χ(b) �= 1.

For many constructions in complex multiplication it is necessary to
prove similar results for certain roots of the singular values in Theorem
6.6.1. This is in fact possible since Δ is the 24-th root of a modular form
of "weight 1

2":

Δ
(

ω
1

)
= (2π)12η(ω)24.
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As in section 2.4.3 we consider the following functions g:(
η( ω

n )

η(ω)

)8

γ2(ω)n−1 for 3 � n,(
η( ω

n )

η(ω)

)6

γ3(ω)
n−1

2 for 2 � n,(
η( ω

n )

η(ω)

)m

, m = gcd(3, n) for n = t2, t ∈ N and 2 � n,
η( ω

p )η( ω
q )

η( ω
pq )η(ω) (γ2(ω)γ3(ω))

p−1
2

q−1
2 for n = pq, p, q ∈ N,

gcd(6, n) = 1.

(6.12)

From section 2.4.3 we know that these functions are in QΓ
( 1
0

0
n

)
. The next

theorem tells us that their singular values lie in ring class fields and in
combination with Theorems 6.3.1 and 6.3.2 we will obtain information
about roots of the numbers in Theorem 6.6.1.

Theorem 6.6.4 Let g be one of the functions in (6.12). Let α ∈ H be
the ratio of a basis of a proper ideal of Ot, and α

n the ratio of a basis of
a proper ideal of Ot′ with a divisor t′ of t. Then

g(α) ∈ Ωt.

Further, let α = α1, . . . , αg be an n-system modulo t, then the numbers
g(αi) are the images of g(α) under the distinct automorphisms of Ωt/K.

The proof of Theorem 6.6.4 follows immediately from Theorem 5.2.2
and the theorems about singular values of γ2 and γ3. In particular, under
the hypothesis of Theorem 6.6.4 it follows that

ht∏
i=1

(X − g(αi)) ∈ K[X],

where ht denotes the ring class number modulo t.
In particular, by Theorem 5.2.4 we obtain the following results for the

functions

gp,q(ω) :=
η(ω

p )η(ω
q )

η( ω
pq )η(ω)

,

defined already in (2.4).

Theorem 6.6.5 Let p, q ∈ N be prime to 6 and let α = α1, . . . , αht
as

in Theorem 6.6.4 have the property that α
pq is the ratio of a basis of a

proper ideal of Ot′ with t′ | t. Further, we assume that

(γ2(α)γ3(α))
p−1
2

q−1
2 ∈ Ωt.
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Then

mp,q(X) :=
ht∏

i=1

(X − gp,q(αi)) ∈ Q[X]

if we assume (a little stronger than in Theorem 6.6.4) that the αi are a
12pq-system modulo t. Of course, for gp,q(α) integral, it follows that the
coefficients of mp,q(X) are in Z.

Proof By Theorems 6.3.1, 6.3.2 and 6.6.4 we know that for two elements
β, β′ of a 12pq-system the singular values gp,q(β) and gp,q(β′) are con-
jugate over K. We choose an element β ∈ H ∩ K satisfying a primitive
equation

AX2 + BX + pq with gcd(6pq,A) = 1, A > 0 and B ≡ B1 mod 12pq.

It follows easily from the hypothesis on α
pq that such a choice is possible.

From the theorems quoted above, we can then conclude that gp,q(β) is
conjugate over K to any of the numbers gp,q(αi), hence is equal to one
of them. The same holds for gp,q (Aβ), and we show that

gp,q(β)τ = gp,q(Aβ) (6.13)

with τ denoting complex conjugation. By (6.13) it follows that the con-
jugates of gp,q(α) are permuted under τ . Hence the polynomial mp,q(X)
must have coefficients in K∩R = Q. To prove (6.13), we use the identity

gp,q

(
−pq

ω

)
= gp,q(ω)

and we find that

gp,q(β)τ = gp,q(−βτ ) = gp,q

(
−ββτ

β

)
= gp,q

(
− pq

Aβ

)
= gp,q(Aβ).

This completes the proof.

By Theorem 6.6.4 we can further prove:

Theorem 6.6.6 We assume that Rt �∼= Z/2Z resp. �∼= Z/2Z × Z/2Z
depending on whether one resp. two of the roots

√
−1,

√
−3 are in Ωt.

Then there exists a primitive ideal c of O1 prime to t so that the 24-th
root defined in the proof below,

24

√
Δ(ct)Δ(ct)
Δ(c2

t )Δ(Ot)

is a generator of Ωt over K.
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Proof The case Ωt = K being trivial, we may assume that [At : Ut] =
|Rt| �= 1. Let c be an integral ideal of O1 of norm c prime to 6t, satisfying
the congruence

c − 1
2

c − 1
2

≡ 0 mod 6.

In Ot we choose a basis α, 1 with α ∈ H, such that α, c and α, c2 are
bases of ct and c2

t . Then by Theorem 5.2.2

η
(

α
c

)
η
(

α
c

)
η
(

α
c2

)
η (α)

(γ2(α)γ3(α))
c−1
2

c−1
2 ∈ Ωt,

and since the exponent c−1
2

c−1
2 is divisible by 6 and γ2(α)γ3(α) being

non-zero because of Ωt �= K, it follows that

η
(

α
c

)
η
(

α
c

)
η
(

α
c2

)
η (α)

∈ Ωt.

Now

Δ(ct)Δ(ct)
Δ(c2

t )Δ(Ot)
=

(
η
(

α
c

)
η
(

α
c

)
η
(

α
c2

)
η (α)

)24

,

and, according to Theorem 6.6.2, the left-hand side is a generator for
Ωt/K if c �∈ Ut. Note that for c2

t ∼ λ ∈ Ot we have

Δ(ct)Δ(ct)
Δ(c2

t )Δ(Ot)
= λ24

(
Δ(ct)
Δ(Ot)

)2

so that in this case we can apply the first assertion of Theorem 6.6.2.
Now we are going to prove the existence of an ideal c with the above
properties that is not in Ut. We distinguish the following cases:

(i) "
√
−1,

√
−3 �∈ Ωt",

(ii) "
√
−1 ∈ Ωt,

√
−3 �∈ Ωt",

(iii) "
√
−1 �∈ Ωt,

√
−3 ∈ Ωt",

(iv) "
√
−1,

√
−3 ∈ Ωt".

(i) We chose k ∈ A
t
/Ut different from Ut. Then, according to Theorem

3.3.1 we can find an ideal c of norm c in k such that(−1
c

)
=

(−3
c

)
= 1.

Further, we may assume c to be primitive, because an integer divisor of
c lies in Ut and its norm is a square. Then, for c we have the congruence

c ≡ 1 mod 4 and c ≡ 1 mod 3.

Hence, the above congruence modulo 6 is satisfied.
(ii) In this case we have Rt �∼= Z/2Z by assumption, so by Lemma 6.6.3
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there exists k ∈ A
t
/Ut, k �= Ut with χ−1(k) = 1. Now, let U

′ be the
subgroup of U

3t associated with Ωt(
√
−3). Then by Lemma 6.6.3 there

exists a class k
′
+ modulo U

′ in k with χ−3(k
′
+) = 1. In k

′
+ we choose an

integral primitive ideal c prime to 6. Its norm c must satisfy the congru-
ence c−1

2
c−1
2 ≡ 0 mod 6, and then we proceed as in case (i).

(iii) is settled analogously to (ii).
(iv) Here, by assumption Rt �∼= Z/2Z, Z/2Z × Z/2Z. Therefore, by
Lemma 6.6.3 there exists k �= Ut in A

t
/Ut with χ−1(k) = χ−3(k) = 1.

Any primitive ideal c ∈ k prime to 6 then has the desired property.

Remark 6.6.7 In the case gcd(6, t2d) = 1, one may pick any primitive
ideal c �∈ Ut prime to 6t for the construction of the 24-th root in Theorem
6.6.6 because then γ2(α) and γ3(α) lie in Ωt if the trace of α is divisible
by 3.

Examples 6.6.8

(i) Let dK = −47. Then

η
(

α
7

)2

η
(

α
49

)
η (α)

, α =
549 +

√
−47

2

is a generator of Ω/K. Its minimal equation over K,

X5 + 2X4 + 2X3 + X2 − 1,

has quite small coefficients, compared to Example 6.1.3.

(ii) Let dK = −4447. Then

η
(

α
13

)2

η
(

α
169

)
η (α)

, α =
2397 +

√
−4447

2

is a generator of Ω/K. Its minimal equation over K is

X17 + 4356X16 + 4469408X15 − 577415049X14

+ 63837613820X13 + 422739382392X12

+ 73026311344680X11 + 657942992235294X10

+ 2422818074079732X9 + 3631848712112989X8

+ 2571388650262763X7 + 887568818022539X6

+ 608523191355758X5 + 51489792551504X4

+ 2122601876446X3 + 66143066X2 + 2765955X + 1
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The corresponding equation for j(α) would fill too much space,
so we only note its constant term:

20272567931766198588472937969480337626528405329206

02558316192477534932908960275948044832593305408383

89158022069642113705761463462559908613300086014816

54261402680638546232805631330586254700272424306947

30086149371346231356084022183692316032172589155546

6470127233602482874630368314683437347412109375

Using the same arguments as in the proof of Theorem 6.6.6, we obtain
the following result that will be needed later for a suitable normalisation
of the ℘ function:

Theorem 6.6.9 For d < −4 and t ∈ N there exist primitive ideals p,q

of O1 of norm p and q prime to 6t satisfying

p ≡ q ≡ −1 mod 4 if 2|td and 3 � td,

p ≡ q ≡ −1 mod 3 if 2 � td and 3|td,

p ≡ q ≡ −1 mod 12 if 2|td and 3|td.

Given two such ideals p,q with pq being primitive too and any ideal
a ∈ It, we can choose the ratio α ∈ H of a basis of a so that

α
p , α

q resp. α
pq are ratios of basis of apt,aqt resp. aptqt.

Further, we can achieve the coefficients A,B of the primitive equation
X2 + BX + C = 0 of α to satisfy

gcd(A, 6) = 1 and
{

B ≡ 0 mod 3 for 3 � td,

B ≡ 1 mod 4 for 2 � td.

Then we have

η(α
p )η(α

q )

η( α
pq )η(α)

γ2(α)γ3(α) ∈ Ωt.

Proof The existence of primitive ideals p,q with norms satisfying the
above congruences follows from Theorem 3.3.1, bearing in mind that for
d �= −3,−4 the roots

√
−3,

√
−4 are not in K. Now by Theorem 6.6.4 it

follows that

η(α
p )η(α

q )

η( α
pq )η(α)

(γ2(α)γ3(α))
p−1
2

q−1
2 ∈ Ωt.
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Since t2d �=− 3,−4, we know that γ2(α)γ3(α) �= 0. Further, in view of the
congruences satisfied by A,B, p, q, Theorems 6.3.1 and 6.3.2 tell us that

(γ2(α)γ3(α))
p−1
2

q−1
2

γ2(α)γ3(α)
∈ Ωt,

thereby proving the assertion of our theorem.

A consequence of Theorem 6.6.9 is the following result first obtained
by Fueter in a different way.

Theorem 6.6.10 We assume that d < −4 and t ∈ N or d = −3,−4
and t = 1. Let α ∈ H be the ratio of a basis of a ∈ It. Then there exist
algebraic units ε2(α), ε3(α) such that

γ2(α)
ε2(α)

,
γ3(α)
ε3(α)

∈ Ωt.

Proof For d �= −3,−4 the assertion is immediate by Theorem 6.6.9,
because the η-product there is a unit according to Theorem 4.2.1. For
d = −3 we have γ2(α) = 0 and γ3(α) ∈ Ω1 by Theorem 6.3.2, hence the
assertion is trivial. For d = −4 we have γ3(α) = 0 and ζγ2(α) ∈ Ω1 with
a third root of unity ζ by Theorem 6.3.1. Since in this case ζ ∈ K = Ω1

Theorem 6.6.10 again implies our assertion.

For some later applications we also need the following result obtained,
like Theorem 6.6.9, by using the fact that(

η(ω
n )

η(ω)

)6

γ3(ω)
n−1

2 , for 2 � n,

known from (6.12):

Theorem 6.6.11 For d �= −4 and t ∈ N there exists a primitive ideal
p of O1 of norm p prime to 2t satisfying

p ≡ −1 mod 4.

Given such an ideal p and any ideal a ∈ It, we can choose the ratio
α ∈ H of a basis of a so that

α
p is the ratio of a basis of apt.

Then we have (
η(α

p )

η(α)

)6

γ3(α) ∈ Ωt.

A further application of Theorem 6.6.4 is:
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Theorem 6.6.12 (principal ideal theorem) Let a be any ideal
of O1. Then in the Hilbert class field Ω the ideal OΩa is principal.

Proof First let a=p be a primitive ideal of norm p � 6 with p2 be-
ing primitive, too. Then there exists a basis α, 1 of O1 with α ∈ H,
such that α, p resp. α, p2 are basis of p resp. p2. Therefore, according to
Theorem 6.6.4,

θ :=
η
(

α
p2

)
η(α)

is in Ω, and is associated with p by Theorem 4.2.2. This proves the as-
sertion of the principal ideal theorem for primitive ideals p �= p of norm
p � 6. To prove the assertion for an arbitrary ideal, observe that in every
ideal class there exists a prime ideal p �= p of norm p � 6. Our assertion
then becomes immediate.

6.7 Double η-quotients in the ramified case

The content of this section forms part of work done jointly with Andreas
Enge. Let K be a quadratic imaginary number field of discriminant d.
Then

D = t2d

is the discriminant of Ot. Further, let p, q be two primes not dividing 2t

that are ramified in K. Let p,q be the prime ideals in K above p resp.
q and pt,qt the corresponding proper ideals of Ot.

We consider again the function

gp,q(ω) =
η
(

ω
p

)
η
(

ω
q

)
η
(

ω
pq

)
η (ω)

.

From Theorem 6.6.4 we know that the singular values of gp,q at ratios of
basis of proper ideals of Ot sometimes lie in Ωt. In what follows we will
show that in many cases these values even lie in a proper subfield of Ωt.
As we will see later in section 10.2.3, this fact is very useful for the deter-
mination of cryptographically relevant elliptic curves over finite fields.

Theorem 6.7.1 We assume the above two primes p, q to satisfy one
of the conditions (a)–(c) and further, to satisfy (d):

(a) p = 3, q ≡ 1 mod 3,

(b) p, q �= 3 and 3 � |D,
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(c) (p − 1)(q − 1) ≡ 0 mod 3 and 3|D,
(d) (p − 1)(q − 1) ≡ 0 mod 8 if 2|D.

We set α := 3D+
√

D
2 . Then

(i) gp,q(α) ∈ Ωt,

(ii) gp,q(α)σ(p) =
(

p
q

)
1

gp,q(α) , gp,q(α)σ(q) =
(

q
p

)
1

gp,q(α) ,

(iii) gp,q(α)σ(pq) = (−1)
p−1
2

q−1
2 gp,q(α).

According to Theorem 3.1.10 we can choose a 6pq-system
α = α1, . . . , αh mod t. Then by Theorem 6.6.5

m(X) :=
h∏

i=1

(X − gp,q(αi))

has coefficients in Z:
m(X) ∈ Z[X].

Further, by the above theorem m(X) has the following properties: for
(pq)t not principal σ(pq) is of order 2, hence Ωt is of degree 2 over the
fixed field L of σ(pq). For the following, we assume that

σ([αi, 1]), i = 1, . . . , h
2 ,

to induce the different automorphisms of L/K.

Case 1: p−1
2

q−1
2 ≡ 0 mod 2:

Then

m(X) = m̃(X)2 with m̃(X) :=
h/2∏
i=1

(X − gp,q(αi)) ∈ Z[X],

and m̃(X) is a product of factors

X2 + uX +
(

p
q

)
with integral numbers u ∈ L.

Case 2: p−1
2

q−1
2 ≡ 1 mod 2:

Then

m(X) = m̃(X2) with m̃(Y ) :=
h/2∏
i=1

(Y − gp,q(αi)2) ∈ Z[Y ],

and m̃(Y ) is a product of factors
Y 2 + uY + 1 with integral numbers u ∈ L.

The determination of the "half-system" α1, . . . , αh/2 is easy for Ωt/L

being generated by the square root of a rational number. According to
Theorem 6.1.4 such numbers are given by the divisors

s|D with s ≡ 1 mod 4
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satisfying
√

s
σ(pq) = −

√
s. (6.14)

Clearly, in such a case we can find s with |s| being a prime or equal to 1.
Then the "half-system" is obtained by taking all αi having a primitive
equation

AiX
2 + BiX + Ci = 0

with (
s

Ai

)
= 1 if s � |Ai,(

s
Ci

)
= 1 if s � |Ci.

Note that for such a divisor s of D we always have s � |Ai or s � |Ci.

Verification of (6.14) is done by the formula
√

s
σ(p) =

(
s
p

)√
s, for gcd(s, p) = 1

and the analogous formula for q instead of p, following from the Frobe-
nius congruence. For s = ±p, ±q we can prove the relation

√
p∗

σ(p) =
(

p∗

qm

)√
p∗, p∗ := (−1)

p−1
2 p,

and analogously for
√

q∗
σ(q), where m is the natural number defined by

D = −pqm.

Proof of Theorem 6.7.1 To prove the first assertion, we observe that by
2.4.3

η(ω
p )η(ω

q )

η( ω
pq )η(ω)

(γ2(ω)γ3(ω))
p−1
2

q−1
2 ∈ QΓ0(pq).

Further, by the results on the singular values of γ2 and γ3, we know

(γ2(α)γ3(α))
p−1
2

q−1
2

to be in Ωt. For (p − 1)(q − 1) ≡ 0 mod 24 we even have

η(ω
p )η(ω

q )

η( ω
pq )η(ω)

∈ QΓ0(pq).

Therefore, in this case assumption (i) is immediate by Theorem 6.6.4,
and the above consequence holds for any pq-system modulo t. Further,
in this case the factor 3 in the definition of α can be omitted.

To prove the remaining assertions, we consider the function
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gn(ω) =
η(ω

n )
η(ω) ,

defined already in (2.3), where n is an odd natural number. The trans-
formation formula of the η function then yields

gn ◦ M =
(

a
n

)
ζ
(1−n){ b

n a−c(d(1−a2)−a)−3(a−1)c1}
24 gn

for M =
(

a
c

b
d

)
∈ Γ0(n) with c ≥ 0 and d > 0 if c = 0,

where c1 denotes the odd part of c = 2λc1 for c �= 0 and is set to be
c1 = 1 for c = 0. The transformation formula now shows that

gn ∈ FN with N =
{

24n2 if n ≡ 1 mod 2,

8n2 if n ≡ 1 mod 6.
(6.15)

Using the Reciprocity Law, we obtain

gp,q(α) =
(

p
q

)
gp(α)1−σ(q) =

(
q
p

)
gq(α)1−σ(p)

and further, in view of σ(p)2 = σ(p),

gp,q(α)σ(p) =
(

p
q

)
gq(α)(1−σ(p))σ(p) = 1

gp,q(α)gq(α)1−σ(p).

Again by the Reciprocity Law we have

gq(α)σ(p) =
[
gq ◦ cC−1

]
(C(α)), c = det(C), with C =

(
p
0

0
p

)
.

To determine gq ◦ cC−1 we decompose

C ≡
(

1
0

0
p2

)
M mod N

with a unimodular matrix

M ≡
(

p
0

0
p′

)
mod N ,

where N is defined in (6.15). The η transformation formula then yields

gq ◦ cC−1 = gq ◦
(

1
0

0
p2

)
M = gq ◦ M =

(
p
q

)
gq.

This proves the first assertion in (ii). The second is obtained analogously.

Finally (iii) follows from (ii).

Examples 6.7.2 Suitable p, q-pairs are, for instance,
(3, q), q = 13, 37, 61,
(5, q), q = 7, 11, 13, 17, 19,

(7, q), q = 13, 17, 29, 37,

(11, q), q = 13, 29, 37,



6.8 Generation of ray class fields by ϕ(z|ω1
ω2

) 169

(13, q), q = 17, 19, 23,
on condition that 3 � D for (p − 1)(q − 1) �≡ 0 mod 3 and 2 � D for
(p − 1)(q − 1) �≡ 0 mod 8.

Remark 6.7.3 If the discriminant d is divisible by a further prime
r �= 2, p, q, coprime to 2t, the construction of the theorem can of course
be continued by

gp,q,r(α) := gp,q(α)(1−σ(r)) = gp,r(α)(1−σ(q)) = gp,q(α)gp,q(α
r )−1.

The number obtained in this way is fixed under σ(pq) and σ(pr) if (a)–
(c) are satisfied for two of the primes p, q, r. A sufficient condition is, for
example, the congruence

(p − 1)(q − 1)(r − 1) ≡ 0 mod 3.

Furthermore, if the ring ideals (pq)t, (pr)t and (pqr)t arenotprincipal, this
implies that gp,q,r(α) lies in a subfield L of Ωt with [Ωt : L] = 4. The gener-
alisation of this construction using more primes now becomes obvious.

6.8 Generation of ray class fields by ϕ(z|ω1

ω2
)

The results in this section are mainly based on Bettner and Schertz
(2001) and Schertz (2005). Given a lattice L = Zω1 + Zω2, the relation

ϕ(z|ω1
ω2

)12 = σ∗(z|L)12Δ(L)

shows that the 12-th power ϕ(z|ω1
ω2

) is independent of the choice of basis.
We therefore write

ϕ(z|L)e := ϕ(z|ω1
ω2

)e if e ∈ 12N.

For L = a a proper ideal of the order of conductor t in a quadratic
imaginary number field K and ξ ∈ K\a the number ϕ(ξ|a)12 is algebraic
according to Theorem 4.1.2. In view of homogeneity we may assume that
ξ ∈ Ot. For these values we have:

Proposition 6.8.1 Let a ∈ It, f := a ∩ Ot and f := min(f ∩ N). We
set ef := lcm(12, f). Then

ϕ(ξ|a)ef ∈ Kt,f if ξ ∈ Ot,

and for ξ, ξ′ ∈ Ot we have

ϕ(ξ′|a)ef = ϕ(ξ|a)ef if ξ′ ≡ εξ mod f,

with a unit ε ∈ Ot.
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Let, further, c be an integral ideal in k ∈ Rt,f. Then the action of the
Frobenius automorphism σ(k) is given by

ϕ(ξ|a)ef σ(k) = ϕ(ξ|ac−1)ef .

Proof First we prove the second assertion. Let ξ ∈ Ot and

ξ′ = εξ + α with α ∈ f.

Then, using the transformation formula from Theorem 1.2.4 for σ∗, we
find that

ϕ(ξ′|a)ef = ψ(α)ef ela(εξ,α)ef ϕ(εξ|a)ef .

Herein we have

la(εξ, α)ef = la(ef εξ, α) ∈ 2πiZ

because ef εξ and α are in a. Further, ef is divisible by 2, hence ψ(α)ef =
1. It follows that

ϕ(ξ′|a)ef = ϕ(εξ|a)ef = ϕ(ξ|ε−1a)ef = ϕ(ξ|a)ef .

This proves the second assertion.
For ξ ∈ a we know ϕ(ξ|a)ef = 0, so the first and third assertions are

obvious. For ξ ∈ Ot \ a Theorem 5.2.5 tells us that

ϕ(ξ|a)ef ∈ K12tf2

because ξ ∈ 1
f a. Now let b be an integral ideal of O1, coprime to

12tf and σ(b) the corresponding Frobenius automorphism of K12tf2/K.
Then, again by Theorem 5.2.5

ϕ(ξ|a)ef σ(b) = ϕ(ξ|ab
−1
t )ef with bt = b ∩Ot.

The right side of this equation can be rewritten as

ϕ(ξ|ab
−1
t )ef = ϕ(ξ|ac−1)ef ,

where c denotes an arbitrary integral ideal from btSt,f. This implies the
first and last assertions of our proposition because in every class of Rt,f,
there exists an integral regular ideal. Therefore, let c be an integral ideal
in btSt,f. Then there are integers λ, λ′ ∈ Ot, coprime to f, such that

λc = λ′bt and λ ≡ ελ′ mod f
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with a unit ε ∈ Ot. Multiplying this equation by a suitable power of λ′

we can further achieve that

λ ≡ ε mod f and λ′ ≡ ε′ mod f

with two units ε, ε′ from Ot. Then

ξλ ≡ ξε mod f and ξλ′ ≡ ξε′ mod f,

hence, in particular,

ξλ ≡ ξε mod ac−1 ∩Ot and ξλ′ ≡ ξε′ mod ab
−1
t ∩Ot.

Applying the second assertion of our proposition for the ideals ac−1

and ab
−1
t , we obtain

ϕ(ξ|ac−1)ef = ϕ(ξλ|ac−1)ef

= ϕ(ξ|a(λc)−1)ef = ϕ(ξ|a(λ′bt)−1)ef

= ϕ(ξλ′|ab
−1
t )ef = ϕ(ξ|ab

−1
t )ef ,

and this finishes the proof.

By the third assertion of proposition 6.8.1 we see that ϕ(1|ac−1)ef

only depends on the ray class k = cSt,f. Therefore, similarly to the
singular values of the τ function, we set

Φa(k) := ϕ(1|ac−1)ef

with an integral ideal c ∈ k
−1

. Immediately from Proposition 6.8.1 we
then obtain:

Theorem 6.8.2 Let a ∈ It and f := a ∩Ot. Then for all k,h ∈ Rt,f

we have

Φa(k) ∈ Kt,f and Φa(k)σ(h) = Φa(kh−1).

As we will explain later in Chapter 11, Meyer (1957) has shown that for
t = 1 the above numbers act similarly in the values of certain L-function
s at s = 1 as the Δ quotients considered in 6.6. In the following, we let
a be an integral ideal of O1, different from O1. Then in Theorem 6.8.2
f = a ∩ O1 = a. In view of the analogy to Δ quotients, we may now
conjecture as follows:
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Conjecture 6.8.3 Let f be an integral ideal of O1, different from O1,
and let k,h ∈ Kf. Then for every intermediate field K ⊆ L ⊆ Kf and
for every natural exponent e

L = K
(
NKf/L

(
Φf(k)

e
))

,

L = K

(
NKf/L

((
Φf(k)
Φf(h)

)e))
if kU �= hU,

where U denotes the subgroup of Kf corresponding to L.

Following the exposition in Bettner and Schertz (2001), we will now
prove this conjecture for certain cases – roughly speaking for f not di-
visible by "too small" prime ideal factors. Given a character χ of Kf, we
consider the expression

Af(χ) :=
∑
k∈Kf

χ(k) log |Φf(k)|.

Unlike the sum in the proof of Theorem 6.6.2, this sum may be zero for
some character χ �= 1, because Theorem 11.2.1 only tells us that

Afχ
(χ) �= 0

for any character χ �= 1 of Kf with fχ �= (1). The relation between Af(χ)
and Afχ

(χ) is given by

Af(χ) =
wfχ

wf

⎛
⎜⎜⎜⎜⎝

∏
p

∣∣∣∣∣ f
fχ

(1 − χ′(p)

⎞
⎟⎟⎟⎟⎠Afχ

(χ),

where wf resp. wfχ
denote the number of roots of unity in K that are

congruent to 1 modulo f resp. modulo fχ. χ′ denotes the primitive char-
acter modulo fχ belonging to χ. This explains why the proof of Theorem
6.6.2 does not carry over to this case. However, under certain conditions
on f it will be possible to construct sufficient characters χ of Kf satisfying
Af(χ) �= 0. Let

f = pm1
1 · . . . · pms

s

therefore, be the decomposition of f into a product of powers of prime
ideals. We let ei be the exponent of the prime residue class, (O1/p

mi
i )∗,

and we note the following two conditions:

(i) Let f = pm �= (1) be a power of a prime ideal and also the conductor of
Kf/K.
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(ii) With the above notation let

ei = 2, i = 1, . . . , s0,
ei � 2, i = s0 + 1, . . . , s,

es � 4,

pms
s � gcd(6, w),

where w denotes the number of roots of unity in K. Further, we assume the
existence of classes ki ∈ K

fp
−mi
i

, i = 1, . . . , s0, with pi ∈ ki, such that the

orders of ki in K
fp

−mi
i

are divisible by a prime qi > s0 + 2.

We can now prove the following special case of the above conjecture:

Theorem 6.8.4 Let f �= (1) be an integral ideal satisfying (i) or (ii).

Then for k ∈ Kf and e ∈ N

Kf = K(Φf(k)
e).

Further, for h ∈ Kf not having order 1 or 3 and any e ∈ N

Kf = K

((
Φf(kh)
Φf(k)

)e)

if in addition to (i) [Kf : Ω] �= 2 for h having order 2.

Proof We conclude as in the proof of Theorem 6.6.2. The assertion of
Theorem 6.8.4 is then immediate by the following lemma.

Lemma 6.8.5 We assume the conditions of Theorem 6.8.4 to be sat-
isfied. Then, for every k ∈ Kf different from the main class, there exists
a character χ of Kf with

Af(χ) �= 0 und χ(k) �= 1.

Further, for k,h ∈ Kf different from the main class and h having an
order other than 3 there exists a character χ of Kf with

Af(χ) �= 0, χ(k) �= 1 and χ(h) �= 1.

For the proof of Lemma 6.8.5 we need the following analogon of
Lemma 6.6.3.

Lemma 6.8.6 Let g1, .., gn be elements of a finite abelian group G of
order o(gi) �= 1. Further, for every prime number p we assume that

#{gi | p|o(gi)} ≤ p.
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Then, there exists a character χ of G with

χ(gi) �= 1 for i = 1, . . . , n.

Proof of Lemma 6.8.6 In view of the main theorem on finite abelian
groups, it is sufficient to prove the lemma for all elements of G \ {1}
having order p with a fixed prime p and when n = p. Therefore, we may
assume that

G =< g1 > × . . .× < gk >,

where k ≥ 2 because of n = p. The remaining gk+1, .., gp are products of
powers of g1, . . . , gk:

gj = g
μj,1
1 · . . . · gμj,k

k

with at least one exponent not divisible by p. For i = 1, . . . , k we denote
by χi the character of G uniquely defined by

χi(gj) = ζpδij

with a fixed primitive p-th root of unity ζp and the Kronecker symbol
δij . Then, by

χ = χν1
1 · . . . · χνk

k , νi = 1, . . . , p − 1,

(p − 1)k characters of G with χ(gi) �= 1, i = 1, . . . , k, are defined. The
condition χ(gj) �= 1 for some j ≥ k+1 is satisfied if exactly one exponent
μj,i is not divisible by p. Otherwise, we have to exclude a certain number
of χ’s. Therefore, noting that

χ(gj) = ζ
μj,1ν1+···+μj,kνk
p ,

we consider the matrix

M :=
(

μk+1,1 . . . μk+1,k

μp,1 . . . μp,k

)
.

If M has rank 1, all χ(gj), j ≥ k + 1, are powers of χ(gk+1), and to
satisfy the condition χ(gj) �= 1 for all j ≥ k + 1, it suffices to exclude
pk−1 − 1 characters χ. The number of characters left is then

(p − 1)k − (pk−1 − 1) = pk

[(
1 − 1

p

)k

− 1
p

]
+ 1

≥ pk

[(
1 − 1

p

)p−1

− 1
p

]
+ 1 ≥ pk

[
1 − p − 1

p
− 1

p

]
+ 1 ≥ 1.
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If M has rank ≥ 2, then for each χ(gj) �= 1, j ≥ k+1, we have to exclude
at most pk−2 − 1. Therefore, the remaining number of characters is

(p − 1)k − (p − k)(pk−2 − 1) = pk

[(
1 − 1

p

)k

− 1
p

]
+ kpk−2 + (p − k)

≥ pk

[(
1 − 1

p

)p−1

− 1
p

]
+ kpk−2 + (p − k)

≥ pk

[
1 − p − 1

p
− 1

p

]
+ kpk−2 + (p − k) ≥ 1.

This proves Lemma 6.8.6.

Proof of Lemma 6.8.5 It is sufficient, to prove Lemma 6.8.5 for k and h

having prime order:

o(k) = p, o(h) = q �= 3.

According to the remark following Theorem 6.8.4, the number s0 is at
most equal to 4 and ki, i = 1, . . . , s0, have an order divisible by a prime
qi ≥ 7. We chose classes k

′
i ∈ Kf with k

′
i ⊂ ki. Their orders are then also

divisible by qi. Applying Lemma 6.8.4 to the elements k,h and k
′
i, i =

1, . . . , s0, of G = Kf and noting that s0 ≤ 4 and qi ≥ 7, we can find a
character χ of Kf with

χ(k) �= 1, χ(h) �= 1 and χ(k′i) �= 1, i = 1, . . . , s0. (6.16)

The properties in (6.16) imply that

χ′(pi) �= 1 if pi � fχ for i = 1, . . . , s0,

where χ′ denotes the primitive character belonging to χ. We will now
modify χ without changing (6.16) such that fχ is divisible by all pi, i =
s0+1, . . . , s. The modified χ then has the properties of Lemma 6.8.5. As-
suming pi to be no divisor of fχ for some i = s0 +1, . . . , s−1, we have to
construct a character ψ of Kf with pi|fψ|pmi

i pms
s . Then pifχp

−ms
s |fχψ.

Further, ψ will be constructed in such a way that χ̃ := χψ satisfies (6.16).
To find ψ we consider the homomorphism

κ : (O/f)∗ → Kf, α + f 
→ (α)e,

where e denotes the main class of Kf. We have

kerκ = (W + f)/f,
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where W denotes the group of roots of unity in K. By restriction to
the image of κ, every character χ of Kf defines a character χ̂ of (O/f)∗

that is trivial on (W + f)/f. To determine the prime ideals dividing the
conductor of χ we have to write χ̂ according to the isomorphism

(O/f)∗ ∼= (O/pm1
1 )∗ × . . . × (O/pms

s )∗

as a product

χ̂ = χ1 · . . . · χs

of characters χi of (O/pmi
i )∗. Then

χi �= 1 ⇐⇒ pi|fχ.

To construct ψ we now choose a character ψi of (O/pmi
i )∗ with o(ψi) =

ei and a character ψs of (O/pms
s )∗ with o(ψs) = es that, in addition,

satisfies

ψ((W + pms
s )/pms

s )∗) = W.

Such a choice of ψs is possible because of the assumption pms
s � gcd(6, w).

Due to the last condition we can now find k ∈ N such that

ψi(ζ + pmi
i )ψs(ζ + pms

s )k = 1

for all ζ ∈ W . Hence

ψ := ψiψ
k
s ,

the product being understood in the sence of the above isomorphism as
a character of (O/f)∗, is trivial on (W + f)/f. Therefore, ψ defines a
character on the image of κ that can be continued to a character of Kf.
For this continuation that we also denote by ψ, we then have

pi|fψ2μ |pmi
i pms

s for μ ∈ Z with ei � 2μ.

We now define

χ̃ := χψ2μ, ei � 2μ,

and we will show that μ can be chosen such that χ̃ also satisfies (6.16), i.e.

ψ2μ(x) �= χ−1(x), x = k,h, k
′
j , j = 1, . . . s0.

If a class x has order 2, then ψ2μ(x) = 1 and condition ψ2μ(x) �= χ−1(x)
is satisfied. But order 2 can only occur for x = k,h because of the above
assuptions on the k

′
i. For the following, we may assume that all x have an
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order divisible by a prime ≥ 3. More precisely, by hypothesis of Lemma
6.8.6, the k

′
i have orders divisible by a prime qj > s0 + 3. We set

qx :=

⎧⎨
⎩

p if x = k,

q if x = h,

qj if x = kj , j = 1, . . . , s0.

Now, μ ∈ Z satisfies the above conditions if it is a solution of the follow-
ing congruences

μ �≡ 0 mod l,

μ �≡ μx mod l if qx = l,

for all odd primes l with

l|eipqq1 · . . . · qs0

and x = k,h, k
′
j , j = 1, . . . , s0. For l > s0 + 3 the existence of such a

solution is immediate. For l = 3 we have qx = l at most for one class
x and in the case 5 ≤ l ≤ s0 + 3 there are at most two classes x with
qx = l, hence the congruences can also be solved in these cases.

In this way we obtain a modification of χ such that ps0+1, . . . ,ps−1

become divisors of fχ, thereby maintaining property (6.16). If, in addi-
tion, ps is a divisor of fχ, we have done. Otherwise we multiply χ by a
character whose conductor is a power of ps. We can find such a charac-
ter as follows: first, ψw

s is obviously trivial on (W + f)/f, hence defines a
character of the image of κ that we continue to a character ψ of Kf. Then
the conductor of ψ2 is a ps-power, which is different from (1) because
our assumption es � 4 implies that the conductor of ψ2w

s cannot be (1).
Then, as for s0 < i < s, we end up with a character χ satisfying (6.16)
and whose conductor is divisible by ps0+1, . . . ,ps. This implies that

Af(χ) =
wfχ

wf

⎛
⎝ s0∏

j=1

(1 − χ′(pj)

⎞
⎠Afχ

(χ) �= 0,

thereby proving the second assertion of Lemma 6.8.5 under the second
condition in Theorem 6.8.4. The proof of the first assertion is analogous.

Now we prove the second assertion of Lemma 6.8.5 under the assump-
tion (i). If f = pm

s �= (1) is the power of a prime ideal and also the
conductor of Kf/K, then Kf �= Ω. Let U be the subgroup of Kf corre-
sponding to Ω. Then the characters of Kf with conductor divisible by p

are exactly those who are non-trivial on U. We chose a class u ∈ U\{e}.
Then, by Lemma 6.8.6, there exists a character χ of Kf with

χ(k) �= 1, χ(h) �= 1 and χ(u) �= 1
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if not all three elements k,h,u have order 2. If one can find an element
u ∈ U of order o(u) > 2, then Lemma 6.8.5 is proved. Otherwise U is the
direct product of cyclic groups of order 2 and not cyclic because in this
case [Kf : Ω] �= 2 by assumption. Hence, there are two classes u1, u2 ∈ U

of order 2. If, then, h �∈< k,u1 >, we chose a character χ of < k,u1 >

with χ(k) �= 1 and χ(u1) �= 1, which we continue to a character of Kf

with χ(h) �= 1. However, if h is in both < k,u1 > and < k,u2 >, then h

must be equal to k,u1 or to u2. For h = k or h = u1, the character χ from
Lemma 6.8.6 with χ(k) �= 1 and χ(u1) �= 1 has the desired properties.

This proves the second assertion of Lemma 6.8.5. The first assertion
is obtained analogously.

The class invariants Φa(k), k ∈ Kt,f, are by definition high powers of
singular values of the Klein functions ϕx:

Φa(k) = ϕ(1|fc−1)ef .

In particular, for the numerical construction of class fields it is interesting
to know whether lower powers of ϕ(1|fc−1) are already in Kt,f. To answer
this question one has to apply Theorem 5.2.5 to obtain the Galois action
of Kt12f2/Kt,f on these singular values. It then transpires that mostly
ϕ(1|fc−1) generates an extension of Kt,f that under certain conditions
is even of degree ef . However, we will show that simple products of
different values ϕ(1|fc−1) are in Kt,f, thus providing simple generators
for Kt,f/K, similar to those given by Theorem 6.6.6 for ring class fields.
Such products are given by the following theorem, where for simplicity
we consider only the case of t = 1.

Theorem 6.8.7 Let f �= (1) be an integral ideal of O1 and ξ1, . . . , ξs ∈
1

f
\O1. Then

(ξi) =
ci

f
=

c̃i

ti

, gcd(c̃i, ti) = 1,

with integral ideals ci, c̃i and divisors ti �= (1) of f. We choose a basis α, 1 for
O1 with α ∈ H and

tr(α) ≡ 0 mod 3, tr(α) ≡
{

0 mod 4 if 2|d,
1 mod 4 if 2 � d,

which is always possible. By k˜ci
we denote the ray class modulo ti that contains

c̃
−1
i . Then

Φti
(k˜ci

) = ϕ(ξi|α
1
)eti , i = 1, . . . , s.
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We write f = f1f2 with a natural number f1 and a primitive ideal f2. In f2 we
choose a canonical basis

f2 = [α̃, f2] with f2 = N(f2) and α̃ ∈ H.

f := f1f2 is the smallest natural number in f. Further, we decompose f2 =
f∗
2 f∗∗

2 , where f∗
2 denotes the ramified and f∗∗

2 the split part of f2. According
to Theorem 5.2.5 we then have

ϕ(ξi|α
1
) ∈ K12f2 , i = 1, . . . , s.

Further, let

γi = xi,1σ(bi,1) + · · · + xi,siσ(bi,si) ∈ Z[Gal(K12f2/K)], i = 1, . . . , s,

with integral ideals bi,j prime to 6f and corresponding automorphisms σ(bi,j) ∈
Gal(K12f2/K). We set

N(γi) := xi,1N(bi,1) + · · · + xi,siN(bi,si),

and we assume that the following conditions are satisfied:

N(γi) ≡ 0 mod 2, i = 1, . . . , s,

N(γ1) + · · · + N(γs) ≡ 0 mod 4 if 2|d and 2 � f,
N(γ1) + · · · + N(γs) ≡ 0 mod 3 if 3|d and 3 � f,

N(c1)N(γ1) + · · · + N(cs)N(γs) ≡ 0 mod 2f
f∗∗
2 gcd(2,f∗∗

2 )
.

As the trace of α̃ is coprime to f∗∗
2 , there exists a solution ν of the congruence

μνf1tr(α̃) − (N(γ1) + · · · + N(γs)) ≡ 0 mod 2f,

where μ = 1 resp. μ = 2 for f∗∗
2 even resp. odd. Then, with the root of unity

ζ = exp( 2πiμν
2f

), we have

ζ
s∏

i=1

ϕ(ξi|α
1
)γi ∈ Kf.

The action of the Galois group of Kf/K on these values can be computed by
Theorem 5.2.5.

In view of Theorems 6.8.3 and 6.8.4 we note two special cases that are
useful for numerical constructions of Kf.

Theorem 6.8.8 With the notation of Theorem 6.8.7 we have

(i) ζϕ(ξ|α1 )2 gcd(d,12) ∈ Kf if gcd(f, f) = 1.

(ii) ζ
ϕ(ξ|α1 )σ(b)

ϕ(ξ|α1 )
∈ Kf if N(b) ≡ 1 mod 12f

f∗∗
2

,

for any integral ideal b of O1 coprime to 6f .
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Proof of Theorem 6.8.7 By definition of Φti
(kc̃i

) and by homogeneity of
ϕ we obtain, using Theorem 5.2.5,

Φti
(kc̃i

) = ϕ(ξi|α1 )eti

and then

ϕ(ξi|α1 ) ∈ K12f2 .

To prove the remaining assertions, we fix i, and we write ξ = ξi, c = ci,
γ = γi. To compute the action of the automorphisms of K12f2/Kf on
ϕ(ξ|α1 )γ we note that the relative automorphisms are of the form

σ(λ), λ coprime to 12f with λ ≡ 1 mod f.

Using Theorem 5.2.5, we find that

ϕ(ξ|α1 )σ(λ) = ε(λ, α)ϕ(ξλ|α1 )

with

ε(λ, α) = ε(M1)2lε(M2)2, l = N(λ),

where ε(Mi) denotes the 24-th root of unity in the transformation for-
mula of the η function with unimodular matrices

M1 ≡ (a(us+v)+bun
1

−1
0 ) mod 12, M2 ≡ (u

b
v
a ) mod 12.

Herein, s and n denote trace and norm of α, and u, v ∈ Z are the
coordinates in the representation

λ = uα + v.

The numbers a, b ∈ Z are chosen in such a way that

det(u
b

v
a ) ≡ 1 mod 12.

Modifying λ modulo f, one can further achieve u �= 0 and b > 0. Then,
observing l = u2n + uvs + v2, we obtain by Theorem 1.10.1:

ε(λ, α)3 =
{

ζ
(−uvn+1)l−uv−v
4 if 2 � v,

ζsl+l−u+1
4 if 2|v,

ε(λ, α)4 =
{

ζ
−uv(nl+1)
3 if 3 � v,

ζsl
3 if 3|v.

Keeping in mind the congruence conditions on s and n, these formulae
lead us to

ε(λ, α)6 = 1 if 2 � d or 2|(λ − 1),
ε(λ, α)4 = 1 if 3 � d or 3|(λ − 1).
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Writing

λ = 1 + ω mit ω ∈ f,

the transformation formula of the σ∗ function yields

ϕ(ξλ|α1 ) = ψ(ξω)e
1
2 lO1

(ξ,ξ(λ−1))
ϕ(ξ|α1 ) = ψ(ξω)e

1
2 N(ξ)lO1

(1,ω)
ϕ(ξ|α1 ).

To evaluate lO1
(1, ω), we note that f = f1[α̃, f2]. Hence, ω can be

written as

ω = wf + yf1α̃ with w, y ∈ Z.

From α̃ ≡ α mod Z it follows that

lO1
(1, ω) = −2πif1y.

Further, by definition of ξ,

N(ξ) =
N(c)
N(f)

=
N(c)
f2
1 f2

.

Finally, we have

ϕ(ξ|α1 )σ(λ)−1 = ε(λ, α)ψ(ξω)e−
2πi
2f N(c)y,

and this implies the Galois action as asserted:(
ϕ(ξ|α1 )γ

)σ(λ)−1 = ε(λ, α)N(γ)ψ(ξω)N(γ)e−
2πi
2f N(c)N(γ)y.

Further, we find that

ζ
μ(σ(λ)−1)
2f = ζ

μ(N(λ)−1)
2f = ζ

μf1tr(α̃)y
2f

with ζ2f = exp(2πi
2f ). The hypothesis on N(γi), together with the prop-

erties of ε(λ, α) that we have deduced, now show us that ζ
s∏

i=1

ϕ(ξi|α1 )γi

is fixed by all automorphisms of K12f2/Kf, thereby finishing the proof
of Theorem 6.8.7.

Remark 6.8.9 From the last part of the proof we see that the condition
"N(γi) ≡ 0 mod 2" can be weakened according to the individual choice
of ξi. Namely, it suffices to have

s∏
i=1

ψ(ξiω)N(γi) = 1

for all ω ∈ f.
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Examples 6.8.10 By the following examples it is shown on the one
hand, that the minimal polynomials of the numbers constructed in The-
orem 6.8.7 mostly have rather small coefficients. On the other hand all
numbers considered in the following are generators for Kf/K.

In the following, mθ,K denotes the minimal polynomial of θ over K. Fur-
ther, we denote by p2,p3,p5,p7 prime ideals dividing 2, 3, 5, 7 and the
number α is assumed to be of the form α = u+

√
d

2 with the discriminant
d of K and u = tr(α) ∈ Z.

(i) Let d = −7, f = (9) and

Θ = ϕ

(
ξ

∣∣∣∣ α
11

1

)
ϕ

(
ξ

∣∣∣∣ α
7

1

)

where tr(α) = 189, ξ = 1
9 . Then ζ = 1 and

mΘ,K = X36 − 6X33 + 15X32 + 27X30 − 45X29 + 63X28

−81X27 + 54X26 − 54X25 + 414X24 + 117X23

+135X22 − 747X21 + 162X20 + 351X19

+1269X18 + 108X17 − 387X16 − 576X15

+450X14 + 1638X13 + 1683X12 + 891X11

−171X10 − 1002X9 − 1044X8 − 351X7

+531X6 + 729X5 + 531X4 + 297X3 + 117X2

+27X + 3.

(ii) Let d = −24, f = (2)p3p5 and

Θ = ϕ
(
ξ
∣∣∣α
1

)
ϕ

(
ξ

∣∣∣∣ α
59

1

)

where tr(α) = 624, ξ = 3+16
√
−24

30 . Then ζ = 1 and

mΘ,K = X16 + (2 − 2
√
−6)X15 + (−17 −

√
−6)X14

+(−6 + 22
√
−6)X13 + (98 + 4

√
−6)X12

+(−16 − 57
√
−6)X11 + (−159 + 24

√
−6)X10

+(62 + 56
√
−6)X9 + (41 − 37

√
−6)X8

+(−112 − 26
√
−6)X7 + (−87 + 15

√
−6)X6

+(2 + 27
√
−6)X5 + (35 − 5

√
−6)X4

+(−24 − 17
√
−6)X3 + (−26 + 2

√
−6)X2

+(2 + 3
√
−6)X + 1.
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(iii) Let d = −11, f = (9) and

Θ =
ϕ

(
ξ

∣∣∣∣ α
47

1

)
ϕ
(
2ξ

∣∣∣α
1

)2

ϕ
(
ξ
∣∣∣α
1

)
where tr(α) = 417, ξ = 1

9 . Then ζ = 1 and

mΘ,K = X18 + 9X17 + 36X16 + (95 − 4
√
−11)X15

+(189 − 39
√
−11)X14 + (192 − 147

√
−11)X13

+(−233 − 246
√
−11)X12 + (−960 − 60

√
−11)X11

+(−735 + 408
√
−11)X10 + (935 + 534

√
−11)X9

+(1716 − 9
√
−11)X8 + (84 − 441

√
−11)X7

+(−1379 − 144
√
−11)X6 + (−603 + 258

√
−11)X5

+(345 + 195
√
−11)X4 + (218 +

√
−11)X3

+(−12 − 3
√
−11)X2 + (12 + 3

√
−11)X + 1.

(iv) Let d = −31, f = p3
2 and

Θ =
ϕ

(
ξ

∣∣∣∣ α
31

1

)
ϕ
(
ξ
∣∣∣α
1

)3

where tr(α) = 93, ξ = 15+
√
−31

16 . Then ζ = 1 and

m2Θ,K = X6 + 8X5 + (18 − 2
√
−31)X4 + 24X3

+(66 − 2
√
−31)X2 + (40 − 8

√
−31)X

+(4 − 4
√
−31).

The denominator of Θ can be obtained by the known factorisation
of the singular values of ϕ.

6.9 Generalised principal ideal theorem

In this section we will essentially follow the exposition presented in
Schertz (2006). Let pn be a power of a prime ideal in K. Then, by
the generalised principal ideal theorem, Schertz(1990, 1999)† we obtain

† In Schertz (1999) the following has to be corrected:

(i) The prime ideal q in the definition of Hq(z) has to satisfy the additional
condition gcd(q, q) = 1,

(ii) Hq(1) has to be replaced by Hq(ω) with ω ≡ 1 mod q, ω ≡ 0 mod q.
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an expicit construction of an element πn ∈ Kpn with

πn ∼ p

1

[Kpn :Ω] . (6.17)

πn can be viewed as an analogue of the cyclotomic unit

ωn = e
2πi
pn − 1

for the power pn of a prime number p. As an element of the pn-th
cyclotomic field Qpn it has the factorisation

ωn ∼ (p)
1

[Qpn :Q] .

Furthermore, ωn is endowed with the following nice properties, that can
easily be verified:

• ωn = en(1) with pn-periodic function en(z) = e
2πi
pn z − 1.

• Let CpnZ denote the field of pn-periodic meromorphic functions on C.
Then we have the norm relation

en(z) = NCpn+1Z
/CpnZ

(en+1(z)) =
∏

ξ∈pnZ mod pn+1Z

en+1(z + ξ).

• For z = 1 and n ≥ 1 the last relation becomes a norm relation between
number fields:

ωn = NQpn+1/Qpn (ωn+1) =
∏

ξ∈pnZ mod pn+1Z

en+1(1 + ξ),

• and for n = 0 we have
e0(z)

e1(z − 1)

∣∣∣∣
z=1

= p.

Using the normalised Weierstrass σ function

ϕ(z|L) = e−
zz∗
2 σ(z|L) 12

√
Δ(L),

we will now construct an element πn in the ray class field Kpn having a
similar factorisation and satisfying an analogous norm relation.

In what follows, let p be a fixed prime ideal and q � 2 an auxiliary
ideal coprime to p satisfying the condition

gcd(q,q) = 1.

For n ∈ N we define

En(z) :=
ϕ (z − γn|qpn) ϕ (z + γn|qpn)

ϕ2 (z|qpn)
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with a solution γn of the simultaneous congruences

γn ≡ 0 mod pn,

γn ≡ 1 mod q,

γn ≡ 0 mod q.

For the definition of En(z) it is assumed that all ϕ-values involved
contain the same root 12

√
Δ(L). In fact, En(z) is then independent of

this root as it cancels out in the defining product. Using the identity
℘(u) − ℘(v) = −σ(u−v)σ(u+v)

σ2(u)σ2(v) we can express En by the Weierstrass ℘

function:

En(z) = −ϕ2 (γn|qpn)

(
℘ (z|qpn)
6
√

Δ(qpn)
− ℘ (γn|qpn)

6
√

Δ(qpn)

)
.

Therefore, En is elliptic with respect to qpn. Furthermore, En satisfies
the following norm relation:

Theorem 6.9.1 Let Cqpn denote the field of elliptic functions with
respect to qpn. Then Cqpn+1/Cqpn is a Galois extension and its Galois
group consists of all substitutions

g(z) 
→ g(z + ξ), ξ ∈ qp
n mod qp

n+1,

for g ∈ Cqpn+1 . The function En(z) satisfies the norm relation

En(z) = NCqpn+1/Cqpn (En+1(z)) =
∏

ξ∈qpnmod qpn+1

En+1(z + ξ).

For the singular values En(1) we thereby obtain:

Theorem 6.9.2 Let p and q be as above, and let Φ denote Euler’s
function in K. Then:

(i) En(1) ∈ Kqpn for n ≥ 0,

(ii) En(1) ∼ p
1

Φ(pn) for n ≥ 1,

(iii) En(1) =
NKqpn+1/Kqpn (En+1(1)) =

∏
ξ∈qpnmod qpn+1

En+1(1 + ξ)

for n ≥ 1,
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(iv)
E0(z)

E1(z − 1 + γ1)

∣∣∣∣
z=1

= NKqp/Kq (E1(1)) =
ϕ(2|q)ϕ(γ1|qp)2

ϕ(2γ1|qp)ϕ(1|q)2

12

√
Δ(q)
Δ(qp)

∼ p.

To obtain an analogous result for the extensions Kpn+1/Kpn , we have
to lose the auxiliary ideal q. We need the following well-known lemma:

Lemma 6.9.3 For every integral ideal a in K we have

gcd{N(q) − 1 | q prime ideal in K, q � 2qa} = wK ,

where wK denotes the number of roots of unity in K.

Therefore, there are finitely many prime ideals qi, i = 1, . . . , s, of
degree 1, not dividing N(p), and xi ∈ Z with

x1(N(q1) − 1) + · · · + xs(N(qs) − 1) = wK .

As above, we define for every qi a sequence of functions En,i(z) with
parameters γn,i, and by taking norms we obtain:

NKqip
n/Kpn (En,i(1)) ∼ p

N(qi)−1
Φ(pn) .

Therefore,

πn :=
s∏

i=1

(
NKqip

n/Kpn (En,i(1))
)xi

,

defines an element in Kpn having the factorisation

πn ∼ p
wK

Φ(pn) .

In view of the formula

[Kpn : Ω] =
w(pn)
wK

Φ(pn),

where w(pn) denotes the number of roots of unity in K that are con-
gruent to 1 modulo pn, we can write the factorisation of πn as

πn ∼ p

w(pn)

[Kpn :Ω] .

Herein

w(pn) = 1

except where
(i) p | 2, n ≤ 2, where w(pn) ∈ {1, 2}, for dK �= −4 and w(pn) ∈ {1, 2, 4}
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for dK = −4,
(ii) p | 3, n = 1, dK = −3, where w(pn) = 2.

Moreover, we will show now that this element can be written anal-
ogously to the cyclotomic case. We therefore note that by Reciprocity
Law the conjugates of the singular values En,i(1) over Kpn are given by

En,i(1)σ(λ) =
ϕ (λ − γn,iλ| qip

n) ϕ (λ + γn,iλ| qip
n)

ϕ2 (λ| qip
n)

,

where σ(λ) denotes the Frobenius automorphism of Kqpn/Kpn belong-
ing to (λ), λ ≡ 1 mod pn. Therefore, we define the function

E∗
n(z) :=

s∏
i=1

N(qi)−1∏
j=1

(
ϕ
(

z+(λ
(n)
i,j −1)−γn,iλ

(n)
i,j

∣∣∣qip
n
)

ϕ
(

z+(λ
(n)
i,j −1)+γn,iλ

(n)
i,j

∣∣∣qip
n
)

ϕ2
(

z+(λ
(n)
i,j −1)

∣∣∣qip
n
)

)xi

,

where for fixed i and n the numbers

λ
(n)
i,j , j = 1, . . . , N(qi) − 1,

run through a complete system of prime residue classes mod qi satisfying

λ
(n)
i,j ≡ 1 mod pn.

Now we can prove the following two theorems:

Theorem 6.9.4 Let p and q = q1 · . . . · qs with qi as above. Then the
functions E∗

n(z) are in Cqpn for n ≥ 0 and satisfy the norm relation

E∗
n(z) = NCqpn+1/Cqpn

(
E∗

n+1(z)
)

=
∏

ξ∈qpn mod qpn+1

E∗
n+1(z + ξ).

Theorem 6.9.5 Let p and q = q1 · . . . · qs with qi as above and let Φ
denote the Euler function in K. Then

(i) E∗
n(1) ∈ Kpn for n ≥ 0,

(ii) E∗
n(1) ∼ p

w(pn)

[Kpn :Ω] for n ≥ 1,

(iii) E∗
n(1) =

NKpn+1/Kpn

(
E∗

n+1(1)
) w(pn)

w(pn+1) =
∏

ξ∈qpn

mod qpn+1

E∗
n+1(1 + ξ)

for n ≥ 1,

(iv) NKpn/Ω (E∗
n(1)) ∼ pw(pn).
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Remark 6.9.6 The constructions of the above theorems can clearly be
generalised to any integral ideal a prime to q instead of pn with obvious
norm relations for two ideals a, b with a | b. Of course, for a composite
ideal a the singular values will be units.

Proof of Theorems 6.9.1, 6.9.2 and 6.9.5

Proof of Theorem 6.9.1: By Theorem 1.9.3 we have the formula∏
ξ

e−
1
2 lL(z,ξ)ϕ(z + ξ|L) = ζϕ(z|L̂) (6.18)

for two complex lattices L̂ ⊃ L and an arbitrary system of representa-
tives {ξ} of L̂/L with a 12[L̂ : L]-th root of unity ζ only depending on

the choice of representatives and the root 12
√

Δ(L̂) resp. 12
√

Δ(L) in the
definition of ϕ.

We choose L̂ = qpn, L = qpn+1. Then we obtain

∏
ξ∈qpnmod qpn+1

En+1(z + ξ) =
ϕ( z−γn+1|qpn

)ϕ( z+γn+1|qpn
)

ϕ2( z|qpn
)

, (6.19)

noting that lL(z, ξ) is a linear function of ξ, which implies that the
e−

1
2 lL(z,ξ) factors in (6.18) cancel out. Using the transformation formula

for ϕ, we can replace γn+1 on the right side in (6.19) by γn, thereby
finding the asserted norm relation.

Proof of Theorem 6.9.2 The Reciprocity Law tells us that

ϕ(δ|qpn) ∈ K12N(qpn)2 for δ ∈ OK ,

and the action of the Frobenius automorphisms σ(λ) of K12N(qpn)2/K,
λ ∈ OK coprime to 12N(qpn), is given by

ϕ(δ|qpn)σ(λ) = ε ϕ(δλ|qpn)

with ε a root of unity that is independent of δ. This implies that

En(δ) ∈ K12N(qpn)2

and

En(δ)σ(λ) =
ϕ (δλ − γnλ|qpn) ϕ (δλ + γnλ|qpn)

ϕ2 (δλ|qpn)
for δ ∈ OK \ {0}.
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For λ = 1+ τ, τ ∈ qpn, the ϕ-values in the numerator can be simplified
using the transformation formula of ϕ:

ϕ (δλ ± γnλ|qpn) = ϕ (δλ ± γn ± γnτ |qpn)

= ψ(τγn)e
1
2 l(δλ±γn,±γnτ)ϕ (δλ ± γn|qpn) ,

writing l instead of lqpn . Hence,

En(δ)σ(λ) = el(γn,γnτ)En(δλ).

Herein, the rule l(a, bc) = l(ab, c) implies that

l(γn, γnτ) = l(γnγn, τ) ∈ 2πiZ

because γnγn, τ ∈ qpn. Therefore,

En(δ)σ(λ) = En(δλ).

En being elliptic with respect to qpn, we further obtain

En(1)σ(λ) = En(1) for λ ≡ 1 mod qpn,

and it follows that En(1) is in Kqpn .
The third assertion of Theorem 6.9.2 is proved similarly: we have

Gal(Kqpn+1/Kqpn) = {σ(1 + ξ) | ξ ∈ qpn mod qpn+1}

and

En+1(1)σ(1+ξ)) = el(γn+1γn+1,ξ)En+1(1 + ξ)

with l = lqpn+1 . Herein again, l(γn+1γn+1, ξ) is in 2πiZ because ξ ∈ qpn

and γn+1γn+1 is in qpn+1p
n+1. Hence

En+1(1)σ(1+ξ) = En+1(1 + ξ),

and the third assertion is proved.
Finally, the second assertion of Theorem 6.9.2 follows from the fac-

torisation of the singular ϕ-values in Theorem 4.3.1. This factorisation
implies that the first ϕ factor in the numerator of the definition of En(1)

has the factorisation p
1

Φ(pn) , whereas the other ϕ values are units.

Proof of Theorem 6.9.5 The first two assertions have already been shown.
The third assertion follows analogously the proof of Theorem 6.9.2 from
the Reciprocity Law, and the last follows from the third.
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Integral basis in ray class fields

We start by some motivating remarks on cyclotomic fields. Let f > 1 be
a natural number and ζ a primitive f -th root of unity. Then

kf := Q(ζ)

is the ray class field modulo f over Q, and ζ is known to generate a
power basis over Z for the ring of integers of in kf :

of = Z[ζ].

Therefore, the ray class field modulo f over Q is generated by a torsion
point of the unit circle and the same torsion point yields a power basis
for ring of integers in kf .

We replace Q by the Hilbert class field Ω of an imaginary quadratic
number field K and, given an integral ideal f in K, we consider the ray
class field Kf instead of kf . According to Theorem 6.2.3, Kf is generated
over Ω by singular values of Weber’s τ function :

Kf = Ω(τ(δ|O)),

where δ ∈ K \ O has order f, i.e. f is the denominator of the ideal (δ).
Geometrically, τ(δ|O) is the x-coordinate of a torsion point of an elliptic
curve defined over Ω. We may pose the question whether analogous to of

the ring of integers in Kf can explicitly be constructed by torsion points
of an elliptic curve. However, studying simple examples, it transpires
that the singular values τ(δ|O) are not suitable for this purpose because
their discriminants have too many divisors. Fueter then (1924, 1927)
introduced the normalisation of ℘ given by the Fueter model in section
8.7.2, to determine the divisors of the relative different of Kf/Ω without
proving any result on an integral basis in ray class fields – probably due
to the lack of the conductor–discriminant formula as in Theorem 3.3.4.

190
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First results on an integral basis were proved 60 years later by
Cassou-Noguès and Taylor (1987), again using the function from the
model of Fueter. Their book was the "kick-off" for the integral com-
plex multiplication. Then, using other models, Cougnard and Fleckinger
proved similar results, for example those in their 1989 paper. However,
these results did not cover all cases and most of them assumed a higher
base field than Ω.

In this chapter we will follow and refine the ideas used in Schertz(1989,
1990). First, in section 7.1, we introduce a suitable normalisation of the
Weierstrass ℘ function that is different from the normalisations used
before. Then, after a calculation of the discriminant in section 7.2 that
uses the first identity of Theorem 1.3.2, together with the factorisation of
ϕ values in Theorem 4.3.1, we obtain an integral basis for all extensions
Kf/Ω in sections 7.4 and 7.5. The main results in Theorems 7.4.1 and
7.5.3 do not provide power bases in all cases, and in fact one can prove
that some extensions Kf/Ω do not have an integral power basis, as in
the cyclotomic case. Finally, by reformulating the result for kf/Q, we
will see in section 7.4.1 that Theorem 7.4.1 is the elliptic analogue of the
cyclotomic result.

We conclude this chapter by explaining the generalisation of Bley
(1994) to the extensions Kt,f/Ωt with t > 1.

7.1 A normalisation of the Weierstrass ℘ function

In what follows, let O = Ot be an order in a quadratic imaginary
number field K. In O we choose a fixed basis

O = [α, 1], �(α) > 0.

Assuming that

t = 1 in the cases d = −3,−4,

we know by Theorem 6.6.10 that there are algebraic units ε2, ε3 with

γ2(α)
ε2

,
γ3(α)

ε3
∈ Ω.

We define the following normalisation of the ℘ function for the lattice O.
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Definition 7.1.1 (normalisation of the ℘ function) For δ ∈ K \O

we set

P(δ) := P(δ|α1 ) :=

(
ε
℘(δ|O)
6
√

Δ(α
1 )

)e

with

ε =

⎧⎨
⎩

ε2ε3 if d �= −3,−4,

ε3 if d = −3,

ε2 if d = −4.

e denotes the half of the number of roots of unity in O: e=1, 3, 2
according to whether d �= −3,−4, d = −3 resp. d = −4.

We note the relation between Weber’s τ function and P:

P(δ) =

⎧⎪⎨
⎪⎩

− 1
12

ε2ε3
γ2(α)γ3(α)τ

(1)(δ|O) if d �= −3,−4,

1
122

ε22
γ2(α)2 τ (2)(δ|O) if d = −3,

− 1
123

ε33
γ3(α)τ

(3)(δ|O) if d = −4.

Using this relation, we can apply Theorem 6.2.3 to derive:

Theorem 7.1.2 For δ ∈ K \ O and an integral ideal f of O with
δf ⊆ O we have

P(δ) ∈ Kt,f,

and the action of the Galois group of Kt,f/Ωt on P(δ) is given by

P(δ)σ(ν) = P(δν)

for every ν ∈ O coprime to tf. σ(ν) denotes the Frobenius automorphism
of Kt,f/K belonging to the ideal νO1.

For explicit calculations it is necessary to have an explicit formula for
the unit ε and its conjugates. Such a formula is provided by the next
theorem.

Theorem 7.1.3 Let p,q be two primitive ideals of O, such that their
product is primitive as well, with norms p and q prime to 6t. These
ideals can always be chosen in such a way that their norms satisfy the
conditions

p ≡ q ≡ −1 mod 4 if 2|td and 3 � td,

p ≡ q ≡ −1 mod 3 if 2 � td and 3|td,

p ≡ q ≡ −1 mod 12 if 2|td and 3|td.
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We can choose α ∈ H such that

α, α
p , α

q resp. α
pq are quotients of a basis of O,pt,qt resp. ptqt.

Further, we assume the coefficient B in the equation X2 + BX + C = 0
of α to satisfy the congruences

B ≡ 0 mod 3 if 3 � td or d = −3,

B ≡ 1 mod 4 if 2 � td,

B ≡ 0 mod 4 if d = −4.

Then

ε(α) :=

⎧⎨
⎩

η( α
pq )η(α)

η( α
p )η( α

q ) for d �= −3,−4,

1 for d = −3,−4

is an algebraic unit, and for δ and f as in Theorem 7.1.2 we have

P(δ|α1 ) :=

(
ε(α)

℘(δ|α1 )
6
√

Δ(α
1 )

)e

∈ Kt,f.

The conjugates over K are obtained as follows: we choose an N -system
αi ∈ K for N = 12pqN(f) and further, a system of integers ν ∈ K

prime to tf such that the corresponding Frobenius automorphisms σ(ν)
are just the different elements of the Galois group of Kt,f/Ωt. Then, the
conjugates are given by

P(δν|αi

1 ).

7.2 The discriminant of P(δ)

In the following, we will assume that t = 1. Then, O is the maximal
order in K, and f is an integral ideal of O. In this case Kt,f = Kf is
the ray class field modulo f over K and Ωt = Ω is the Hilbert class field
of K.

According to Theorem 7.1.2 the discriminant of P(δ) with respect to
the extension Kf/Ω can be written as

dKf/Ω(P(δ)) = NKf/Ω

⎛
⎝∏

σ(ν)

(P(δν) − P(δ))

⎞
⎠ ,

where σ(ν) runs through all non-trivial automorphisms of Kf/Ω. Its
factorisation is given by the next theorem:
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Theorem 7.2.1 Let δ ∈ K \O have order f. Then

dKf/Ω(P(δ)) ∼

⎧⎨
⎩

d
wf
Kf/Ω for f composite,

1

p
2w

f
(n−1) d

wf
Kf/Ω for f = pr

with a prime ideal p. Herein n = [Kf : Ω], and wf denotes the number
of roots of unity in K congruent to 1 modulo f.

Proof By the formula of Theorem 1.3.2 the factorisation of the discrim-
inant is reduced to the factorisation of values of the Klein form ϕ. In
this way, we obtain the relation

P(δν) − P(δ) =
e−1∏
s=0

(−ε)
ϕ(δ(ν − λs))ϕ(δ(ν + λs))

ϕ(δν)2ϕ(λsδ)2
(7.1)

with a primitive 2e-th root of unity λ, and for abbreviation we have set

ϕ(z) := ϕ(z|α1 ).

The factorisation we are aiming at is now obtained from Theorem 4.3.1.
As δ has denominator f, the ϕ-values in the denominator of the right-

hand side in (7.1) are associated with 1 or to p
1

Φ(f) according to whether
f is composite or the power of a prime ideal p. It follows that

P(δν) − P(δ) ∼
∏
ζ∈E

ϕ(δ(ν − ζ)) if f is composite

and

P(δν) − P(δ) ∼ 1

p
4e

Φ(pr)

∏
ζ∈E

ϕ(δ(ν − ζ)) if f = pr

is the power of a prime ideal. E denotes the group of roots of unity in
O. Since o(δ(ν − ζ),O) divides o(δ,O) = f, Theorem 4.3.1 implies that

ϕ(δ(ν − ζ)) �∼ 1 ⇐⇒ o(δ(ν − ζ),O) = pt

with the power pt of a prime ideal dividing f, and in this case we have

ϕ(δ(ν − ζ)) ∼ p
1

Φ(pt) .

Now let p be a prime ideal dividing f and

f = bpr, p � b,
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with an integral ideal b. For ν ∈ O, ζ ∈ E and 0 ≤ i ≤ r − 1 we then
have the equivalence

o(δ(ν − ζ),O) = pr−i ⇐⇒
{

δ(ν − ζ) ≡ 0 mod bpi,

δ(ν − ζ) �≡ 0 mod bpi+1,

and, since δ has the denominator f, this means that

o(δ(ν − ζ),O) = pr−i ⇐⇒
{

ν ≡ ζ mod bpi,

ν �≡ ζ mod bpi+1.

The last condition implies that σ(ν) is in the Galois group of Kf/Kbpi .
Hence, only those differences P(δν) − P(δ) give us a "p-contribution"
to the discriminant, for which σ(ν) is in the Galois group of Kf/Kbpi .
For every such ν, there is exactly one i = i(ν), 0 ≤ i ≤ r − 1, with

σ(ν) ∈ Gal(Kf/Kbpi) \ Gal(Kf/Kbpi+1),

which is equivalent to

ν ≡ ζ mod bpi for a ζ ∈ E,

ν �≡ ζ mod bpi+1 for all ζ ∈ E.

Now we set

Ej(ν) := {ζ ∈ E | ν ≡ ζ mod bpj}.

Then

E0(ν) ⊇ E1(ν) ⊇ . . . ⊇ Ei(ν) �⊇ Ei+1 = φ

and

|Ej(ν)| = w(bpj) f|r j = 0, . . . , i.

Writing

wj := w(bpj),

we have the factorisation∏
ζ∈Ei

ϕ(δ(ν − ζ)) ∼ pei

with

ei = w0
1

Φ(pr)
for i = 0,

ei = (w0 − w1)
1

Φ(pr)
+ · · · + (wi−1 − wi)

1
Φ(pr−i+1)

+ wi
1

Φ(pr−i)
for 1 ≤ i ≤ r − 1.
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We contend that

ei =
1

Φr
ci with ci :=

i∑
j=0

wjΦj ,

where for brevity we have set

Φj := Φ(pj).

For verification, we first write

eiΦr :=
i∑

j=0

wi

(
Φr

Φr−j
− Φr

Φr−j+1

)
.

Keeping in mind 0 ≤ i ≤ r − 1, we have

Φr

Φr−j
− Φr

Φr−j+1
=

(p − 1)pr−1

(p − 1)pr−j−1
− (p − 1)pr−1

(p − 1)pr−j
= pj − pj−1 = Φj ,

where p denotes the norm of p. Now we can conclude the p-part of the
discriminant to be

p
vp(dK

f
/Ω((P(δ))

=

⎧⎨
⎩

pm for f composite,(
1

p
1

Φr

)4e(n−1)n

pm for f = pr

with n = [Kf : Ω] and

m = [Kf : Ω]
r−1∑
i=0

ei([Kf : Kbpi ] − [Kf : Kbpi+1 ]).

Using the formulae

[Kf : Ω] = [Kb : Ω]
wr

w0
Φr and [Kf : Kbpi ] =

w0Φr

wiΦi
,

we can now write m as

m = [Kb : Ω]
w2

r

w0
Φr

r−1∑
i=0

ci

(
1

wiΦi
− 1

wi+1Φi+1

)
.

By partial summation this becomes

m = [Kb : Ω]w2
r

w0
Φr

(
c0

1
w0Φ0

− cr
1

Φr
+

r∑
i=1

(ci − ci−1) 1
wiΦi

)
= [Kb : Ω]w2

r

w0
Φr

(
1 − cr

1
wrΦr

+ r
)

= [Kb : Ω]wr

w0
((r + 1)wrΦr − cr) .
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Comparing this formula to that for the relative discriminant of Kf/Ω in
Theorem 3.3.5, we then obtain the formula asserted in Theorem 7.2.1,
bearing in mind that Ω/K is unramified and hence

NΩ/K(dKf/Ω) = dKf/K ,

which implies that

d
[Ω:K]
Kf/Ω = dKf/K .

7.3 The denominator of P(δ)

As in section 7.2 we are still assuming that t = 1. In view of the integral
basis to be constructed and the discriminant formula of Theorem 7.2.1,
it is interesting to ask whether the values P(δ) are integral. Then, for
composite order f of δ and wf = 1 the value P(δ) would generate a
relative integral power basis for Kf/Ω. However, P(δ), even for composite
f, is in general not integral. A suitable modification is provided by the
following theorem:

Theorem 7.3.1 There exists a number P ∈ Ω that is independent of
δ and has the following properties:

P(δ) − P is integral for f composite,

p
2e

Φ(pr) (P(δ) − P ) is integral for f = pr the power of a prime ideal.

Proof First we assume 2 and 3 not to be inert in K. In this case there
exist two prime ideals p2,p3 of K of norm 2 and 3. We chose δ0 ∈ K of
order p2p3, and we set

P := P(δ0).

Then, by Theorem 7.1.2 P(δ0) ∈ Kp2p3
and, since in this case Kp2p3

=
Ω, we have P ∈ Ω. As in section 7.2 we use the formula

P(δ) − P(δ0) =
e−1∏
s=0

(−ε)
ϕ(δ − λsδ0)ϕ(δ + λsδ0)

ϕ(δ)2ϕ(λsδ0)2
.

Herein ϕ(λsδ0) ∼ 1, since the order of δ0 is composite, and we have

ϕ(δ)2 ∼ p
2

Φ(pr)
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if f = pr the power of a prime ideal. This implies that P = P(δ0) has
the required properties.

This construction of P is always possible if there exists a composite
ideal g in K with Kg = Ω. For example, this is true for d = −3,−4,
taking g = p2p3 resp. g = p2p5 with prime ideals dividing 2, 3 and 5.

In the remaining cases, we let δ0 be of composite order g. Then we first
obtain by summation of the numbers P(δ)−P(δ0ν) with the conjugates
P(δ0ν) of P(δ0) that

nP(δ) − trKg/Ω(P (δ0)) with n = [Kg : Ω],

satisfies the required integrality conditions. To lose the factor n, we
then have to take suitable gcd’s for suitable g’s. We may assume that
d �= −3,−4, since P has already been constructed in these cases. Then
K �⊆ Q(

√
−3),

√
−4) and, by Theorem 3.2.3 we conclude that there

exists a prime ideal q of degree 1 in K of norm q that is prime to 6 and
inert in both Q(

√
−3) and Q(

√
−4). Hence, the decomposition law for

Q(
√
−3) and Q(

√
−4) implies that

q ≡ −1 mod 12.

Now, choosing prime ideals p2,p3 in K dividing 2 and 3, we set

g1 := p2p3, g2 = p2q, g3 = p3q,

and we choose δi ∈ K \ O, i = 1, 2, 3, of order gi. Then, the gcd of the
degrees ni = [Kgi

: Ω] is equal to 1 because of

n1 = 1, 3, 4, 12,

n2 = m2
q−1
2 ,m2 = 1, 3,

n3 = m3
q−1
2 ,m3 = 2, 8,

and

gcd(q − 1, 12) = 2.

Hence, there exist a1, a2, a3 ∈ Z with

a1n1 + a2n2 + a3n3 = 1.

Thus, by

P = n1trKg1
/Ω(P(δ1)) + n2trKg2

/Ω(P(δ2)) + a3trKg3
/Ω(P(δ3))

we have constructed a number P ∈ K with the desired properties.
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The following theorem describes the denominators of the numbers P

in Theorem 7.3.1, where the denominator of P is understood as the
largest ideal n of Ω such that nP is integral.

Theorem 7.3.2 12eP is always integral. More precisely:
3eP has denominator (1), (2)e resp. (4)e according to whether 2 is inert,
ramified resp. split in K.
4eP has denominator (1), (3)

e
2 resp. (3)e according to whether 3 is inert,

ramified resp. split in K.

Proof First we assume that d �= −3,−4. Then, for every N ∈ N \ {1}
we have the formula ∑

ξ ∈ 1
N

O \ O

±ξ mod O

P(ξ) = 0.

To prove this formula, note that

∑
±(x, y) mod N

gcd(x, y, N) �= N

℘

(
xω + y

N

∣∣∣∣ ω

1

)

defines a modular form of weight 2, holomorphic in H∗, which by Theo-
rem 2.5.3 must be equal to zero.

We use this formula for N = 2 to prove the first assertion of our
theorem. In this case the system of representatives of 1

2O\O modulo O

is given by the elements ξ1, ξ2, ξ3. We further choose ξ ∈ K of composite
order prime to 2. Then, P and P(ξ) have the same denominator. Using
the above formula, we can write

3P(ξ) = (P(ξ) − P(ξ1)) + (P(ξ) − P(ξ2)) + (P(ξ) − P(ξ3)).

Herein, according to Theorem 1.3.2, for each summand we have

P(ξ) − P(ξi) ∼
ϕ(ξ − ξi)ϕ(ξ + ξi)

ϕ(ξ)2ϕ(ξi)2
.

By Theorem 4.3.1 it follows that their denominators ni are associated
with ϕ(ξi)2, which again by Theorem 4.3.1 implies the factorisation

ni ∼
{

(1) if o(ξi,O) composite,
p

2
Φ(pr) if o(ξi,O) = pr a power of a prime ideal.
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For o(ξi,O) we find, according to the decomposition of 2 in K, the
ideals:

(2), (2), (2) if 2=p2,
p, p2, p2 if 2=p2,
p, p, (2) if 2 = pp.

Hence, the denominators ni are equal to

(2)
2
3 , (2)

2
3 , (2)

2
3 if 2=p2,

p2, p, p if 2=p2,
p2, p

2, (1) if 2 = pp,

For the denominator of 3P(ξ) and hence for the denominator n of 3P

this implies that

n|(2)
2
3 if 2 = p,

n = p2 = (2) if 2 = p2,

n = p2p
2 = (4) if 2 = pp,

and, more precisely, for 2 = p we have n = (1) since P is in Ω and
2 is unramified in Ω. This proves the first assertion of Theorem 7.3.2.
The proof of the second assertion is obtained in the same way using the
above formula for N = 3.

For d = −3,−4 an element P with the properties of Theorem 7.3.1 is
given by

P(δ0) with o(δ0,O) =
{

(2
√
−3) if d = −3,

(1 +
√
−1)(1 + 2

√
−1) if d = −4,

and an explicit calculation shows that in these cases P(δ0) is associated
with

2
√
−3
9

resp.
1 + 2

√
−1

4
,

which implies the asssertion of our theorem.

In some cases the construction of P can be symplified using Theorem
7.3.2, which is useful for numerical purposes in particular:

Theorem 7.3.3 Let p2,p3,p5 be prime ideals dividing 2, 3, 5, and let
p be a prime ideal of degree 1 and norm p ≥ 5 in K. Then, a number
having the property of Theorem 7.3.1 is given by



7.4 Construction of relative integral basis 201

P = 0 if 2 = p2 and 3 = p3,

P = P(δ0), o(δ0,O) = p2p3 if (2 �= p2 and 3 �= p3),
or d = −3

P = P(δ0), o(δ0,O) = p2p5 if d = −4,

P = P(δ0), o(δ0,O) = 2 if 2 split in K,
P = −trKp/Ω(P(δ0)), o(δ0,O) = p if 2 = p2 and p ≡ −1 mod 3,

P = −
(

2
p

)
trKp/Ω(P(δ0)), o(δ0,O) = p if 3 = p3 and p ≡ −1 mod 4.

Proof The first assertion of Theorem 7.3.3 follows from Theorem 7.3.2.
The 2nd, 3rd and 4th construction of P is obtained as at the beginning
of the proof of Theorem 7.3.1. For the last two constructions we conclude
as follows: let P0 be the number from Theorem 7.3.1. By assumption we
have d �= −3,−4 in this case, so e = 1 in the definition of P, and similar
to the proof of Theorem 7.3.1, it follows that the denominator of

P0 − P(δ0)

divides p
2

p−1 . We have P(δ0) ∈ Kp and

[Kp : Ω] =
p − 1

2
.

Hence
p − 1

2
P0 − trKp/Ω(P(δ0))

is in Ω having a denominator dividing p
2

p−1 , but since p is unramified
in Ω and p ≥ 5, the denominator must be (1).

For 2 = p2, p ≡ −1 mod 3 the number 3P0 is integral according to
Theorem 7.3.1 and p−1

2 ≡ −1 mod 3. Hence

−P0 − trKp/Ω(P(δ0))

is integral. This proves the fifth assertion of Theorem 7.3.2. The sixth
assertion is proved completely analogously.

7.4 Construction of relative integral basis

We will use the preparations of sections 7.1 to 7.3 to prove the following
theorem:

Theorem 7.4.1 Let f be an integral ideal of K, and let δ ∈ K \ O

have denominator f. Let P be any number in Ω having the properties
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described in Theorem 7.3.1. We set

Θ := P(δ) − P.

Then a basis for the ring of integers OKf
of Kf is given by

OKf
= OΩ[Θ] if f is composite,

OKf
= OΩ + OΩαΘ + · · · + OΩαΘn−1 if f = pr � 2

is a prime ideal power,

OKf
= OΩ[αΘ] if f = pr|2

is a prime ideal power,
where OΩ denotes the ring of integers of Ω, n = [Kf : Ω], and α is a
number in Ω with α ∼ p.

Proof The assertions are obtained by Theorems 7.2.1 and 7.3.1. For f

composite we have wf = 1, and Θ is integral according to Theorem 7.3.1.
By Theorem 7.2.1 we then have

dKf/Ω(Θ) = dKf/Ω(P(δ)) ∼ dKf/Ω,

thereby proving the first assertion. For f = pr a prime ideal power not
dividing 2 again wf = 1. With a number α ∈ Ω associated with p,
Theorem 7.2.1 again yields

dKf/Ω(1, αΘ, . . . , αΘn−1) = α2(n−1)dKf/Ω(P (δ0)) ∼
α2(n−1)

p2(n−1)
∼ dKf/Ω.

This is the second assertion since, according to Theorem 7.3.1, the num-
bers αΘi, i = 1, . . . , n − 1, are integral. In the remaining case, when
f = pr|2, we have wf = 2, so the assertion also follows from Theorems
7.3.1 and 7.2.1.

Examples 7.4.2

(i) Let dK = −20, f = (
√
−5)(3Z + (1 +

√
−5)Z). Then Ω =

K(
√
−1),

[
Kf : Ω

]
= 4 and

OKf
= OΩ[Θ],

with

mΘ,Ω = X4 +
1
2
(1 + 3

√
5 + 3

√
−5 −

√
−1)X3
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+ (
√

5 +
√
−5 + 7

√
−1)X2

+
1
2
(−3 − 3

√
5 + 3

√
−5 + 7

√
−1)X

− 1
2
(3 +

√
5).

(ii) Let dK = −4, f = (π), π = 1 + 6i. Then Ω = K,
[
Kf : Ω

]
= 9 and

OKf
= OΩ + OΩπΘ + · · · + OΩπΘ8,

with

mΘ,Ω = X9 − (3 − 8i)X8 − (31 − 4i)X7 + (43 + 50i)X6

+ (31 − 83i)X5 + (75 − 5i)X4 + (17 + 36i)X3

− (9 − 9i)X2 − (2 + i)X +
1 − 6i

37

(iii) Let dK = −163, f = (2). Then Ω = K,
[
Kf : Ω

]
= 3 and

OKf
= OΩ[2Θ],

with

mΘ,Ω = X3 + 22 · 5 · 23 · 29X − 7 · 11 · 19 · 127
4

√
−163.

(iv) Let dK = −7, f = (12). Then Ω = K,
[
Kf : Ω

]
= 16 and

OKf
= OΩ[Θ],

with

mΘ,Ω = X16 +
(
4 + 4

√
−7

)
X15 +

(
−57 + 15

√
−7

)
X14

+
(
−193 − 83

√
−7

)
X13 +

(
1403

2 − 477
2

√
−7

)
X12

+
(
1533 + 735

√
−7

)
X11 +

(
− 9123

2 + 2063
2

√
−7

)
X10

+
(
−3235 − 3257

√
−7

)
X9 +

(
25179

2 − 1395
2

√
−7

)
X8

+
(
−1067 + 5239

√
−7

)
X7 +

(
− 22605

2 − 2483
2

√
−7

)
X6

+
(
3273 − 2541

√
−7

)
X5 +

(
2869 + 699

√
−7

)
X4

+
(
−617 + 325

√
−7

)
X3 +

(
−174 − 42

√
−7

)
X2

+
(
8 − 8

√
−7

)
X + 1

7.4.1 Analogy to cyclotomic fields

The result of Theorem 7.4.1 is unexpected in view of the result on cy-
clotomic fields mentioned at the beginning of this chapter. However, as
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we are going to show, there is a remarkable analogy to cyclotomic fields.
For explanation, we start by considering the limit

lim
�(ω)→∞

℘
(

1
N

∣∣ ω
1

)
6
√

Δ(ω
1 )

=
1
12

+
ζ

(1 − ζ)2

whith the primitive N -th root of unity

ζ = exp
(

2πi
N

)
.

By Q+
N we denote the maximal real subfield of the N -th cyclotomic field

and by O
+
N its ring of integers. Then, with the number

θ :=
ζ

(1 − ζ)2
=

1(
ζ

1
2 − ζ−

1
2

)2

from the above limit the following theorem holds:

Theorem 7.4.3 For N > 3 we have

O
+
N = Z[θ] if N is composite,

O
+
N = Z + Zpθ + · · · + Zpθn−1 if N = pr is a prime power,

where n denotes the degree of Q+
N/Q.

Proof First, θ is obviously in Q+
N . To prove the theorem, we apply on the

one hand the conductor discriminant formula to the extension Q+
N/Q to

calculate its discriminant. On the other hand the discriminant of θ with
respect to this extension has to be computed. Both computations are
formally completely analogous to the computations in section 7.2, and
can be seen by the following proof sketch: first, we have

d
Q

+
N /Q

(θ) = N
Q

+
N /Q

⎛
⎝∏

σ(ν)

(
θ − θσ(ν)

)⎞⎠ ,

where σ : ν 
→ σ(ν), ν > 0, is the usual parametrisation by class field
theory for the Galois group of Q+

N/Q. In the product σ(ν) runs through
all non-trivial automorphisms of Q+

N/Q. The factors of the product can
be written in the form

θ − θσ(ν) =
ψ(δ(ν − 1)ψ(δ(ν + 1))

ψ(δ)2ψ(δν)2

with the function

ψ(x) = 1 − exp(2πix) and δ =
1
N

.
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From cyclotomic theory we know that ψ(x), x ∈ Q \ Z, has the
factorisation

ψ(x) ∼
{

1 if the denominator of x is composite,
(p)

1
φ(pr) if the denominator of x is a prime power pr,

where φ denotes the Euler function in Z. Hence, the above difference has
the factorisation
θ − θσ(ν) ∼

∏
ξ∈E

ψ(δ(ν − ξ)) if N is composite,

θ − θσ(ν) ∼ 1

(p)
4

φ(pr)

∏
ξ∈E

ψ(δ(ν − ξ)) if N = pr is a prime power,

where E = {±1} denotes the unit group of Z. The computation of the
discriminant of θ is now completely analogous to the computation in
section 7.2.

7.5 Relative integral power basis

In this section we are interested in the relative power basis for the ex-
tension Kf/Ω. For composite f such bases are given by Theorem 7.4.1,
whereas for non-composite f � 2, the bases of Theorem 7.4.1 are no power
bases. By modifying our construction we will show in this section that
"for enough torsion points in the base field" a relative integral power ba-
sis can always be constructed. Given an integral ideal f in K, we choose
a prime ideal p∗ not dividing f, and we will construct integral power
bases for the extension

KfKp∗/Kp∗ .

For N(p∗)|6 we have Kp∗ = Ω, so that the following theorem also con-
tains an integral power basis for Kf/Ω in some cases when f is a prime
ideal power.

For the following we will again restrict ourselves to the case of t = 1.
Instead of P(δ), we will now use the function

Q(δ) :=
1

α2wp∗ (P(δ) − P(δ∗))

with

δ, δ∗ ∈ K \O, o(δ,O) = f, o(δ∗,O) = p∗.

The number α is chosen according to Theorem 6.9.5 in Kp∗ having the
factorisation

α ∼ p∗ 1
n∗ , n∗ = [Kp∗ : Ω].
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By Theorem 7.1.2 Q(δ) is in KfKp∗ , and to compute the relative dis-
criminant of Q(δ) we have, in analogy to section 7.2, to factorise the
differences

Q(δ) −Q(δν) =
P(δν) − P(δ)

α2wp∗ (P(δ) − P(δ∗))(P(δν) − P(δ∗))
.

As in section 7.2 we obtain

Q(δ) −Q(δν) ∼
∏
ζ∈E

ϕ(δ(ν − ζ)),

and since the Galois group of KfKp∗/Kp∗ is isomorphic to the Galois
group of Kf/Ω by σ(ν) 
→ σ(ν)|Kf, we find analogously to Theorem 7.2.1

dKfKp∗/Kp∗ (Q(δ)) ∼ dKf/Ω if wf = 1.

For the following, we assume that wf = 1. Then, we have the diagram

LM

� �
L M

� �
L ∩ M = Ω

for the extensions L = Kf, M = Kp∗ . By the tower discriminant formula
we obtain

NM/Ω

(
dLM/M

)
d
[LM :M ]
M/Ω = d

[LM :L]
L/Ω NL/Ω

(
dLM/L

)
.

Since p∗ � f, the discriminants dM/Ω and dL/Ω must be coprime. Hence

d
[LM :L]
L/Ω |NM/Ω

(
dLM/M

)
.

On the other hand the above computation of the discriminant of Q(δ)
yields

NM/Ω

(
dLM/M

)
|NM/Ω

(
dLM/M (Q(δ)

)
= NM/Ω

(
dL/Ω

)
= d

[M :Ω]
L/Ω ,

and this implies the equality in the next theorem because [LM : M ] =
[L : Ω].

Theorem 7.5.1 We assume that wf = 1. Then

NKp∗/Ω(dKfKp∗/Kp∗ (Q(δ))) ∼ NKp∗/Ω(dKfKp∗/Kp∗ ).
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Now we have again to deal with the problem of Q(δ) not being integral
in general, which is solved by:

Theorem 7.5.2 There exist a number Q∈Kp∗ , independent of f,
such that

Q(δ) − Q

is integral.

The condition wf = 1 in Theorem 7.5.1 is always satisfied for f � 2.
Therefore, by Theorems 7.5.1 and 7.5.2 we obtain:

Theorem 7.5.3 Let f � 2 be an integral ideal and p∗ a prime ideal in
K not dividing f. Then, with the above notations,

OKfKp∗ = OKp∗ [Q(δ) − Q] .

Proof of Theorem 7.5.2 We choose a prime ideal p1 different from p∗

and an element δ1 ∈ K with o(δ1,O) = p1. Then

Q(δ) −Q(δ1) is integral,

as can be seen from the factorisation

Q(δ) −Q(δ1) = P(δ1)−P(δ)

α
2wp∗

(P(δ)−P(δ∗))(P(δ1)−P(δ∗))

∼ ϕ(δ)2eϕ(δ∗)2eϕ(δ1)
2eϕ(δ∗)2e

α
2wp∗

ϕ(δ)2eϕ(δ1)2e
ϕ(δ + δ1)eϕ(δ − δ1)e

∼ ϕ(δ + δ1)eϕ(δ − δ1)e.

If Q(δ1) is in Kp∗ , then clearly Q = Q(δ1) has the desired properties.
Otherwise, as we will show, one can find a prime ideal p2 �= p∗, such
that the degrees ni = [Kpi

: Ω], i = 1, 2, are coprime. Then, as in the
proof of Theorem 7.3.1 it is clear that

Q = a1trKp1
Kp∗/Kp∗ (Q(δ1)) + a2trKp2

Kp∗/Kp∗ (Q(δ2))

for suitable ai ∈ Z with a1n1 + a2n2 = 1 has the property we want.
To show the existence of two prime ideals p1,p2 necessary for the

above construction of Q, we first assume that d < −4, and we take, as
in the proof of Theorem 7.3.1, a prime ideal p1 of degree 1 with

N(p1) ≡ −1 mod 12
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and a prime ideal p2 dividing one of the primes 2, 5, 7, 17. The corre-
sponding degrees ni then satisfy

gcd(n1, 6) = 1,

n2 = 1, 2, 3, 6, 8, 12, 24, 144.

If d = −3,−4, then there exist three prime ideals pi, such that the
degrees ni = [Kpi

: Ω] for any two of the pi are coprime. For d = −3
the three ideals can be chosen as divisors of 2, 3 and 5, with degrees ni

equal to 1, 1 and 4. If d = −4, we take the prime ideal divisors of 2 and
5 having degrees ni equal to 1.

Example 7.5.4 Let d = −7. Then K = Ω, 2 is split in K, 2 = p2p2.
Therefore, we can find elements δ2, δ2 ∈ K such that

o(δ2,O) = p2 and o(δ2,O) = p2.

Then, with α = 1+
√
−7

2 ∼ p2, we have

Q =
1

α4(P(δ2) − P(δ2))
∈ Ω,

and, according to Theorem 7.5.2, we obtain a power basis for Kp/Ω,

p =
[
23, 19+

√
−7

2

]
, generated by

Θ :=
1

α4(P(δ) − P(δ2))
− 1

α4(P(δ2) − P(δ2))
,

where δ has order o(δ,O) = p. The minimal polynomial of Θ over K is
given by

X11 +
(
3 + 3

√
−7

)
X10 +

(
−61 + 23

√
−7

2

)
X9

+
(
−239 − 57

√
−7

2

)
X8 +

(
263 − 185

√
−7

2

)
X7

+
(

559 + 125
√
−7

2

)
X6 +

(
−299 + 119

√
−7

2

)
X5

+
(

5 − 73
√
−7

2

)
X4 +

(
44 + 24

√
−7

)
X3

+
(
−40 + 5

√
−7

)
X2 +

(
−2 − 4

√
−7

)
X + 1

By Theorems 7.4.1 and 7.5.3 we have found a relative integral basis
for the extension Kf/Ω up to three series of exceptions:
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Remark 7.5.5 (exceptional series) Let d �= −3,−4 and [Kf : Ω] ≥ 3.

Then by Theorems 7.4.1 and 7.5.3 we do not get integral relative power
bases for Kf/Ω in the following cases:

(i) 2 and 3 inert in K, f = pr � 2,

(ii) 2 inert and 3 not inert in K, f = pr,p|3,

(iii) 3 inert and 2 not inert in K, f = pr,p|2.

In fact, Cougnard and Fleckinger (1989), Klebel (1995) and Verant
(1990) have proved for seven extensions Kf/Ω of series 1 the non-existence
of a relative integral power basis. For the series 2, so far, only one ex-
ception is known, and for the series 3 a counterexample has not yet
been discovered, mainly because of the numerical difficulties due to
the degree [Kf : Q], which is quite high in these cases. From Klebel
(1995) we quote the following table. The last row contains the number
of generators for a relative integral power basis modulo numbers of Ω.
It is remarkable that in the cases considered, this number is at most
equal to 1.

series f d [Kf : Ω] #PB − Gen.

p7 -19 3 · 2 0
-19 4 · 2 0
-43 4 · 2 0
-67 4 · 2 0p3 = (3)

-163 4 · 2 0
-19 5 · 2 1

p11 -43 5 · 2 1
-67 6 · 2 0

2 and 3 inert

p2
2 = (4)

-163 6 · 2 0

-51 3 · 4 1
-123 3 · 4 12 inert, 3 ramified p2

3 = (3)
-267 3 · 4 0

2 ramified, 3 inert p4
2 -40 4 · 4 ?
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7.6 Bley’s generalisation for Kt,f/Ωt with t > 1

The results of Theorem 7.4.1 have been generalised to the extensions
Kt,f/Ωt by Bley (1994). Similar to Theorem 7.4.1 the construction relies
on the function P(δ|O) for a non-maximal order O. To explain Bley’s
results, we need some preparations:

First, we have to exclude the discriminants d = −3,−4 because the
units ε1, ε2 needed for the definition of P do not exist in these cases.
Further, we have to assume f to be an integral proper ideal of Ot. There
is no loss of generality here since the ideal f of Ot is a proper ideal of a
larger order Ot′ with t′|t. And by class field theory in this situation we
have the equality

Kt,f = Kt′,f

and the inclusion

Ωt′ ⊆ Ωt.

Hence, the generator of a relative integral power basis for Kt′,f/Ωt′ must
also be a generator of a relative integral power basis for Kt,f/Ωt. The
same argument also holds for the integral bases constructed in the fol-
lowing Theorem 7.6.1 which are no power bases.

The generalisation of Theorem 7.4.1 relies mainly on Theorem 4.3.2,
which contains the factorisation of ϕ(ξ|a) := ϕ(ξ|α) for α being the basis
of a proper ideal a of a non-maximal order. In this way Bley proves the
following theorem:

Theorem 7.6.1 Let f be a proper ideal of Ot and δ ∈ K with δOt = c
f
,

where c is an integral ideal of Ot coprime to f. Then

P(δ|Ot) ∈ Kt,f,

and we have

dK
t,f/Ωt

(P(δ|Ot)) ∼

⎧⎪⎨
⎪⎩

dK
t,f/Ωt

for fO1 composite,
1

p4κm(m−1) dK
t,f/Ωt

for fO1 = pr � 2

a prime ideal power.

Herein m := [Kt,f : Ωt],

κ :=
1

Φ(pn)

∣∣(f ∩ b)/tf
∣∣

with the integral ideal b of O1 and the exponent n defined by the
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decomposition

tf = bpn, p � b.

However, the computation of discriminants needed for the proof are
much more complicated than for t = 1 in section 7.2, complications
coming in particular from the ideal theory of the non-maximal orders Ot.

Next, Bley proves analogously to Theorem 7.3.1:

Theorem 7.6.2 Let f, δ and t be as in Theorem 7.6.1. Then there
exists a number P ∈ Ωt having the following properties:

P(δ|Ot) − P is integral for O1f composite,

(P(δ|Ot) − P )p2κ is integral for O1f = pr

a prime ideal power.

The construction of P is analogous to the proof of Theorem 7.4.1. The
prime ideals p2,p3 occuring there have to be replaced by prime ideals
of Ot above 2 resp. 3, and instead of the prime ideal q in the proof of
Theorem 7.3.1 one has to take the ring ideal qt = q ∩ Ot, where, in
addition, q has to be coprime to t.

Theorems 7.6.1 and 7.6.2 now imply that:

Theorem 7.6.3 Let f, δ and t be as in Theorem 7.6.1 and, in addition,
let fO1 � 2. We set

Θ := P(δ|Ot) − P,

and we choose α ∈ Ωt with

α ∼ pΦt(f)κ

if fO1 = pr is a prime ideal power. Then

OK
t,f

= OΩt
[Θ] for fO1 composite,

OK
t,f

= OΩt
+ OΩt

αΘ + · · · + OΩt
αΘm−1 for fO1 = pr

a prime ideal power.

Φt denotes Euler’s function in Ot.

The construction of α ∈ Ωt having the above factorisation is in gen-
eral not as easy as in Theorem 7.4.1, except when f is regular because
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then Φt(f)κ = 1 and the existence of α follows from the principal ideal
theorem. Otherwise, assuming that

|Ot/(p ∩Ot)| > 3,

we obtain such a number by taking the relative norm

NK
t,f/Ωt

(
1

P(δ0ν|Ot) − P(δ0)|Ot)

)
,

where δ ∈ K has Ot− ideal denominator f, i.e.

δ0Ot =
c

f
, c + f = Ot,

and ν is a number from Ot not being congruent to a root of unity modulo
p. Alternatively, a construction of α for |Ot/(p ∩ Ot)| ≤ 3 is obtained
by generalising the proof construction of the generalised principal ideal
theorem to ring class fields.



8
Galois module structure

We begin with some motivating and some historical remarks.
Let N/M be a Galois extension of number fields with Galois group G.

Then, according to the normal basis theorem, N is a rank one module
over M [G], i.e.

N = n ◦ M [G]

with some element n ∈ N and the operation of M [G] on N being
defined by

n ◦
(∑

σ∈G

aσσ

)
:=

∑
σ∈G

aσnσ.

One may ask whether an analogous result also holds for the ring of
integers ON with M [G] being replaced by the associated order

AN/M :=

{
γ =

∑
σ∈G

aσσ ∈ M [G]

∣∣∣∣∣ ON ◦ γ ⊆ ON

}
,

which means that there exists an element ϑ ∈ ON with

ON = ϑ ◦AN/M .

The existence of such an element ϑ has been shown by Leopoldt (1962)
for the extensions N/M = Q(ζ)/Q generated by a root of unity ζ, hence
by a torsion point of the unit circle.

In view of this geometric background, the obvious question may be
posed whether there exist natural algebraic objects associated with tor-
sion points of elliptic curves, for which a similar result holds. Geometri-
cally, the analogue of Q(ζ)/Q is given by Kf/Ω, where Ω is the Hilbert
class field of a quadratic imaginary number field and Kf some ray class

213
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field over K. However, Leopoldt’s result does not hold in this general sit-
uation, as has been shown by the counterexamples in Ayala and Schertz
(1993). The first positive results in this framework were discovered and
proved by Cassou-Noguès and Taylor (1987), and further results were
obtained by Srivastav and Taylor (1990), Agboola (1996) and Pappas
(1998). In this chapter we will essentially follow the exposition presented
in Schertz (2005). Before defining in section 8.3 the "integral objects" to
be studied, we start by recalling some basic facts about elliptic curves.

In the following let x, y be a pair of Weierstrass functions with respect
to an ideal m in the ideal class group I1 of a quadratic imaginary number
field K, and let

y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6 (8.1)

be the equation satisfied by x and y. We assume the coefficients ai to be
in a finite extension L of the Hilbert class field of K. The corresponding
elliptic curve is then parametrised by

C/m ∈ ξ + m 
→ Q(ξ) :=
{

(1 : x(ξ) : y(ξ)) for z �∈ m,

( 1
y(ξ) : x(ξ)

y(ξ) : 1) for y(z) �= 0

and possesses a group structure with neutral element O = Q(0) = (0 :
0 : 1). We will also use a geometric notation for an elliptic function f

with respect to m by setting

f(Q) := f(ξ), for Q = Q(ξ),

which will be useful in the sequel.
For simplicity we will now restrict ourselves to elliptic curves belonging

to proper ideals of the maximal order in K. In fact almost all results
we will obtain can be generalised to proper ideals of subordes using the
results of Bley (1994) as is explained in 8.12.

First, we collect some basic facts that we will need for the sequel:

8.1 Torsion points and good reduction

OK is acting naturally on E(C) by

[γ]Q(ξ) := Q(γξ) for γ ∈ OK .

Q ∈ E(C) is called a torsion point, if [ν]Q = O for some element
ν ∈ OK \ {0}. Given a torsion point Q = Q(ξ) we call

o(Q) := o(ξ) := {ν ∈ OK | [ν]Q = O} = {ν ∈ OK | νξ ∈ m}
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the order of Q or the order of ξ. Note that o(ξ) is an ideal not only
depending on ξ but also on m. To be clear we sometimes write

o(ξ,m) = o(ξ).

The torsion points of E are in E(Qc), where Qc denotes the algebraic
closure of Q. Given an integral ideal f of OK we set

E[f] := {Q ∈ E(Qc) | o(Q)|f}.

The above operation of OK is compatible with the Galois action in the
following sense: let GalL be the Galois group of Qc/L. As we will show
in Theorem 8.7.5,

Q(ξ)σ = Q(λσξ) for all ξ ∈ f
−1

m

with some element λσ ∈ OK depending only on σ and f. Hence, we have
the following compatibility

[γ](Qσ) = ([γ]Q)σ for all Q ∈ E[f], γ ∈ OK and σ ∈ GalL,

which implies that E[f] is stable under the action of GalL.
Now we choose a fixed prime ideal p in K, we assume the ai to be

in L, to be integral for p and, further, E to have good reduction above
p. We consider points Q ∈ E(Qc) of the order o(Q) = pe, e > 0. Then,
because of good reduction, Theorem 8.7.5 implies that the values of the
uniformising parameter W = −x

y have the factorisation

W (Q) ∼ p
1

Φ(pe) b, for o(Q) = pe (8.2)

with the Euler function Φ in K and an ideal b coprime to p.
A further important property of W is contained in Theorem 1.6.4,

whereby for two torsion points Q1, Q2 ∈ E[p∞] we have a P-adic addi-
tion formula

W (Q1 + Q2) = W (Q1) + W (Q2) + W (Q1)W (Q2)G(W (Q1), W (Q2)) (8.3)

with a power series G(X,Y ) ∈ Z[a0, . . . , a6][[X,Y ]]. P is any prime ideal
over p in any extension of L containing W (Q1+Q2) and W (Q1),W (Q2).

8.2 Kummer theory of E

For a given prime ideal p with the above properties and s ≥ 0 we set

Gs := E[ps].
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Further, we fix r,m ∈ N0 with

m ≥ 1 and r ≥ 0

and a coset P + Gm of a point P such that

[pm]P ⊆ Gr.

Moreover, we assume that

Gr ⊆ E(L).

Then Pσ − P is in Gm for σ ∈ GalL. Therefore, the coset P + Gm of
all "pm-th roots" of a point in E(L) of order dividing pr is fixed under
GalL. Hence, the polynomial

hP (X) :=
∏

R∈P+Gm

(X − W (R))

has coefficients in L. Using (8.2) and (8.3), we find that hP (X) has no
multiple roots, so the factorisation of hP (X) over L is of the form

hP (X) = g1(X) · . . . · gt(X)

with different factors gi(X). We define the following L-algebra

MP := MP (L) := L[X]/(hP (X))∼=L[X]/(g1(X)) ⊕ · · · ⊕ L[X]/(gt(X)),

which is obviously the direct sum of fields and which can also be
written as

MP = Map(P + Gm, Qc)GalL :=

{ (θR)R∈P+Gm
∈ (Qc)|Gm| | θσ

R = θRσ∀σ ∈ GalL}.

Another useful description of MP following directly from the definition is

MP = { (f(W (R))R∈P+Gm
| f(X) ∈ L[X]}

= L[θ], θ = (W (R))R∈P+Gm
.

This shows that MP is the direct sum:

MP =
pm − 1⊕

i=0

L θi.

In particular, MO defines an L-algebra in the group ring of Gm over
Qc by

A :=

⎧⎨
⎩ ∑

Q∈Gm

aQQ

∣∣∣∣∣∣ (aQ)Q∈Gm
∈ MO

⎫⎬
⎭ .
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It can also be written as

A =
pm − 1⊕

i=0

L α(i), α(i) =
∑

Q∈Gm

W (Q)iQ.

Then for P with the above properties, MP is an A-module with respect
to the action

(θR)R∈P+Gm
◦

∑
Q∈Gm

aQQ :=

⎛
⎝ ∑

Q∈Gm

θR−QaQ

⎞
⎠

R∈P+Gm

, (8.4)

and θ ∈ MP is a generating element over A,

MP = θ ◦ A

if and only if for all characters χ of Gm the resolvent

(θ, χ) :=
∑

Q∈Gm

θP+Q χ(Q)

is different from zero.
In the following sections 8.3 to 8.7 we will explain the central defi-

nitions, problems and results. Most of the proofs will follow in sections
8.8 to 8.9.

8.3 Integral objects

For clarity we summarise the hypothesis made so far and which will also
be assumed in the following.

General hypothesis (8.5)

(a) K is a quadratic imaginary number field and OK its maximal order.
(b) E is an elliptic curve, defined by the equation (8.1) of a pair of

Weierstrass functions with respect to an ideal m in I1 and having
coefficients in a finite extension L of the Hilbert class field of K.

(c) p is a fixed prime ideal in OK of norm p, we assume the coefficients
of the equation (8.1) to be p-integral and E to have good reduction
above p.

(d) r,m are in N0, m ≥ 1 and P ∈ E(Qc) with

Gr ⊆ E(L) and [pm]P ∈ Gr.

To define the "Integral Objects" in MP , we make some preliminary
remarks: let O be an order in MP , and for a given prime ideal p′ in L we
denote by Op′ the local component belonging to p′, i.e. the completion
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of O in MP (Lp′). Then O is uniquely determined by the completions
with respect to all prime ideals p′ of L. Conversely, if for every prime
ideal p′ of L an order Op′ in MP (Lp′) is defined such that Op′ is the
maximal order for almost all p′, then there exists a unique order O in
MP having local components Op′ .

The following definitions are motivated by the Leopoldt approach for
cyclotomic fields, which was also the starting point for Cassou-Noguès
and Taylor (1987). Let OP be the maximal order in MP . It is the direct
sum of the maximal orders of the fields L[X]/(gi(X)) in the decomposi-
tion of MP . The integral object, we will study, is the order ÕP defined
by its local components:

(ÕP )p′ :=
{ { (f(W (R)))R∈P+Gm

| f(X) ∈ OLp′ [[X]]} if p′|p,

(OP )p′ if p′ � p.

Herein, the local components belonging to p′ with p′|p can be written
as a direct sum:

(ÕP )p′ =
pm − 1⊕

i=0

OLp′ θi mit θ = (W (R))R∈P+Gm
.

The associated order of ÕP in A is defined as the subring

{γ ∈ A | ÕP ◦ γ ⊆ ÕP },

and under certain conditions we will show that this associated order is
given by

A :=
1

πm

⎧⎨
⎩ ∑

Q∈Gm

aQ Q

∣∣∣∣∣∣ (aQ)Q∈Gm
∈ ÕO

⎫⎬
⎭ .

Herein, π is an element of the Hilbert class field of K that is associated
with p, which exists according to the principal ideal theorem.

For p′ | p we can then, in analogy to (ÕP )p′ , write the local compo-
nents of A as a direct sum:

Ap′ =
pm − 1⊕

i=0

OLp′ τi with τi =
1

πm

∑
Q∈Gm

W (Q)iQ.

In later results Srivastav and Taylor (1990), Agboola (1996) and
Pappas (1998) adopted a different point of view for the definition of
ÕP and A. In these papers the first object to be defined is A as the
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Cartier dual of the affine OL group scheme belonging to the pm torsion
points and then ÕP by setting

ÕP :=
{

θ ∈ OP

∣∣ θ ◦A ⊆ OP

}
.

In fact, this leads to the same objects as defined above. The results
obtained in the following constitute a slight generalisation of the result
proved by Srivastav and Taylor in 1990. Furthermore, we will include a
global description of A.

For the reader’s convenience we start by formulating the results with
only part of the proofs for explanation in this section and the fol-
lowing sections 8.4, 8.5 and 8.6. Then, after some preparations about
models of elliptic curves in section 8.7, the full proofs will be given in
section 8.8.

Theorem 8.3.1 We assume (8.5) to be given. Then
(i) A is a ring,
(ii) ÕP ◦A ⊆ ÕP ,
(iii) the p-part of the discriminant of ÕP is equal to the p-part of the

discriminant hP (X) and is given by

discr(ÕP )p = discr(hP (X))p = pmpm

.

Moreover,
• if E has everywhere good reduction or

• if E(L) contains a point of order q, where q is coprime to N(p)
and q

gcd(wK ,q) is composite,
then

discr(ÕP ) = pmpm

.

In the following section we will be concerned with the order ÕP ,
defined above by its local components, and we will give a global con-
struction of it as a OL-algebra. Next, ÕP will be considered as a
A-module, and we will construct Galois generators, i.e. elements θ ∈ ÕP

with ÕP = θ ◦A.
For the constructions we are aiming for, we have to assume the elliptic

curve to have some of the following properties with respect to an integral
ideal q of OK :

Kq ⊆ L and
L(E[f]) ⊆ LKqf for all integral ideals f of K,

(8.6)
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where Kc denotes the ray class field modulo as c over K. Later in pro-
position 8.7.7 we will show that the next condition (8.7) is sufficient
for (8.6).

E[q] ⊆ E(L) q � 2 if dK �= −3,−4,

E[q] ⊆ E(L) and 12|q if dK = −3,
E[q] ⊆ E(L) and 4|q if dK = −4,

(8.7)

where dK denotes the discriminant of K.
In particular, for the construction of a generating element θ of ÕP

over A we sometimes make the following hypothesis:

q is composite,
d2|q for every prime ideal d of norm N(d) = 2 dividing q

(8.8)

or a bit stronger:

q is composite,
d2|q for every prime ideal d of norm N(d) = 2, 3 dividing q.

(8.9)

8.4 Global construction of ÕP and A as OL-algebras

The discriminant formula of Theorem 8.3.1 implies the following
criterion:

Theorem 8.4.1 We assume (8.5) to be given. We let T ∈ L(x, y)
be a uniformising parameter of the origin of E without poles outside
K \ p−∞m, and we assume that:

T (R + Q) − T (R) ∼ p
1

Φ(o(Q)) for all R,Q ∈ E[p∞], Q �= O.

Then (T (R))R∈P+Gm
is a generating element of ÕP over OL:

ÕP = { (f(T (R)))R∈P+Gm
| f ∈ OL[X]}.

In particular,

A =
1

πm

⎧⎨
⎩ ∑

Q∈Gm

f(T (Q))Q | f(X) ∈ OL[X]

⎫⎬
⎭ .

More precisely, ÕP and A are free modules on OL:

ÕP =
pm − 1⊕

i=0

OLΘi with Θ = (T (R))R∈P+Gm
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A =
pm − 1⊕

i=0

OLτi with τi =
1

πm

∑
Q∈Gm

T (Q)i Q.

To construct a function satisfying the hypothesis of Theorem 8.4.1,
we use the normalisation of ℘ given in Definition 7.1.1:

P(z) :=
(

ε ℘(z|m)
6
√

Δ(m)

)wK
2

.

We set

T (z) := P(δ + z) − P(δ) (8.10)

with an element δ in K of order o(δ) = q �= (1).

Theorem 8.4.2 We assume (8.5) to be given and, further, E(L) to
contain a point of order q coprime to p and q

gcd(wK ,q) be composite.
Then the function T defined in (8.10) with an element δ of order q is
in L(x, y) and satisfies the hypothesis of Theorem 8.4.1.

8.5 Construction of a generating element for ÕP over A

Using the discriminant formula of Theorem 8.3.1, we obtain the following
criterion:

Theorem 8.5.1 We assume (8.5) to be given. Then every element
ε ∈ ÕP with

(ε, χ) ∼ pm for all characters χ of Gm

is a generating element of ÕP over A:

ÕP = ε ◦A.

In particular, in this case A is the associated order of ÕP in A.

In the following a generating element for ÕP over A will be con-
structed using the normalised σ-function ϕ(z|m) = σ∗(z|m) 12

√
Δ(m) of

a complex lattice m. We choose an integral ideal q of K coprime to N(p)
and satisfying (8.9). Then there exist two elements γ, δ ∈ N(pm

)

q m such
that

o(δ), o(γ), o(δ + γ) and o

(
δ +

γ

N(pm)

)
are composite. (8.11)

This choice can also be made under the weaker condition (8.8) if N(pm) ≡
1 mod q because then the last two conditions in (8.11) coincide. We set
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hγ(z) = e−
1
2 l(z,γ) ϕ(z + γ|m)

ϕ(z|m)
, l(z, γ) := zγ∗ − z∗γ,

and with an element ω ∈ OK satisfying the congruences

ω ≡ 0 mod pm,

ω ≡ 1 mod N(q)
(8.12)

we define

g(z) :=
hγ(δ + z)

hγ(ω(δ + z))
. (8.13)

Now we can prove the following theorem:

Theorem 8.5.2 We assume (8.5) to be given, and we choose an inte-
gral composite ideal q of K coprime to N(p) that satisfies the conditions
(8.9) and (8.6). Then the function g, defined in (8.13), is in L(x, y), the
element

θ := (g(R))R∈P+Gm

is in ÕP , and its resolvents are associated with pm. Hence θ is a genera-
ting element of ÕP over A.

For N(pm) ≡ 1 mod q the assertion also holds under the weaker con-
dition (8.8). Otherwise the construction of a generating element can be
reduced to the case N(pm) ≡ 1 mod q, using the map λ described below.

Further, the numbers in Theorem 8.5.2 can be used for the construc-
tion of a generating element in the more general case

p � wK , (8.14)

where wK denotes the number of roots of unity in K. Therefore, we
consider the following operation: given two points P1, P2 ∈ E(Qc) of
order dividing pr+m and two elements θ(1) ∈ ÕP1 , θ(2) ∈ ÕP2 , we find
that by

θ(1) ◦ θ(2) := (θP1+P2+Q)Q∈Gm
,

θP1+P2+Q := 1
πm

∑
Q′∈Gm

θ
(1)
P1+Q+Q′θ

(2)
P2−Q′ ,

(8.15)

an element in ÕP1+P2 is defined. Further, we have the following relation
for resolvents:

(θ(1) ◦ θ(2), χ) =
1

πm
(θ(1), χ)(θ(2), χ).
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In particular, the resolvents of θ(1) ◦ θ(2) are associated with pm if the
same is true for the resolvents of θ(1) and θ(2).

Now, for p prime to wK we choose an integral composite ideal q prime
to N(p) that satisfies (8.9) and

gcd(Φ(q),p)|wK .

Let L̃ be the extension of L generated by the torsion points of order q

resp. of order 12 or 4 if dK = −3 or dK = −4. Then

n := [L̃ : L] | wKΦ(q).

Hence n is prime to N(p), and we can find n′ ∈ N with

n n′ ≡ 1 mod pr+m.

Let θ(1) be the element in Õ[n′]P (= Õ[n′]P (L̃)) defined in Theorem
8.5.2, and let θ(1), . . . , θ(n) be the image of θ(1) under the automorphisms
of L̃/L. We set

θ := θ(1) ◦ . . . ◦ θ(n), (8.16)

thereby obtaining an element in ÕP (= ÕP (L)) that satisfies the hy-
pothesis of Theorem 8.5.1. This proves the following theorem:

Theorem 8.5.3 (Srivastav–Taylor) We assume (8.5) to be given,
one of the hypotheses in Theorem 8.3.1 (iii), and further, p � wK . Then
ÕP is a free module of rank 1 on A.

The relation between ÕP for different m’s that we are going to con-
sider, can also be used for the construction of generating elements. Let
m and n be ideals of OK ,

n ⊂ m,

and let Em, En be elliptic curves being parametrised pairs of Weierstrass
functions x(z|n), y(z|n) resp. x(z|m), y(z|m) with respect to m and n.
Then the kernel of the epimorphism

λ : En → Em,

defined by

En � Q 
→ ξQ + n 
→ ξQ + m 
→ Q′ =: λ(Q) ∈ Em,

consists of all nm−1-torsion points of En. We consider the special case

n = mps, 1 ≤ s < m,
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and we assume Em, En and p to satisfy (8.5a)–(8.5d) for the same base
field L. Given an elliptic curve Em defined over L having good reduction
above p, we can take as En the Fueter model, for example, if p is odd
and the Deuring model if p � 3. Further, a common field of definition for
Em and En is obtained by a finite extension L̂ of L, and in addition we
can achieve L̂(x(z|n), y(z|n))/L̂(x(z|m), y(z|m)) to be Galois with the
Galois group

Gal
(
L̂(x(z|n), y(z|n))

/
L̂(x(z|m), y(z|m))

)
= {τξ | ξ ∈ m mod n}. (8.17)

Herein τξ denotes the substitution f(z) 
→ f(z + ξ). (For instance, such
a field L̂ is obtained by adjunction of the nm−1-torsion points of En

and the coefficients of the rational functions F, F1 involved in the rep-
resentations x(z|m) = F (x(z|n), y(z|n)), y(z|m) = F1(x(z|n), y(z|n)).)
The kernel consists of all ps-torsion points of En, and we have

λ(P + Gn
m) = λ(P ) + Gm

m−s

with the obvious meaning of m and n in the exponent. We also denote
by λ the induced map

λ : Mn
P (m) → Mm

λ(P )(m − s),

(λ(θ))R :=
∑

R′∈λ−1(R)

θR′ ,

and, as we will show later, we have

λ(Õ
n

P (m)) ⊆ psÕ
m

λ(P )(m − s). (8.18)

Further, considering the characters of Gm
m−s = λ(Gn

m) as characters of
Gn

m, the resolvents of λ(θ) are equal to the resolvents of θ. Hence, if
θ ∈ Õ

n

P (m) satisfies the condition of Theorem 8.5.1, this is also valid for

1
πm−s

λ(θ) ∈ Õ
m

λ(P )(m − s).

Therefore, by generating elements of Õ
n

P (m) we can obtain generating
elements of Õ

m

λ(P )(m − s).

8.6 Galois module structure of ray class fields

In this section we consider Galois extensions of ray class fields over a
quadratic imaginary number field K,

Nq/Mq = Kqpr+m/Kqpr , [Nq : Mq] = N(pm),
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with an integral ideal q, a prime ideal p of K and exponents m and r

satisfying

1 ≤ m ≤ r.

On certain conditions for q and p we will be able to use Theorems 8.4.2
and 8.5.2 to find explicit constructions of the associated order of N/M

as well as a Galois generating element for ON

The condition 1 ≤ m ≤ r implies the Galois group G = G(Nq/Mq)
to be isomorphic to p−m/OK by

p−m/OK → G,

ξ + OK 
→ σξ := σ(1 + ξ0ξ),
(8.19)

with some ξ0 ∈ qpr+m \ pr+m+1 and σ(1 + ξ0ξ) denoting the Frobe-
nius automorphism belonging to the ideal (1 + ξ0ξ). In particular, the
characters of p−m/OK can be viewed as characters of G. Now we first
consider the

Case q
gcd(wK ,q) composite: Let g and T be the elliptic functions defined

in (8.13) and (8.10) with respect to the lattice

m = OK .

We set

ϑ := g(ξ1) with some ξ1 ∈ K, o(ξ1) = pm+r, ξ1ξ0 ≡ 1 mod pr+m,

T (σξ) := T (ξ) for ξ ∈ p−m.

With these notations we then have the following explicit result:

Theorem 8.6.1 Let q be an integral ideal satisfying (8.9), prime to
N(p) with composite q

gcd(wK ,q) . Then

ONq = OMq [T (ξ1)],

ANq/Mq =
1

πm

{∑
σ∈G

f(T (σ))σ

∣∣∣∣∣ f(X) ∈ OMq [X]

}
,

ONq = ϑ ◦ANq/Mq .

If q only satisfies (8.8) instead of (8.9), the construction of ϑ has to be
changed as explained after Theorem 8.5.3.
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Case q = (1): Our aim is to prove the last assertion of Theorem 8.6.1
to hold for the "natural" extensions N1/M1 = Kpr+m/Kpr , too with
some possibly modified generating element ϑ′. As we will see, the proof
relies on the factorisation

(ϑ′, χ) :=
∑
σ∈G

ϑ′σχ(σ) ∼ pm (8.20)

for all characters χ of G. In fact, by computing discriminants, the third
assertion of Theorem 8.6.1 follows for every element ϑ′ ∈ ONq satisfying
(8.20) for every character. Therefore, if we can find such an element
ϑ′ ∈ Kpr+m , we obtain

ON1 = ϑ′ ◦AN1/M1 ,

by intersecting both sides of the equation ONq = ϑ′ ◦ ANq/Mq with
Kpr+m . For the construction of such an element ϑ′ ∈ N1 = Kpr+m we
assume p � wK . Then, as above, we can conclude that there exists an
integral composite ideal q satisfying (8.9) such that

p � n := [Nq : N1].

Therefore, we can find an n′ ∈ N with nn′ ≡ 1 mod pr+m. As in (8.16)
we set

ϑ′ :=
1

πm(n−1)

∑
ω1...ωn

g(n′ξ1 + ω1)σ1 · . . . · g(n′ξ1 + ωn)σn , (8.21)

where the sum is taken over all

(ω1, . . . , ωn) mod pm with ω1 + · · · + ωn ≡ 0 mod OK .

σ1, . . . , σn are the different automorphisms of Nq/N1.

Theorem 8.6.2 For p � wK we have

ON1 = ϑ′ ◦AN1/M1

with the element in (8.21).

However, for the extensions considered in Theorem 8.6.2, we obtain
no explicit description of the associated order AN1/M1 . As explained
in Schertz (1999), there are various other possibilities of constructing a
Galois generator ϑ. In special cases we can find even simpler generators
than the uniformly defined generators in this chapter. The following
example relies on the construction in Schertz (1991).
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Example 8.6.3 Let K = Q(
√
−11). Then 3 is split in K, 3 = pp with

p = Zα + Z, α = −31+
√
−11

2 . In this case Kp4/Kp2 is of degree[
Kp4 : Kp2

]
= 9

and

ϑ := ζ
ϕ
(
37ξ

∣∣O)
ϕ(ξ|O)

, ζ = e
2πi
3 , ξ =

α

81
,

is a Galois generator for this extension:

OKp4 = ϑ ◦AKp4/Kp2 .

The minimal equation of ϑ over K is

X27 +
(
−31 − 1

√
−11

2

)
X25 +

(
33 − 3

√
−11

2

)
X24

+
(

39 + 3
√
−11

2

)
X23 +

(
−71 + 43

√
−11

2

)
X22

+
(
−117 − 171

√
−11

2

)
X21 +

(
451 + 295

√
−11

2

)
X20

+ (−575 − 164
√
−11)X19 +

(
1723 + 223

√
−11

2

)
X18

+ (−657 − 63
√
−11)X17 + (156 + 120

√
−11)X16

+
(
−457 − 517

√
−11

2

)
X15 + (450 + 261

√
−11X14

+ (−243 − 189
√
−11)X13 + (106 + 202

√
−11)X12

+
(
−963 − 315

√
−11

2

)
X11 + (376 − 68

√
−11)X10

+
(

251 + 311
√
−11

2

)
X9 + (−245 − 68

√
−11)X8

+
(

241 + 13
√
−11

2

)
X7 +

(
−109 − 25

√
−11

2

)
X6

+ (16 + 4
√
−11)X5 +

(
5 + 35

√
−11

2

)
X4

+
(

25 − 41
√
−11

2

)
X3 + (−18 + 9

√
−11)X2

+
(

15 − 3
√
−11

2

)
X − 1
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8.7 Models of elliptic curves

In this section we consider some models of elliptic curves that will be
needed for the proofs in section 8.10 and later for the applications to
cryptography in Chapter 10.

8.7.1 The Weierstrass model

We define a pair of Weierstrass functions by

x(z) :=
℘(z)

6
√

Δ(L)

and

y(z) :=
℘′(z)

2 4
√

Δ(L)
,

where the roots are defined by

n
√

Δ(L) :=
(

2π
ω2

η
(

ω1
ω2

)2
) 12

n

, n = 6, 4

and hence depend on the choice of basis
(

ω1

ω2

)
, �

(
ω1
ω2

)
> 0, for the

lattice L. The equation for x and y has the form

y2 = x3 + a4x + a6

with

a4 = − g2(L)

4 3
√

Δ(L)
= − 1

4 · 12
3
√

j(L),

a6 = − g3(L)

4 2
√

Δ(L)
= − 1

4 · 63

√
j(L) − 123,

and discriminant

Δx,y = 1.

Further, y has the factorisation

y(z) =
ϕ(2z)
2ϕ(z)4

.

Specialising this model in section 8.10, we will obtain elliptic curves
defined over certain ray class fields with coefficients that are integral for
6 having good reduction outside 2 and 3. To settle the cases of good



8.7 Models of elliptic curves 229

reduction over 2 and 3, too, we will need the following Fueter and
Deuring models.

8.7.2 The Fueter model

Let ψ ∈ C have order 4 with respect to L. We set

x(z) :=
℘(ψ) − ℘(2ψ)

℘(z + 2ψ) − ℘(2ψ)
,

y(z) :=
1

2
√

℘(ψ) − ℘(2ψ)
dx(z)

dz
,

where the root is defined according to the formula of Theorem 1.3.2 by√
℘(ψ) − ℘(2ψ) =

1
σ∗(2ψ)

.

The pair x, y of Weierstrass functions satisfies the equation

y2 = x3 + a2x
2 + x

with

a2 =
3℘(2ψ)

℘(ψ) − ℘(2ψ)
.

This can easily be verified by writing down the Laurent expansion at z =
−2ψ of both sides of the equation and comparing coefficients. Further,
using the theorem of Abel-Jacobi, we find the following representations:

x(z) = − ϕ(3ψ)ϕ(z + 2ψ)2

ϕ(ψ)ϕ(z + 4ψ)ϕ(z)
,

y(z) = −ϕ(2ψ)3ϕ(3ψ)ϕ(2z)
2ϕ(ψ)ϕ(z)4

with

ϕ(z) := σ∗(z|L) 12

√
Δ(L).

Here, a normalisation of the 12-th root is not necessary since the roots
cancel out in the representation of x and y.

The discriminant Δx,y of the Weierstrass equation is by definition the
discriminant of the polynomial x3 + a2x

2 + x, hence is equal to

x2
1x

2
2(x1 − x2)2
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with the two non-vanishing zeros of the polynomial. They are given by

xi = x(ωi) =
℘(ψ) − ℘(2ψ)

℘(ωi + 2ψ) − ℘(2ψ)
, i = 1, 2,

with the two half periods ωi different from 2ψ. Now, using the formula
of Theorem 1.3.2, we find that

Δx,y =
(℘(ψ) − ℘(2ψ))6(℘(ω1 + 2ψ) − ℘(ω2 + 2ψ))2

(℘(ω1 + 2ψ) − ℘(2ψ))4(℘(ω2 + 2ψ) − ℘(2ψ))4
=

ϕ(2ψ)12

24
.

On the other hand, expressing Δ by the coefficients of the equation for
x and y, we obtain

Δx,y = 16(a2
2 − 4).

Therefore, we can compute a2 via ϕ(2ψ)12. Another formula for a2 is
given by

a2 = −(x1 + x2) = −
(

℘(ψ) − ℘(2ψ)
℘(ω1 + 2ψ) − ℘(2ψ)

+
℘(ψ) − ℘(2ψ)

℘(ω2 + 2ψ) − ℘(2ψ)

)
.

Further, writing j(L) in terms of the coefficients of the Weierstrass equa-
tion for x and y, we obtain the relation

j(L) = 28 (a2
2 − 3)3

a2
2 − 4

. (8.22)

Remark 8.7.1 For a variable lattice L = [ω, 1], ω ∈ H, the "division
values" a2(κ|L)2, κ ∈ 1

4L \ 2L, define six different modular functions
for Γ(4). So by (8.22) they constitute the six roots of the equation

28(X2 − 3)3 − j(X2 − 4) = 0, (8.23)

having discriminant

236j4(j − 123)3. (8.24)

Conclusion: given two lattices L,L
′ and κ ∈ 1

4L \ 2L, κ′ ∈ 1
4L

′ \ 2L′.
Then

a2(κ|L) = a2(κ′|L′) =⇒ j(L) = j(L′) =⇒ L ∼ L
′ (8.25)

and further, if the lattice L is inequivalent to the maximal orders in
Q(

√
−3), Q(

√
−4),

κ ≡ ±κ′ mod L. (8.26)
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8.7.3 The Deuring model

Let κ ∈ C be of order 3 with respect to L. Then, following Fleckinger
(1987–8), we define

x(z) :=
℘(z) − ℘(κ)

℘′(κ)
2
3

,

y(z) :=
1
2

(
℘′(z)
℘′(κ)

− a1x(z) − 1
)

with

a1 =
℘′′(κ)
℘′(κ)

4
3

=
12℘(κ)2 − g2(L)

2℘′(κ)
4
3

.

The power of ℘′ in the denominator is naturally defined according to
the formula of Theorem 1.3.2:

℘′(κ)
4
3 = σ∗(κ|L)−4.

The equation satisfied by x and y is given by

y2 + a1xy + y = x3.

As for the Fueter model, verification can again be done by studying the
Laurent series of both sides at z = 0. In addition, one has to use the
equation for ℘(κ) given by f3 in (1.5). Further, we have the factorisations

x(z) = −ϕ(z − κ)ϕ(z + κ)
ϕ(z)2

,

y(z) =
ϕ(z − κ)2ϕ(z + 2κ)

ϕ(z)3
,

Δx,y = ϕ(κ)12.

The factorisation of x(z) is immediate by definition, keeping in mind
the formula of Theorem 1.3.2. To factorise y(z), we use the algebraic
equation for x and y, which implies that y has a pole only at zero
of order 3. Further, every zero of y is a zero of x and hence congru-
ent to ±κ. By definition of y we have y(−κ) = −1, so y has the only
zero modulo L at κ of order 3. Therefore, according to the Abel-Jacobi
theorem, up to a constant factor, y must have the above representation,
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and by taking the limit for z → 0 the factor turns out to be 1. To
factorise Δx,y, we observe the relation in (1.12):

Δx,y = u12Δx̃,ỹ.

For the functions x̃, ỹ from the Weierstrass model the factor u is given by

u =
1

℘′(κ)
1
3

= −σ∗(κ|L),

and this implies the above formula for Δx,y. Finally, similarly to the
Fueter model, we obtain the relation

Δx,y = a3
1 − 27

and

j(L) =
a3
1(a

3
1 − 24)3

a3
1 − 27

. (8.27)

Remark 8.7.2 For a variable lattice L = [ω, 1], ω ∈ H, the "division
values" a1(κ|L)3, κ ∈ 1

3L \ L, define four different modular functions
for Γ(3), so by (8.27) they constitute the four roots of the equation

X(X − 24)3 − j(X − 3) = 0, (8.28)

having discriminant

−27j2(j − 123). (8.29)

Conclusion: given two lattices L,L
′ and κ ∈ 1

3L\L, κ′ ∈ 1
3L

′\L′. Then

a1(κ|L) = a1(κ′|L′) =⇒ j(L) = j(L′) =⇒ L ∼ L
′ (8.30)

and further, if the lattice L is inequivalent to the maximal orders in
Q(

√
−3), Q(

√
−4),

κ ≡ ±κ′ mod L. (8.31)

8.7.4 Singular values of the Weierstrass, Fueter and
Deuring functions

In the following let x, y be a pair of Weierstrass functions from the
models of Weierstrass, Fueter or Deuring, and let Ψ(X,Y ) denote the
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corresponding algebraic equation. We set

n :=

⎧⎨
⎩

12 for the Weierstrass model,
8 for the Fueter model,
9 for the Deuring model.

Further, by

W := −x

y

we denote the uniformising parameter at the origin.

Theorem 8.7.3 Let K be a quadratic imaginary number field, m ∈ I1

and p a prime ideal of K not dividing n. Then the Weierstrass equa-
tion Ψ(X,Y ) associated with m has p-integral coefficients in Kn, and
Ψ(X,Y ) has good reduction modulo for all prime ideals of Kn above p.
For every ξ ∈ K \m with o(ξ,m) = f we have

x(ξ), y(ξ),W (ξ) ∈ Knf.

The automorphisms of Knf/Kn are the σ(ν) with ν ≡ 1 mod n, ν prime
to nf, and the action of σ(ν) on the singular values of x, y and W is
given by

x(ξ)σ(ν) = x(ξν), y(ξ)σ(ν) = y(ξν), W (ξ)σ(ν) = W (ξν).

If f = ps, s ∈ N, then W (ξ) has the factorisation

W (ξ) ∼ p
1

Φ(ps) b

with an ideal b prime to p. For the Fueter model b is at most divisible
by prime divisors of 2, and for Deuring’s model b = (1).

If the order of ξ is not a p-power, then x(ξ) and y(ξ) are integral for p.

Remark 8.7.4 In special cases the above models of elliptic curves are
already defined over proper subfields of Kn.

In view of the results on singular values of γ2 and γ3 the Weierstrass
model can even be defined over K1 if the disciminant of K is prime to 6.

By Reciprocity Law the same will be shown in section 10.3.1 for the
Fueter model if 2 is split in K, 2 = pp, and ψ chosen such that o(ψ) = p2.

For the Deuring model we will show the same result in section 10.3.2
if 3 is split, 3 = pp, with a κ having order p.
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Proof of Theorem 8.7.3 First, we prove the assertions for the model of
Weierstrass. The theorems in section 6.3 tell us that the coefficients of
Ψ(X,Y ) are in K6 and integral for 6. Further, since the discriminant
is equal to 1, it follows that the curve defined by Ψ(X,Y ) has good
reduction outside 2 and 3. Theorem 5.2.5 implies that x(ξ), y(ξ) ∈ Knf

with the Galois action asserted. To derive the factorisations, we conclude
as follows: by Theorem 4.3.1

y(ξ) ∼ 1
2
p

−3
Φ(ps) ,

and, keeping in mind that Ψ(x(ξ), y(ξ)) = 0, this implies that

x(ξ) ∼ bp
−2

Φ(ps)

with an ideal b prime to p, which is the desired factorisation for W (ξ).
For the other two models the assertions concerning the singular values

x(ξ), y(ξ) and W (ξ) are obtained by writing them as a product of ϕ-
values. Then, by inserting these values into the equation Ψ(X,Y ) = 0,
we can deduce that the coefficients a2 and a1 are in Knps for every prime
ideal p not dividing n and for every s ∈ N. Hence a2 and a1 must be in
Kn. Further, due to the factorisations

x(ξ) ∼ bp
−2

Φ(ps) , y(ξ) ∼ b
′
p

−3
Φ(ps) , s ∈ N,

with ideals b,b
′ prime to p, the equation Ψ(x(ξ), y(ξ)) = 0 tells us that

a2 and a1 must be integral for all prime ideals of Kn not dividing n.
Finally, the representations of Δx,y by ϕ-values together with Theorem
4.3.1 shows Ψ(X,Y ) to have good reduction outside n.

The last assertion for ξ having composite order also follows Theorem
4.3.1.

8.7.5 Singular values of Weierstrass functions

In the following let x, y be an arbitrary pair of Weierstrass functions
associated with m ∈ I1. We assume the coefficients of the corresponding
elliptic curve E to be in a finite extension L of the Hilbert class field
of K. For such an elliptic curve Theorem 8.7.3 can be generalised as
follows:

Theorem 8.7.5 Let f be an integral ideal in K and ξ ∈ f
−1

m \ m.
Then x(ξ), y(ξ) are algebraic over L, and for every automorphism σ in
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the Galois group GalL of Qc/L there exists λσ ∈ OK only depending
on σ and f such that

x(ξ)σ = x(λσξ), y(ξ)σ = y(λσξ).

In particular, if o(ξ) = ps is a prime ideal power and E has good reduc-
tion above p, we have the factorisation

W (ξ) ∼ bp
1

Φ(ps)

with an ideal b prime to p.

For ξ having composite order, the values x(ξ) and y(ξ) are integral for p.

Proof First, we write x and y in terms of the normalised Weierstrass
℘ function via the following transformation, where ai denote the coeffi-
cients of E. We set

(x̃, ỹ) :=
(

1
48

(12x + a2
1 + 4a2),

1
8
(2y + a1x + a3)

)
. (8.32)

This is a pair of Weierstrass functions satisfying an equation of the form

ỹ2 = 4x̃3 + Ax̃ + B with A,B ∈ L. (8.33)

As a pair of Weierstrass functions, x̃ and ỹ are polynomials of ℘ and ℘′

of degree 1. So

x̃= aP0 + b, P0 := ε ℘
6
√

Δ(m)
,

ỹ = dP1 + eP0 + f, P1 := ε
3
2

℘′

4
√

Δ(m)
,

with a unit ε from the definition of P and constants a, b, c, d, e, f .
Inserting these equations into (8.33) and comparing coefficients and pole
orders, we obtain b = e = f = 0 and d2 = a3 �= 0. Hence

x̃=u2P0,

ỹ = u3P1
(8.34)

with a constant u �= 0. Now we can write the coefficients in (8.33) in
terms of the coefficients of the algebraic equation

℘′(z|m)2 = 4℘(z|m)3 − g2(m)℘(z|m) − g3(m)

for ℘ and ℘′. We obtain

ε2
g2(m)
3
√

Δ(m)
u4 = −A and ε3

g3(m)√
Δ(m)

u6 = B. (8.35)
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By Theorem 6.6.10 we know that

ε2
g2(m)
3
√

Δ(m)
and ε3

g3(m)√
Δ(m)

(8.36)

are in the Hilbert class field of K, hence in L. This implies that

uwK ∈ L, (8.37)

keeping in mind that g2(m) �= 0 for dK �= −3 and g3(m) �= 0 for dK �=
−4. To prove Theorem 8.7.5, we use (8.34), so we first compute the
action of σ on P0(ξ) and P1(ξ). By Reciprocity Law these values are in
K12N(f)2 . Further, since L contains the Hilbert class field of K, it follows
that the restriction of σ to K12N(f)2 is the Frobenius automorphism of
some principal ideal (λ). Theorem 5.2.5 tells us that

P0(ξ)σ = ζ0P0(λξ), P1(ξ)σ = ζ1P1(λξ)

with roots of unity ζ0, ζ1 that are independent of ξ. According to Theorem
7.1.2 we have P(ξ)σ = P(λξ), and further

u2σ = ζuu2

with another wK

2 -th root of unity ζu since uwK is in L. So ζuζ0 is a
wK

2 -th root of unity. By homogeneity of ℘ and the fact that K contains
the wK-th roots of unity, we can now write the action of σ as

x̃(ξ)σ = x̃(ζ ′0λξ) = x̃(−ζ ′0λξ)

with another wK-th root of unity ζ ′0, which is independent of ξ, too. In
a similar way we obtain

ỹ(ξ)σ = ζ ′1ỹ(ζ ′0λξ)

with a root of unity ζ ′1 independent of ξ. More precisely by (8.33) we
find that

ζ ′1 = ±1

and further, by homogeneity of ỹ:

ỹ(ξ)σ = ỹ(ζ ′1ζ
′
0λξ).

This proves the first assertion of Theorem 8.7.5 with λσ = ζ ′1ζ
′
0λ.

To prove the last two assertions, let x̃, ỹ be one of the Fueter or
Deuring models having good reduction above p. Then, as explained in
1.6, the two models are related by

x = u2x̃ + r,

y = u3ỹ + u2vx̃ + t,
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where u, r, t, v are integral for p and u is a p-unit. Now the two last
assertions of Theorem 8.7.5 follow from the last assertion of Theorem
8.7.3.

From the proof of Theorem 8.7.5 we can derive the following two
propositions:

Proposition 8.7.6 Let Q = Q(δ) ∈ E(L) have order q �= (1). Then T ,
as defined in (8.10), is in L(x, y).

Proof Using (8.34) and (8.37), we can write

T (z) = u−wK

(
x̃(z + δ)

wK
2 − x̃(δ)

wK
2

)
.

By assumption L contains the coordinates x̃(δ) and x̃(δ), so the addition
formula for ℘ tells us that T ∈ L(x̃, ỹ) = L(x, y).

Proposition 8.7.7 Condition (8.7) implies condition (8.6).

Proof First we consider the cases when dK �= −3,−4. Then u2 is in L

according to (8.37), and by Theorem 7.1.2 the values P(ξ), o(ξ)|f, ξ �∈ m,
are in Kf. Hence by (8.34) the x̃-coordinate of points of order dividing
f must be in LKqf. We are left with proving the ỹ-coordinate to lie in
LKqf also. By assumption, L contains a point of order q. Its ỹ-coordinate
ỹ(ξ0) is non-zero since q � 2, so it suffices to show that

ỹ(ξ)
ỹ(ξ0)

∈ Kqf for o(ξ)|f, ξ �∈ m.

We use (8.34) and write

ỹ(ξ)
ỹ(ξ0)

=
℘′ (ξ |m )
℘′ (ξ0 |m )

,

whereafter, according to the addition formula for ℘, it is easy to show
that the quotient is in Kqf. Hence ỹ(ξ) ∈ LKqf, as asserted.

For dK = −3,−4 let ξ0 be the parameter of a point in C/m of order
t = 12 resp. t = 4. In these cases, using the Reciprocity Law, it follows
that P0(ξ0) and P1(ξ0) are in K(t). Then by (8.34) we first obtain u ∈
LK(t), and we contend that LK(t) = L. According to (8.37) we have
u6 ∈ L resp. u4 ∈ L, and therefore (8.34) implies that LK(t) is generated
over L by x̃3(ξ0) = u6P(ξ0) resp. x̃(ξ0)2 = u4P(ξ0). Hence, K(t) ⊆ L

and u ∈ L. The assertion of our proposition then follows as in the cases
where dK �= −3,−4.
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8.8 Proofs of Theorems 8.3.1 and 8.5.1

For the following we assume the properties of (8.5) to be given. The
proofs will essentially rely on the P-adic addition formula (8.3) with a
prime ideal P above p in an extension L̂ of L so that Gm ⊆ E(L̂). To
prove A to be a ring, we need the following lemma for the polynomial

hO(X) :=
∏

Q∈Gm

(X − W (Q)).

Lemma 8.8.1 There exists a power series

u(X) = u0 + u1X + · · · ∈ O
′
L[[X]],

with u0 prime to p such that

h′
O(W (Q)) = πmu(W (Q))

for all Q ∈ Gm, where O
′
L denotes the ring of elements in L that is

integral for p.

Proof Let G(X,Y ) be the power series in Theorem 1.6.6. Then we find
that

h′
O(W (Q)) =

∏
Q′ �=Q

(W (Q) − W (Q′))

=
∏

Q′ �=O

(W (Q) − W (Q + Q′))

=
∏

Q′ �=O

(−W (Q′) − W (Q)W (Q′)G(W (Q),W (Q′)))

= ±
( ∏

Q′ �=O

W (Q′)

)( ∏
Q′ �=O

(1 + W (Q)G(W (Q),W (Q′)))

)
.

Herein, according to Theorem 8.7.5, we have the factorisation∏
Q′ �=O

W (Q′) ∼ b
∏

Q′ �=O

p
1

Φ(o(Q′))

with an ideal b prime to p, and since for s = 1, . . . , m there are exactly
Φ(ps) elements of order ps in Gm; this implies that∏

Q′ �=O

W (Q′) ∼ bpm.

As the automorphisms of Qc/L act as a permutation on the W (Q′) in
the product, we further obtain∏

Q′ �=O

W (Q′) = πmu0
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with a p-unit u0 ∈ L, hence

h′
O(W (Q))=±πmu0ũ(W (Q)) with ũ(X):=

∏
Q′ �=O

(1+XG(X,W (Q′))),

showing us that the coefficients of ũ(X) are integral for P. We are now
left with the proof of ũ(X) being a power series with coefficients in the
completion L′ of L with respect to P. Therefore, we observe that the
coefficients of ũ are power series of W (Q′) with P-integral coefficients
in L and that the application of an automorphism can be interchanged
with summation because the automorphisms are continous. This finishes
the proof of Lemma 8.8.1.

Lemma 8.8.2 For i ≥ 0 we have∑
Q∈Gm

W (Q)i

h′
O(W (Q))

∈ O
′
L,

wherein W (Q)0 is set to be 1 if W (Q) = 0.

Proof By substituting X = 1
T in the partial fraction decomposition

1
hO(X)

=
∑

Q∈Gm

1
h′

O(W (Q))
1

X − W (Q)

we obtain
T pm

T pmhO( 1
T )

=
∑

Q∈Gm

1
h′

O(W (Q))
T

1 − W (Q)T
,

where pm is the norm of pm. Now, writing the right-hand side as a power
series in T , it becomes

T pm

T pmhO( 1
T )

=
∑
i≥0

⎛
⎝ ∑

Q∈Gm

W (Q)i

h′
O(W (Q))

⎞
⎠T i+1,

where

T pm

hO

(
1
T

)
= 1 + a1T

1 + · · · + apmT pm

with p-integral coefficients ai. Therefore, the inverse of this polynomial
is a power series in T with p-integral coefficients, too, so we have an
identity of the form

∑
ν≥0

bνT ν =
∑
i≥0

⎛
⎝ ∑

Q∈Gm

W (Q)i

h′
O(W (Q))

⎞
⎠T i+1,
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with p-integral coefficients bν . Comparing coefficients now yields the
assertion of the lemma. More precisely, the proof shows b0 = · · · =
bpm−1 = 0. Hence, for i = 0, . . . , pm − 1 the sum in the lemma is equal
to zero.

Lemma 8.8.3 For i ≥ 0 we have∑
Q∈Gm

W (Q)i ≡ 0 mod pm.

Proof The power series u(X) in Lemma 8.8.1 is a unit in Rp[[X]], where
Rp denotes the ring of p-integral algebraic numbers. Its inverse

û(X) = û0 + û1X + · · ·

again has p-integral coefficients, and in particular, the leading coefficient
û0 is prime to p. By Lemma 8.8.1 and 8.8.2 it follows for all i ≥ 0:

û0Si + û1Si+1 + · · · ≡ 0 mod πm,

where Si denotes the sum in Lemma 8.8.3. The factorisation of W (Q)
in Theorem 8.7.5 implies the existence of a natural number N , so that
trivially

Si ≡ 0 mod πm for all i ≥ N.

By the above congruence for Si we then recursively obtain for i =
N − 1, . . . , 0:

Si+1 ≡ 0 mod πm =⇒ Si ≡ 0 mod πm,

thereby finishing the proof.

To show that A is a ring, we use Lemma 8.8.3. This is trivial for the
local components p′ outside p. Two elements of a local component above
p can be written as

γ =
1

πm

∑
Q∈Gm

f(W (Q))Q, δ =
1

πm

∑
Q∈Gm

g(W (Q))Q

with power series

f(X) =
∑
n≥0

anXn, g(X) =
∑
n≥0

bnXn ∈ OLp′ [[X]].

We contend that the product

γδ =
1

π2m

∑
Q′∈Gm

cQ′Q′,
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cQ′ =
∑

Q∈Gm

f(W (Q))g(W (Q′ − Q)),

is in Ap′ again. Therefore, we note that by the P-adic addition formula

W (Q′ − Q) = H(W (Q′),W (Q))

with a power series

H(X,Y ) ∈ XL[[X,Y ]] + Y L[[X,Y ]],

having p-integral coefficients. Therefore, we can write

g(W (Q′ − Q)) =
∑

n1,n2≥0

bn1n2W (Q′)n1W (Q)n2

with P-integral coefficients bn1n2 ∈ L. Hence, the cQ′ are of the form

cQ′ =
∑
n1≥0

⎛
⎝ ∑

n,n2≥0

anbn1n2

∑
Q∈Gm

W (Q)n+n2

⎞
⎠W (Q′)n1 ,

which is a power series of W (Q′) having coefficients divisible by πm

according to Lemma 8.8.3. Furthermore, as in the proof of Lemma 8.8.1,
we conclude that the coefficients are again in OLp′ . Therefore, γδ is in
Ap′ , and it follows that A is a ring.

To prove the neutral element O to be in Ap′ , we note that hO(0) =
hO(W (O)) = 0, hence

f(X) :=
hO(X)

X
∈ OLp′ [X].

Therefore,

γ :=
1

πm

∑
Q∈Gm

f(W (Q))Q

defines an element in Ap′ satisfying

γ =
h′

m(W (O))
πm

O.

This shows that O is in A because by Lemma 8.8.1 the coefficient
h′

m(W (O))
πm is in L and prime to p.
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This proves the first assertion of Theorem 8.3.1. Next, we will show
the second assertion: ÕP ◦ A ⊆ ÕP . For the local components outside
p, this is again trivial, so let p′ be a prime ideal of L above p, and let

θ = (f(W (R))R∈P+Gm
∈

(
ÕP

)
p′

, γ =
1

πm

∑
Q∈Gm

g(W (Q))Q ∈ Ap′

with power series

f(X), g(X) ∈ OLp′ [[X]].

Then

θ ◦ γ =

⎛
⎝ 1

πm

∑
Q∈Gm

f(W (R + Q))g(W (Q))

⎞
⎠

R∈P+Gm

.

Writing W (R + Q) as a power series of W (R) and W (Q), according
to the addition formula, we obtain the following representation for the
components of θ ◦ γ:

1
πm

∑
Q∈Gm

f(W (R + Q))g(W (Q)) =
1

πm

∑
m,n≥0

dmn

∑
Q∈Gm

W (Q)mW (R)n

with p′-integral coefficients dmn ∈ L. Lemma 8.8.3 now tells us that θ◦γ

lies in
(
ÕP

)
p′

.

To prove the third assertion of Theorem 8.3.1, we start by computing
the p-part of the discriminant of ÕP that, by definition of ÕP , is equal
to the p-part of the polynomial discriminant of

hP (X) :=
∏

R∈P+Gm

(X − W (R)).

We proceed as in the proof of Lemma 8.8.1:

h′
P (W (R)) =

∏
Q′ �=O

(W (R) − W (R + Q′))

=
∏

Q′ �=O

(−W (Q′) − W (R)W (Q′)G(W (R),W (Q′)))

= ±
( ∏

Q′ �=O

W (Q′)

)( ∏
Q′ �=O

(1 + W (R)G(W (R),W (Q′)))

)
.

Therefore, the p-part of h′
P (W (R)) is equal to pm, and hence the p-

part of the discriminant must be
∏

R∈P+Gm

h′
P (W (R)) = pmpm

. We are

now left with the proof of ÕP being unramified outside p.
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If E has good reduction everywhere, then the field extensions of L

occuring in the definition of MP must be unramified outside p since
they are subfields of L(Gm+r).

If E(L) contains points of order q with q
gcd(wK ,q) composite, then by

Theorem 8.4.2 there exists an element Θ = (T (R))R∈P+Gm
in ÕP such

that

ÕP = OL[Θ] and discr(OL[Θ]) = pmpm

.

This proves the third assertion of Theorem 8.3.1.

Proof of Theorem 8.5.1 For every prime ideal p′ in L we choose an
integral power basis θi of

(
ÕP

)
p′

over Lp′ . Then we have

Ap′ =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

pm−1⊕
i=0

OLp′ τi with τi = 1
πm

∑
Q∈Gm

θi
QQ, for p′|p,

pm−1⊕
i=0

OLp′ τi with τi =
∑

Q∈Gm

θi
QQ, for p′ � p.

Let ε be an element in ÕP satisfying the hypothesis of Theorem 8.5.1.
Then (

ε ◦A
)
p′ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

pm−1⊕
i=0

OLp′ ε ◦ τi with ε ◦ τi =

(
1

πm

∑
Q∈Gm

θi
QεR−Q

)
R∈P+Gm

if p′|p,

pm−1⊕
i=0

OLp′ ε ◦ τi with ε ◦ τi =

( ∑
Q∈Gm

θi
QεR−Q

)
R∈P+Gm

if p′ � p.

Hence for p′ | p we have

discr
(
ε ◦A

)
p′ = det

⎛
⎝ 1

πm

∑
Q∈Gm

θi
QεP+Q′−Q

⎞
⎠2

i=0,...,pm−1; Q′∈Gm

=
1

π2mpm det
(
θi

Q

)2
det (εP+Q′−Q)2Q′,Q∈Gm
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and therefore∏
p′|p

discr
(
ε ◦A

)
p′ =

1
π2mpm discr(ÕO)p

∏
χ∈Ĝm

(ε, χ)2

= p−2mpm+mpm+2mpm

= pmpm

=
(
discr

(
ÕP

))
p

.

For p′ � p the same computation yields

discr
(
ε ◦A

)
p′ = discr(ÕO)p′ .

If E has good reduction everywhere, then MO is unramified outside p

and therefore discr(ÕO) = pmpm

. This implies that

discr(ε ◦A) = pmpm

and then ε ◦A = ÕP .

If E only has good reduction above p, we can find a pair x̂, ŷ of
Weierstrass functions associated with m defining an elliptic curve Ê

over an extension L̂ having good reduction everywhere and, replacing L̂

by a further finite extension, we can achieve

L̂(x̂, ŷ) = L̂(x, y).

We identify the points of E and Ê according to their parametrisation
by cosets ξ + m, and we can write

OP (L̂) = ε ◦A(L̂).

Observe that for a corresponding pair P1, P2 ∈ E(Qc); P̂1, P̂2 ∈ Ê(Qc)
and σ ∈ ΩL̂, we have the equivalence

P σ
1 = P2 ⇐⇒ P̂σ

1 = P̂2.

The uniformising parameter Ŵ = − x̂
ŷ has the series expansion

Ŵ =
∞∑

n=1

anWn

with p-integral coefficients in L̂ and a p-unit a1 as leading coefficient.
Hence, in the local descriptions of ÕP (L̂) and ÕP (L) above p we can
use the same local parameter W :

(ÕP (L̂))p′ =
pm − 1⊕

i=0

OL̂p′ θ(i), (ÕP (L))p′ =
pm − 1⊕

i=0

OLp′ θ(i),

θ(i) =
(
W (R)i

)
R∈P+Gm

.
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By intersecting the local components of MP (L) with the local compo-
nents of both sides of the equation OP (L̂) = ε ◦A(L̂), we obtain(

ÕP (L)
)

p′
= ε ◦A(L)p′ for all p′ | p.

For the other prime ideals p′ of L this equation is trivial since, then, the
local components of ÕP (L) and ÕO(L) are the local components of the
maximal order in OP (L) resp. OO(L). This proves that

ÕP (L) = ε ◦A(L).

Further, we can deduce from this equation that A must be the associated
order Â of ÕP in A, because clearly A ⊆ Â. This implies that

ÕP = ε ◦A = ε ◦ Â,

and, since multiplication by ε is an automorphism of Cpm

because of

det (εP+Q−Q′)Q,Q′∈Gm
= ±

∏
χ∈Ĝm

(ε, χ) �= 0,

it follows that

A = Â.

8.9 Proofs of Theorems 8.4.1, 8.4.2 and 8.5.2

For the proofs of the above-mentioned theorems, we need two special
versions of Theorems 1.6.1 and 1.6.3.

Proposition 8.9.1 We assume (8.5a) and (8.5b) to be given, and we
suppose E to satisfy (8.6) with respect to an integral ideal q. Let f ∈
C(x, y) have the following property: there exist infinitely many prime
ideals l in K such that

f(ξ) ∈ LK
ql

n , for all ξ ∈ l
−n

m \m, n ∈ N.

Then f ∈ L(x, y).

Proof Let l be a fixed prime ideal with the above properties. Then
obviously, there exists a null sequence (zn)n≥n0 with

zn ∈ l
−n

m \ l
−(n−1)

m, n ≥ n0
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that does not contain poles of f . By Theorem 1.6.1, from the assumptions
for f and in view of the general condition (8.7) there exists some N ∈ N
with

f ∈ LK
ql

N (x, y).

To prove the proposition, we contend that almost all pairs l, l
′ satisfy

LK
ql

n ∩ LK
ql

′n = L for all n ∈ N.

In fact, this is true for any two prime ideals l, l
′ of K unramified in

L/K because the prime ideals of Kq ramified in K
ql

n for K
ql

n �= Kq

are exactly the prime ideals above l, and, furthermore, these are totally
ramified. This finishes the proof of proposition 8.9.1.

Our next aim is the p-adic series expansion for singular values of ellip-
tic functions from L(x, y), where again we make the general assumption
(8.5). According to Theorem 1.6.2 in a neighbourhood of zero we have
the series

− 1
y(ξ) =W (ξ)3 +

∑
n≥4

AnW (ξ)n,

x(ξ) = W (ξ)−2 +
∑

n≥−1

BnW (ξ)n,

y(ξ) =−W (ξ)−3 +
∑

n≥−2

CnW (ξ)n

(8.38)

with p-integral coefficients An, Bn, Cn ∈ L. This implies that every func-
tion f ∈ L(x, y) can be written as

f(ξ) =
∞∑

n=n0

dnW (ξ)n (8.39)

in a neighbourhood of zero with coefficients in L. The following propo-
sition contains a criterion for the p-integrality of the coefficients dn.

Proposition 8.9.2 We assume (8.5) to be given, (a)–(c), and we let
f ∈ L(x, y) have the following properties:

(i) all poles of f are in K \ p−∞m,

(ii) f(ξ) is p-integral for all ξ ∈ p−∞m.

Then the coefficients dn in (8.39) are p-integral in L, and n0 = 0.
In particular, the series in (8.39) is also P-adically convergent to f(ξ)
for ξ ∈ p−∞m and, for every prime ideal P above p of L(f(ξ),W (ξ)).
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Proof First n0 = 0 because f has no pole at 0. We choose a null se-
quence (zn)n≥1 with zn ∈ p−nm \ pn−1m. Then, by Theorem 1.6.3 the
coefficients dn are all in 1

r R0,

R0 := Z[a1, .., a6, x(ξ1), .., x(ξm), w(z1), .., w(zs), s(z1), .., s(zn), f(z1), .., f(zN)],

where ξ1, . . . , ξm modulo m are the poles of f and N is a sufficiently large
natural number. According to Theorem 1.6.2 and because of assumptions
(i) and (ii), the generators of R0 are p-integers. Hence the dn are all
in 1

rOp, where Op denotes the ring of p-integers. Now, let p′ be a
prime ideal in L above p, P a prime ideal above p′ in L(f(ξ),W (ξ)),
and let R be the valuation ring of P. Further, we choose an ascending
chain of valuation rings Rn in L(f(ξ),W (ξ),W (zn)) containing R. Then
πn = W (zn) satisfies the hypothesis of Theorem 1.6.7. Hence, the series
is also P-adically convergent to f(ξ), and the dn are in R. More precisely,
the dn are p′-integral in R ∩ L and, since this is true for every prime
ideal p′ over p, they are even p-integral.

Proof of Theorem 8.4.1 A function satisfying the hypothesis of Theorem
8.4.1 also satisfies the hypothesis of Proposition 8.9.2. In particular, for
R = O it follows that T (Q) = T (R + Q) − T (R) is integral for every
Q ∈ E[p∞]. Therefore, the element defined in Theorem 8.4.1,

θ := (T (R))R∈P+Gm
,

is in ÕP . For the discriminant of the polynomial

gP (X) :=
∏

R∈P+Gm

(X − θR)

we obtain

discr(gP (X)) ∼ pmpm

,

bearing in mind that by assumption T (R) − T (R + Q) ∼ p
1

Φ(o(Q)) for
Q ∈ Gm \ {O}. Since this is a divisor of the discriminant of ÕP , we
finally obtain

ÕP = OL[θ] and discr(ÕP ) = pmpm

.

Proof of Theorem 8.4.2. Let T be the function defined in (8.10). By
Proposition 8.7.6 (or following from Proposition 8.9.1) T is in L(x, y).
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To prove that T satisfies the other hypothesis of Theorem 8.4.1, we use
the formula (7.1)

P(ξ1) − P(ξ2) = (−ε)e
e−1∏
i=0

ϕ(ξ1 + ζiξ2)ϕ(ξ1 − ζiξ2)
ϕ(ξ1)2ϕ(ζiξ2)2

,

with e = wK

2 and a generating element ζ for the group of roots of unity in
K. Now let Q = Q(ξ) �= O, R = Q(ξ1) be in E[p∞]. We set η1 := ξ1 +δ.
By the above formula we obtain

T (R + Q) − T (R) = (−ε)e−1
e−1∏
i=0

ϕ(ξ + (1 + ζi)η1)ϕ(ξ + (1 − ζi)η1)
ϕ(ξ + η1)2ϕ(ζiη1)2

.

Herein

ϕ(ξ + (1 − ζ0)η1) = ϕ(ξ) ∼ p
1

Φ(o(Q))

according to Theorem 4.3.1. All other factors are units, because η1 is
of composite order divisible by q with q

gcd(wK ,q) composite. This proves
the factorisation

T (R + Q) − T (R) ∼ p
1

Φ(o(Q)) ,

we wanted to show.

Proof of Theorem 8.5.2. The transformation formula for hγ in section
1.7 tells us that g is elliptic for m. More precisely, g is in L(x, y), as we
will show using Proposition 8.9.1. So let l be an arbitrary prime ideal
of K not dividing q and ξ ∈ l

−n
m, n ∈ N. Then by the Reciprocity

Law together with the transformation formula for the ϕ function we
first obtain g(ξ) ∈ K

12N(ql
n
)2

and then

g(ξ)σ(λ) = · · · = g(ξλ) = · · · = g(ξ)

for every λ ∈ OK prime to 12N(ql) satisfying λ ≡ 1 mod ql
n. Herein,

σ(λ) denotes the Frobenius automorphism corresponding to the ideal
(λ). Hence g(ξ) is in K

ql
n . Proposition 8.9.1 now implies that

g ∈ L(x, y).

Furthermore, by factoring ϕ-values and keeping in mind that by assump-
tion the order q of δ is composite, we obtain that the g(ξ) are integral
for all ξ ∈ p−∞m and all prime ideals p not dividing q. Therefore, using
Proposition 8.9.1 we find that the element θ defined in Theorem 8.5.2 is
in ÕP .
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Now we contend that the resolvents of the element defined in Theorem
8.5.2 are associated with pm. Therefore, we write the resolvents in the
form

(θ, χ) =
∑

ξ∈p−mm mod m

g(ξ1 + ξ)χ(ξ),

with a parameter ξ1 of P = Q(ξ1). By the resolvent formula of Theorem
1.7.2 we then have

(g(z|L), χ) :=
∑
ξ∈

ˆ
L

ξ mod L

g(z + ξ|L)χ̄(ξ)

=
12

√
Δ(L̂)
Δ(L)

Cχχ0(δ + z)hγ(ω(δ + z)|L)−1,

with the character χ0(ξ) = elL((1−ω)ξ,γ),

Cχχ0(δ + z) = e
− 1

2 l ˆ
L

(δ+z, γ
n +μχχ0 ) ϕ(γ|L)ϕ(δ + z + γ

n + μχχ0 |L̂)

ϕ(δ + z|L̂)ϕ( γ
n + μχχ0 |L̂)

,

L = m, L̂ = p−mm, n = [L̂ : L] = N(pm)

and elements

μχχ0 ∈ 1
n
L.

Theorem 4.2.2 implies that

12

√
Δ(L̂)
Δ(L)

∼ pm,

and for z = ξ1 all ϕ-values in the definition of Cχχ0(δ + z) and hγ(ω(δ +
z)|L) are units. This follows from Theorem 4.3.1, keeping in mind (8.9),
(8.11) and (8.12). Finally, since the exponential factor in the definition of
Cχχ0(δ+ξ1) is a root of unity, the resolvent formula tells us that (θ, χ) has
the factorisation pm, as asserted. This finishes the proof of Theorem 8.5.2
under the hypothesis (8.9). The construction of a generator under the
weaker hypothesis (8.8) is explained in the following proof of (8.18).

Proof of (8.18). Using the p-adic series for θ,

θR =
∞∑

n=0

anW (R|n)n,
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we obtain

(λ(θ))R =
∑

R′∈λ−1(R)

θR′ =
∑

Q∈Gn
s

θR0+Q =
∞∑

n=0

an

∑
Q∈Gn

s

W (R0 + Q|n)n

with some R0 ∈ λ−1(R). Now, applying the p-adic addition formula (8.3)
to W (R0 + Q|n), Lemma 8.8.3 yields∑

R′∈λ−1(R)

θR′ ≡ 0 mod ps.

To write λ(θ) as a power series of W (R), R ∈ λ(P ) + Gm
m−s, observe

that
∑

Q∈Gn
s

W (z + ξQ|n) is elliptic for m and can be written as

∑
Q∈Gn

s

W (z + ξQ|n) =
∞∑

k=0

bkW (z|m)k

with coefficients bk in L̂ because of (8.17). Moreover, by Proposition
8.9.2 the bk are p-integral. Now we arrive at the series we are aiming for
by inserting W (z|n) into the expansion of (λ(θ))R.

With the above construction we obtain by

Θ =

⎛
⎝ 1

πs

∑
R′∈λ−1(R)

g(R′|mps)

⎞
⎠

R∈λ(P )+Gm
s

an element in O
m
λ(P )(m−s), whose resolvents are associated with pm−s.

However, this does not end the proof since, according to our construction,
the base field for O

m
λ(P )(m− s) is L̂. But applying Theorem 8.7.5 to the

function

g̃(z) :=
1
πs

∑
Q′∈Gn

s

g(z + ξQ′ |mps),

we find that in fact Θ is in O
m
λ(P )(m − s) with the base field L.

8.10 Proofs of Theorems 8.9.2 and 8.6.2

Proof of Theorem 8.9.2. First, we consider the case p odd and q

satisfying (8.9). The assertions of Theorem 8.9.2 then follow from
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Theorems 8.4.2 and 8.5.2, using the Fueter model E associated with
m = OK . Since the coefficients of E are in K(4), we can take

L = K4qpr .

as base field. By Reciprocity Law we find that

L(E[q]) ⊆ K4q.

Hence, E(L) contains a point of order q, and (8.6) is satisfied, so we can
apply Theorems 8.4.2 and 8.5.2. We choose a point

P = Q(ξ1) with o(ξ1) = pr+m.

By Theorem 8.5.2 we then have

ÕP = θ ◦A,

where θ and A are explicitly given as values of g and T defined in (8.13)
and (8.10):

θ = (g(P + Q))Q∈Gm
= (g(ξ1 + ξ))ξ∈p−m/OK

,

A =
pm−1⊕
i=0

OM4qτi, τi =
1

πm

∑
Q∈Gm

T (Q)iQ,

T (Q(ξ)) := T (ξ), ξ ∈ p−m.

By Reciprocity Law W (ξ1) ∈ N4q and

W (ξ1)σ(1+ξ0ξ) = W (ξ1 + ξ) for ξ ∈ p−m.

This implies that

κ : MP → N4q, (aP+Q)Q∈Gm

→ aP ,

is an isomorphism of M4q-algebras. Further, according to (8.19), we have
the isomorphism

κ̂ : Gm → Gal(N4q/M4q), Q(ξ) 
→ σξ := σ(1 + ξ0ξ),

that can be extended to A by

κ̂

⎛
⎝ ∑

Q(ξ)∈Gm

f(T (Q(ξ)))Q(ξ)

⎞
⎠ :=

∑
σξ∈G

f(T (σξ))σξ for f(X) ∈ L[X].
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This proves κ(ÕP ) to be a κ̂(A)-module contained in ON4q generated
by θP :

κ(ÕP ) = θP ◦ κ̂(A).

Furthermore,

dN4q/M4q(κ(ÕP )) = discr(ÕP ) = pmpm

,

and since the computation of the relative discriminant of N4q/M4q via
the conductor discriminant formula leads to the same result, we have
proved that:

ON4q = κ(ÕP ), AN4q/M4q = κ̂(A)

and

ON4q = θP ◦AN4q/M4q .

To prove the last equation for the extension Nq/Mq instead of N4q/M4q,
note that Nq ∩ M4q = Mq. Hence, Gal(Nq/Mq) can be identified with
Gal(N4q/M4q), and we denote both by G. Since θP lies in Nq, we obtain

ONq = θP ◦ ((AN4q/M4q ∩ Nq[G]))

by intersection of both sides in the above equation with Nq. Further,
observing that, according to Theorems 8.4.1 and 8.4.2, A is a free ON4q -
module, it follows that

(AN4q/M4q ∩ Nq[G]) = κ̂(A ∩ Nq[Gm]) =

κ̂

⎛
⎝ 1

πm

⎧⎨
⎩ ∑

Q∈Gm

f(T (Q))Q

∣∣∣∣∣∣ f(X) ∈ OMq [X]

⎫⎬
⎭
⎞
⎠ .

This finishes the proof of the second and third assertions of Theorem
8.6.1 for an odd p and q satisfying (8.9). If q only satisfies the weaker
condition (8.8) and is not a divisor of 2, we obtain the second assertion of
Theorem 8.6.1, by repeating the proof using the element ϑ′ from (8.21)
instead of θP .

For "p even" we proceed in the same way using Deuring’s instead of
Fueter’s model.

The first assertion of Theorem 8.6.1 follows easily from Theorem
7.4.1.
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Proof of Theorem 8.6.2. Keeping in mind that the element ϑ′ in (8.21)
lies in ON1 with resolvents associated with pm, the assertion of Theorem
8.6.2 follows using same arguments as in the proof of Theorem 8.6.1.

8.11 Analogy to the cyclotomic case

Similarly to the construction of integral bases we obtain a result on the
Galois module structure for cyclotomic fields by taking a suitable limit
in the basic resolvent formula. We consider two complex lattices

L = [ω, 1] ⊂ L̂ =
[
ω,

1
n

]
of index n. Further, in the resolvent formula of Theorem 1.7.2 we let z

and γ be real, and we let the ξ be of the form

ξ =
ν

n
, ν = 0, . . . , n − 1.

In this special case the resolvent formula of Theorem 1.7.2 can be
written as

∑
ξ

σ∗(z + ξ + γ|L)

σ∗(z + ξ|L)
χ(ξ) = e

1
2 l ˆ

L
(z,μχ)

σ∗(γ|L)σ∗
(

z + γ
n

+ μχ

∣∣ L̂)
σ∗

(
γ|L̂

)
σ∗

(
γ
n

+ μχ

∣∣ L̂) .(8.40)

Herein, we choose μχ as a coset representative of 1
nL modulo L̂ of the

form

μχ = uχ
ω

n
, uχ = 0, . . . , n − 1.

Now, keeping in mind the q-expansion of σ∗ for arbitrary z ∈ C,

σ∗
(

z

∣∣∣∣ω1

ω2

)
=

ω2

2πi
Q

z1
ω2

(
Q

1
2 − Q− 1

2

) ∞∏
n=1

(1 − Qqn)(1 − Q−1qn)
(1 − qn)2

with

Q = e2πi z
ω2 , z = z1ω1 + z2ω2, z1, z2 ∈ R; q = e2πiω, ω =

ω1

ω2
,

by taking the limit for ω → i∞ in (8.40) we obtain the relation

∑
ξ

d(z + ξ + γ)
d(z + ξ)

χ(ξ) = nζCχ (8.41)
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with a root of unity ζ and

Cχ =

⎧⎨
⎩

d(γ)
d(nz) , for χ �= 1,

d(nz+γ)
d(γ) , for χ = 1,

, (8.42)

where for short we use the notation

d(w) := eπiw − e−πiw.

For the arithmetical interpretation of this formula we consider, instead
of an elliptic curve, the unit circle, defined over L = Q:

E(C) := {(x, y) ∈ C2 | x2 + y2 = 1}.

In order to elucidate the analogy, we use the same notations as used for
elliptic curves in 8.1, 8.2 and 8.3. Via the bijection

C/Z→E(C), ξ+Z 
→Q(ξ):=(x(Q(ξ)), y(Q(ξ)))=(cos(2πξ), sin(2πξ)),

we define a group structure on E(Q) by

Q(ξ1) + Q(ξ2) := Q(ξ1 + ξ2).

Then the n-torsion points are given by the n-th roots of unity

E[n] =
{

Q(ξ)
∣∣∣∣ ξ ∈ 1

n
Z/Z

}
.

Further, the Galois group ΩQ of Qc/Q is acting in an obvious way on
E(Qc).

As uniformising parameter at the origin (neutral element) of E(C) we
choose

W (ξ) := e2πξ − 1 = x(Q(ξ)) + iy(Q(ξ)) − 1,

and we set

W (Q) := W (ξ), for Q = Q(ξ).

If Q = Q(ξ) is a torsion point of order n, then W (Q) generates the n-th
cyclotomic field, and for a prime power n = pe we have

W (Q) ∼ pΦ(pe),

where Φ is the Euler function in Q. Further, similar to (8.3), we have
the relation

W (Q1 + Q2) = W (Q1) + W (Q2) + W (Q1)W (Q2).
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Now we choose a fixed prime number p �= 2 and two natural numbers

m, r ≥ 1.

For s ∈ N we set

Gs = E[ps].

Given a point P ∈ Gr+m we define the polynomial

hP (X) :=
∏

R∈P+Gm

(X − W (R))

and then the algebra

MP := Q[X]/(hP (X)) = {(f(W (R)))R∈P+Gm
| f ∈ Q[X]}

= Q[θ], θ = (W (R))R∈P+Gm
.

Since this is a direct sum of cyclotomic fields, we find, unlike in 8.3, that

OP := Z[θ]

is the maximal order. Further, as in section 8.3 we define

A :=
1

pm

⎧⎨
⎩ ∑

Q∈Gm

aQ Q

∣∣∣∣∣∣ (aQ)Q∈Gm
∈ OO

⎫⎬
⎭ ,

where O = Q(0) denotes the neutral element in E(C). Now, as in the
proof of Theorem 8.3.1 defining the operation of A on OP analogously
to (8.4) we can prove:

Theorem 8.11.1

(i) A is a ring,
(ii) OP ◦A ⊆ OP ,
(iii) discr(OP ) = discr(hP (X)) = pmpm

.

In particular, the last assertion shows that every element θ ∈ OP is
a generating element of OP over A,

OP = θ ◦A,

if for every character χ of Gm∑
Q∈Gm

θP+Qχ(Q) ∼ pm.
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In the case P = Q
(

1
pr+m

)
such an element can be found via the resolvent

formula (8.41) by setting

θ = (θR)R∈P+Gm
= (g(R))R∈P+Gm

with the 1-periodic function

g(z) =
d
(
z + 1

pr

)
d(z)

=
e2πiz − 1

e2πize
πi
pr − e−

πi
pr

.

8.12 Generalisation to ring classes by Bettner and Bley

Most of the constructions in sections 8.4 and 8.5 carry over to ring classes
and lead to similar results. However, the subgroup Gps for a prime ideal
power ps, that is crucial for the definition of the objects to be studied,
has to be modified. Therefore, we fix a proper ideal a of the order Ot of
conductor t > 1 in an imaginary quadratic number field K and consider
a Weierstrass model associated with a, defined over a finite extension L

of K. The prime ideal power ps in the construction for t = 1 is replaced
by a primary ideal q of Ot, and we define

Gq := {Q(ξ) ∈ E(Qc) | qξ ⊆ a}.

For t = 1 this is the old definition, because then q is a prime ideal power.
In order to use the p-adic power series expansions as in the case t = 1
it is necessary to modify Gq by taking its subgroup

G∗
q := {Q ∈ Gq | vP(W (Q)) > 0 for all prime ideals P ⊇ p of O1}

instead, where p denotes the prime ideal associated with q. Let p be the
prime number in p, pZ = p ∩ Z. Then, by factoring ϕ-values we obtain

G∗
q � Gq if p | t and p is split in K,

G∗
q = Gq otherwise.

The general assumptions (8.5) for the definition of the integral objects
in the case t = 1 are now generalised as follows:

General assumptions for t > 1 (8.43)

(a) K is a quadratic imaginary number field and Ot the order of con-
ductor t in K.
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(b) E is an elliptic curve defined by an equation (8.1) of a pair of Weier-
strass functions associated with an ideal a ∈ It having coefficients
in a finite extension L of the ring class field Ωt. For d = −3,−4 we
further assume L to contain the ring class field Ω3t resp. Ω2t.

(c) p is a fixed prime ideal of Ot of norm p = Nt(p) := [Ot : p], we
assume the coefficients of the equation (8.1) to be pO1-integral and
E to have good reduction above pO1.

(d) Let qr be a primary ideal in Ot or qr = Ot with

G∗
qr

⊆ E(L),

(e) qm a primary ideal in Ot and P ∈ E(Qc) with

[pm]P ∈ G∗
qr

.

The definition of MP , A and ÕP , A is completely analogous to the
case t = 1, replacing the coset P + Gpm by the coset

P + G∗
qm

.

Further, in the definition of A the power πm is replaced by an element
πm ∈ L with

πm ∼
∏

Q(ξ)∈G∗
qm

\{0}
ϕ(ξ|a).

For dK �= −3,−4 the existence of such an element follows from the
principal ideal theorem and similarly in the cases dK = −3,−4 if we
add the assumptions qm ∈ It and Gqm

= G∗
qm

.

To prove the existence of a Galois generating element for ÕP over
A, we have, as in the case when t = 1, to assume that E(L) contains
enough torsion points. Therefore, let q be an ideal of Ot, prime to p

with decomposition

q = q1 · . . . · qs, s ≥ 2,

into a product of primary ideals, and for s = 2 we assume that

N(
√

qi) ≤ 3 ⇒ qi �
√

qi, i = 1, 2 (8.44)

and

q � 2.

Then there exist elements γ, δ ∈ K \ a with qγ,qδ ⊆ a, such that

o(γ|a), o(δ|a), o(γ + δ|a), o(γ + |G∗
qm

|δ|a) are composite. (8.45)
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Here the order o(λ|a) of an element λ ∈ K \ a is defined to be the
Ot-ideal

o(λ|a) := {ξ ∈ Ot | ξλ ∈ a}.

The following theorem generalises Theorem 8.5.2.

Theorem 8.12.1 Let q � 2 be an integral ideal of Ot prime to p,
satisfying condition (8.44), and let E(L) contain Gq. Let γ, δ ∈ K \ a

with qγ,qδ ∈ a and (8.45). Further, let ω ∈ Ot satisfy the congruences

ω ≡ 0 mod qm and ω ≡ 1 mod p.

Let g be the function defined by γ, δ and ω in (8.13). Then

θ := (g(R))R∈P+G∗
qm

is a Galois generator for ÕP over A.

As in the case for t = 1 we can skip the hypothesis Gq ⊆ E(L),
assuming that p does not divide wK .

Theorem 8.12.2 For p � wK there exists an element θ ∈ ÕP with

ÕP = θ ◦A.

For the global construction of ÕP and A we are using, as in 7.1 for
t = 1, the normalisation P(z|a) of the ℘ function and define:

T (z) := P(z + δ|a) − P(δ|a),

where δ ∈ K \ a has order q.

Theorem 8.12.3 Assuming the hypothesis of Theorem 8.12.1 on δ

and q, we have

ÕP = OL ⊕OLθ ⊕ · · · ⊕OLθN−1

with

θ = (T (R))R∈P+G∗
qm

and N = |G∗
qm

|. In particular,

A =
N−1⊕
i=0

OLτi with τi =
1

πm

∑
Q∈G∗

qm

T (Q)iQ.
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Using Theorems 8.12.1, 8.12.2 and 8.12.3 we obtain similar results on
the Galois module structure of the extensions

Nq/Mq = Kt,qqrqm
/Kt,qqr

with

qm | qr,

because by the last condition we have an isomorphism

q−1
m /Ot

∼= G(Nq/Mq)

given by the map

ξ + Ot 
→ σξ := σ(1 − ξ0ξ)

with some element ξ0 ∈ qqmqr \ pqmqr satisfying

ξ0 ≡ 0 mod 8 if q � 2,

ξ0 ≡ 0 mod 9 if q � 3.

Assuming that

p � t or p not split in K

and

dK �= −3,−4,

we obtain the following results:

Theorem 8.12.4 Let δ ∈ q−1 \ 1
2Ot have composite denominator

o(2δ|Ot). We set

T (z) := P(z + δ|Ot) − P(δ|Ot).

For ξ1 ∈ K \ Ot with o(ξ1|Ot) = qmqr, ξ0ξ1 ≡ 1 mod qm and a πm ∼
qmOK we then have

ONq = OMq [T (ξ1)],

ANq/Mq =
1

πm

⎧⎪⎨
⎪⎩

∑
ξ∈q−1

m mod Ot

f(T (ξ))σξ

∣∣∣∣∣∣∣ f(X) ∈ OMq [X]

⎫⎪⎬
⎪⎭ .

Theorem 8.12.5 Let γ, δ ∈ q−1 \Ot have the property of

o(γ|Ot), o(δ|Ot), o(γ + δ|Ot), o(γ + Nt(qm)δ|Ot)
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being composite and let ω ∈ Ot satisfy

ω ≡ 0 mod qm and ω ≡ 1 mod p.

Let g denote the function defined in (8.13) with γ, δ and ω. Then

ONq = ϑ ◦ANq/Mq

with

ϑ = g(ξ1),

where ξ1 ∈ K \Ot has order o(ξ1|Ot) = qmqr.

As in the case for t = 1, Theorem 8.12.5 implies:

Theorem 8.12.6 For p � 2 there exists ϑ ∈ ON1 with

ON1 = ϑ ◦AN1/M1 .

However, from the proof of Theorem 8.12.6 we do not obtain an
explicit construction of AN1/M1 .



9
Berwick’s congruences

In 1927 the English mathematician W.E.H. Berwick published an arti-
cle on numerical computation of singular values of j including a series
of conjectures concerning congruences satisfied by these singular values,
without giving any idea of proof. In the framework of complex multipli-
cation these congruences constitute a rather untypical result. Therefore,
it was not surprising that the first proof of some of these congruences by
Gross and Zagier (1985) did not use the classical methods of complex
multiplication but was relying on counting isogenies of elliptic curves.
Moreover, Gross and Zagier only treated congruences modulo powers of
the primes p = 2, 3, 5, 7 and 11 without giving any hint on how similar
congruences modulo powers of other primes could be found or deduced.

9.1 Bettner’s results

A complete proof of Berwick’s congruences is due to Stefan Bettner
(2004). Essentially his proof uses division polynomials for ℘-values in
combination with results on the denominators of these values, as will
be outlined later. To state the results we use the following notation for
an element x of an algebraic numberfield L, a prime number p and a
rational number r by setting

vp(x) = r, vp(x) ≥ r

if

vp(x) = r, vp(x) ≥ r

for all prime ideals p above p.
In the following let K be a quadratic imaginary number field of dis-

criminant d and a a proper ideal of Ot.

261
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Theorem 9.1.1 Let t = 2sm, 2 � m, Then

v2(j(a))

⎧⎪⎪⎨
⎪⎪⎩

≥ 15 if 2 is inert in K and s = 0,
= 23−s if 2 is inert in K and s ≥ 1,
= 3 · 21−s if 2 is ramified in K,
= 0 if 2 is split in K.

Theorem 9.1.2 Let t = 3sm, 3 � m, Then

v3(j(a) − 123)

⎧⎪⎪⎨
⎪⎪⎩

≥ 6 if 3 is inert in K and s = 0,
= 1

232−s if 3 is inert in K and s ≥ 1,
= 31−s if 3 is ramified in K,
= 0 if 3 is split in K.

To state similar congruences for an arbitrary prime number p, we
assume d < −4, and, given a natural number N > 1, we consider the
modified division polynomial

Ψ̃N (X) := δ(a)NΨN

(
X

δ(a)

)
= N

∏
ξ∈ 1

N
a\ 1

2a
mod a

(X − P(ξ | a)) ,

with the normalisation

P = δ(a)℘, δ(a) =
ε

6
√

Δ

of the ℘ function as defined in 7.1.1. Writing

Ψ̃N (X) =
∑

ν

a(N)
ν (a)Xν ,

the coefficients are polynomials of

g̃2(a) = δ(a)2g2(a) =
ε2γ2(a)

123
and g̃3(a) = δ(a)3g3(a) =

ε3γ3(a)
63

.

More precisely, every coefficient is of the form

cpγ
ν2
2 γν3

3 h(j)

with a factor cp prime to p, exponents ν2 = 0, 1, 2; ν3 = 0, 1 and a
polynomial h ∈ Z[j]. Congruences modulo a prime number are then
obtained by writing the coefficients a

(p)
ν (a) in terms of the values P(ξ | a)

and using the results of Theorem 7.3.2 about the factorisation of denom-
inators. Berwick’s congruences modulo 5, 7 and 11 are then obtained by
considering

a
(p)

( p
2 )

(a).
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This coefficient has the property that in the representation of

1
p a

(p)

( p
2 )

(a)

as a symmetric function of P(ξ | a)-values there is exactly one sum-
mand having a maximal p-denominator. Therefore, this gives us the
exact p-part of the denominator of a

(p)

( p
2 )

(a). In this way Bettner proves
the following theorem:

Theorem 9.1.3 Let t = psm, 3 � m, p > 3. Then

vp

(
a
(p)

( p
2 )

(a)
) ⎧⎪⎪⎨

⎪⎪⎩
≥ 1 if p is inert in K and s = 0,
= 1

p+1p1−s if p is inert in K and s ≥ 1,
= 1

2p−s if p is ramified in K,
= 0 if p is split in K.

For p = 5, 7, 11, 13, 17, 23, 29 we quote from Bettner (2004)

a
(p)

( p
2 )

(a) = cp

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

γ2(a) if p = 5,
γ3(a) if p = 7,
γ2(a)γ3(a) if p = 11,
(j(a) + 8) if p = 13,

γ2(a)(j(a) + 9) if p = 17,
γ3(a)(j(a) + 12) if p = 19,
γ2(a)γ3(a)(j(a) + 4) if p = 23,
γ2(a)(j(a) + 4)(j(a) + 27) if p = 29,

and, using Theorem 9.1.3, we obtain congruences that include Berwick’s
conjectures.

9.2 Method of proof

The details of proof are rather complicated because, besides other things,
they involve an explicit version of the factorisation of ϕ(ξ|a)-values, in
particular for proper ideals on non-maximal orders. To illustrate the
basic idea, we will treat a simple case and assume that

t = 1 and p inert in K.

For numerical examples of the above congruences, we refer to the rich
material presented by Gross and Zagier (1985).
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p = 2:
In our case the equation Ψ2 turns out to be of no use, so we consider

Ψ̃4(X) =

4X6−5g̃2(a)X4−20g̃3(a)X3− 5
4
g̃2
2(a)X2−g̃2(a)g̃3(a)X − 2g̃3(a)2 + 1

16
g̃2(a)3,

which yields

−5
4

g̃2(a) =
∑

1≤i<j≤6

P(ξi | a)P(ξj | a) = trK(4)/Ω (P(ξ1 | a)P(ξ2 | a)) , (9.1)

where ±ξi runs through a system of representatives for 1
4a mod a with

ξ �∈ 1
2a. Herein, the trace satisfies the congruence

trK(4)/Ω (P(ξ1 | a)P(ξ2 | a)) ≡ 0 mod 2 (9.2)

in the ring of numbers integral for 2. Observe that the 2-part of the
denominator of P(ξi | a) is a divisor of (2)

1
6 . This follows from Theorem

7.3.1 in combination with Theorem 7.3.2, according to which the number
P in Theorem 7.3.1 is integral for 2 because 2 is inert in K. In our case
the relative discriminant of K(4)/Ω is (2)8, and this implies the relative
different to be

ϑK(4)/Ω = (2)−
8
6 =

1
2
(2)

1
3 ,

which proves (9.2). By (9.1) and (9.2) we now obtain

v2

(
g̃2(a)

4

)
≥ 1,

and, bearing in mind that j(a) ∼ 123g̃2(a)3, this implies that

215 | j(a).

p = 3:
Writing the coefficient of X in the division polynomial

Ψ̃3(X) = 3X4 − 3
2
g̃2(a)X2 − 3g̃3(a)X − 1

16
g̃2(a)2

as a symmetric function we obtain the identity

g̃3(a) =
∑

1≤i<j<k≤4

P(ξi | a)P(ξj | a)P(ξk | a)

= trK3/Ω (P(ξ1 | a)P(ξ2 | a)P(ξ3 | a)) ,
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where ±ξi, i = 1, 2, 3, runs through a system of representatives of 1
3a

modulo a, ξi �∈ a. Since 3 is inert in K by assumption, we can conclude
as for p = 2 that the numbers P(ξi | a) have denominator (3)

1
4 . This

implies that

g̃3(a) ∈ trK3/Ω

(
ϑK3/Ω

)
∈ OΩ,

and then

36 | (j(a) − 123)

because j − 123 ∼ 66g̃3(a).

p > 3:
In all other cases we conclude as for p = 5. Looking at the ( 5

2 )-th coef-
ficient of Ψ̃5(X), we obtain:

a
(5)

( 5
2 )

(a) = −31
2

g̃2(a) = 5
∑

1≤i<j≤12

P(ξi | a)P(ξj | a)

= 5 · trK(5)/Ω (P(ξ1 | a)P(ξ2 | a)) ,

and, since the 5-part of the denominator of P(ξi | a) is (5)
1
12 , using the

above conclusion via the different, we again obtain,

v5 (g̃2(a)) ≥ 1,

which implies that

v5(j(a)) ≥ 3.
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Cryptographically relevant elliptic curves

The contents of this chapter arose from collaboration with Andreas Enge.
Following an unpublished idea of Hasse (1933), independently rediscov-
ered by H.M. Stark (1996) and refined by Rubin and Silverberg (2007)
and Morain (2007), the reduction of elliptic curves with complex mul-
tiplication leads to elliptic curves over finite fields whose cardinality is
explicitly predicted. Compared to the choice of elliptic curves at random
this method is useful for primality tests and for cryptographic applica-
tions based on pairings as, for instance, described by Freeman, Scott and
Teske (2006). In particular, this method can be applied to the construc-
tion of elliptic curves of prime cardinality.

The approaches in this chapter will on the one hand be to use suit-
able modular functions that accelerate the process of finding the reduced
curve. On the other hand we will also study curves admitting reduction
defined over fields of characteristic 2 and 3.

10.1 Reduction of the Weierstrass model

In 8.7.1 the Weierstrass model associated with a lattice L has been
defined by:

E : y2 = x3 + a4x + a6 (10.1)

with

a4 = − g2(L)

4 3
√

Δ(L)
= − 1

4 · 12
3

√
j(L) (10.2)

266



10.1 Reduction of the Weierstrass model 267

and

a6 = − g3(L)

4 2
√

Δ(L)
= − 1

4 · 63

√
j(L) − 123. (10.3)

For L imaginary quadratic the ai are integral outside 2 and 3, and,
since the discriminant of E is equal to 1, this implies that E has good
reduction outside 2 and 3. The uniformising functions of E are given by

x(z) :=
℘(z | L)
6
√

Δ(L)

and

y(z) :=
℘′(z | L)

2 4
√

Δ(L)
=

ϕ(2z | L)
2ϕ(z | L)4

.

For the sake of simplicity we choose L to be the maximal order O of an
imaginary quadratic number field K of discriminant d,

O := [α, 1],

where, in view of the normalisation of the root of Δ(O) the generating
element α is chosen as follows:

α =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

3+
√

d
2 if d ≡ 5 mod 8,

9+
√

d
2 if d ≡ 1 mod 16,

3+
√

d
2 if d ≡ 9 mod 16,

√
d

2 if d ≡ 0 mod 4.

Let p be a prime ideal in K of norm p � 6, whose ideal class has order e,

pe ∼ π = uα + v, u, v ∈ Z.

The above Weierstrass model will now be modified so that it is defined
over the fixed field of σ(π). As we will explain later, there exists an
element θ abelian over K and prime to p such that[

θ4γ2(α)
]σ(π)

=
[
θ4γ2(α)

]
and

[
θ6γ3(α)

]σ(π)
=

[
θ6γ3(α)

]
. (10.4)

The functions

x̃(ξ) := θ2x(ξ), ỹ(ξ) := θ3y(ξ)

then uniformise the elliptic curve

Ẽ : Y 2 = X3 + ã4X + ã6, with ã4 := θ4a4, ã6 := θ6a6, (10.5)
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which has good reduction above p and is defined over the fixed field
of σ(π). Let P be a prime ideal in Kγ := Ω1(ã4, ã6) lying above p.
Then, the reduction of the curve (10.5) modulo P has coefficients in
Fpe = OKγ /P. As we will see, replacing π by −π if necessary, we
can further achieve that the same is true for the torsion points P =
(x̃(ξ), ỹ(ξ)), ξ ∈ K \ O, of (10.5). The reduction of such a point P

modulo a prime ideal P′ above P of K(P, ã4, ã6) is a point of E(Fpe) if

P σ(π) = P. (10.6)

In fact, by the Reciprocity Law we find that

x̃(ξ)σ(π) = x̃(πξ)

if p does not divide the denominator of (ξ). The action of σ(π) on ỹ(ξ)
can be deduced from the proof of Theorem 6.8.7:

ỹ(ξ)σ(π) = ỹ(πξ)ε(π, α)−3θ3(σ(π)−1)

with

ε(π, α)3 :=
{

ζ
(−uvn+1)pe−uv−v
4 if 2 � v,

ζspe+pe−u+1
4 if 2|v,

where n and s denote the norm and the trace of α. Note that the equation
of the curve implies that

ε(π, α)−3θ3(σ(π)−1) = ±1,

that for p � 2

ε(π, α)3 = −ε(−π, α)3 (10.7)

and that by definition we have σ(π) = σ(−π). Therefore, we can nor-
malise π by the condition

ε(π, α)−3θ3(σ(π)−1) = 1.

Then Pσ(π) = P is equivalent to

denominator of (ξ) | (π − 1).

Let E[(π − 1)] denote the group of (π − 1)-torsion points, and let P
′ be

a prime ideal above P in the field generated by ã4, ã6 and the points of
E[(π − 1)]. Then E[(π − 1)] is mapped by reduction onto a subgroup U

of E(Fpe), and since the reduction is injective on E[(π − 1)] because of
P

′ � (π − 1), this implies that E(Fpe) has a subgroup U of order

|U | = |E[(π − 1)]| = N(π − 1) = pe + 1 − tr(π).
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Herein

|tr(π)| ≤ 2
√

pe,

and by the Riemann hypothesis we have

|E(Fpe)| ≤ pe + 1 + 2
√

pe.

Therefore, in view of p � 6 we have pe > 3, and we obtain

[E(Fpe) : U ] ≤ pe + 1 + 2
√

pe

pe + 1 − 2
√

pe
< 2.

Hence, E(Fpe) = U and

|E(Fpe)| = pe + 1 − tr(π),

where, as above, π is normalised by ε(π, α)−3θ3(σ(π)−1) = 1.
ã4 and ã6 may be determined modulo P by the following steps:

(i) computation of θ12 modulo P,
(ii) computation of θ6γ3(α) modulo P (in some cases, explained

below, this is a rational function of θ12),
(iii) computation of θ12j(α) = (θ6γ3(α))2 + 123θ12 modulo P,
(iv) computation of a root 3

√
θ12j(α) modulo P.

Of course, this determines a4 = ã4 mod P only up to a third root of
unity in Fpe , but all curves

Y 2 = X3 + ρa4X + a6, ρ ∈ Fpe , ρ3 = 1, (10.8)

are isogenous to each other over Fpe and hence have cardinality

pe + 1 − tr(π).

Remarks 10.1.1 To avoid the the computation of 3
√

θ12j(α) modulo
P, it is convenient to multiply the equation (10.5) by ã12

4 . This yields
the curve

E′ : Y 2 = X3 + ã9
4X + ã6ã

12
4 ,

which is isogenous to Ẽ over Kγ . It has good reduction above p, if j(O)
is prime to p, which can be verified by Theorem 4.4.2. Then, instead of
the third root, one has to compute the third power modulo P, which is
easier.

If pe ≡ 1 mod 4, then −1 is a square in Fpe . Therefore, all curves

Y 2 = X3 + ρa4X + (−1)νa6, ρ ∈ Fpe , ρ3 = 1, ν = 0, 1, (10.9)

are isogenous to each other over Fpe .
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For pe ≡ −1 mod 4 the curves in (10.9) for ν = 0, 1 are not isogenous.
To determine the cardinality for ν = 1 we parametrise the curve by
the functions −x̃(z|L), iỹ(z|L) and, concluding analogously, we find its
cardinality to be

pe + 1 + tr(π)

if π is normalised as above.

Construction of θ

In many cases θ = 1 has the desired properties, as for instance, when d

is prime to 6, since then γ2(α) and γ3(α) are in Ω1. The choice θ = 1
in (10.4) is also possible when π ≡ 1 mod 6 because we know γ2(α) and
γ3(α) to be in K6 for every fundamental discriminant d. In the remaining
cases we have the following construction, which can also be generalised
to non-fundamental discriminants.

According to section 2.4.3 the following functions are modular for
Γ( 1

0
0
n ), n ∈ N:

h2(ω) :=
(

η( ω
n )

η(ω)

)8

γ2(ω)n−1 if 3 � n.

h3(ω) :=
(

η( ω
n )

η(ω)

)6

γ3(ω)
n−1

2 if 2 � n,

In O we choose primitive ideals n2,n3 of norm n2, n3 satisfying

n2 ≡ 2 mod 3 and n3 ≡ 3 mod 4, gcd(n2,n3) = 1.

Two such ideals exist except for d = −3,−4, where θ = 1 has the desired
properties. Further, we set

α̂ := α + 6μ,

with μ ∈ Z such that α̂, ni is a basis of ni:

n = [α̂, ni].

Then, according to Theorem 6.6.4,

hi(α̂) ∈ Ω1, for i = 2, 3,

and it follows that a suitable product of

θi :=
η
(

α̂
ni

)
η (α̂)

, i = 2, 3,

as, for instance,

θ := θ8
2θ

3
3
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has the desired properties since γ2(α̂) = γ2(α) and γ3(α̂) = γ3(α). Of
course, when γ2(α) resp. γ3(α) are in Ω1, we can simplify our construc-
tion by setting θ2 := 1 resp. θ3 := 1 in the definition of θ.

To normalise π = uα + v we need the action of σ(π) on θ3:

θ
3(σ(π)−1)
i =

(
v

ni

)
ζ

ni−1
2

[
uvC
nipe −u( v−uB

pe (1−v2)−v)−3(v−1)u1

]
4 , ζ4 =

√
−1.

Herein B and C are the coefficients of the primitive equation X2+BX+
C = 0 of α̂, and u1 is defined by the decomposition u = 2λu1, 2 � u1.

We can also use the fact that
√
−1γ3(α) is in Ω1 for d ≡ 4 mod 8. In

this case we can replace θ3 by θ′3 = 4
√
−1 = 1+

√
−1

2 .
Finally, we mention the special cases n3 = 3, 7, where γ3(α) can be

computed via θ3 because then, according to Example 2.10.3, we have
the equations

x4 + 18x2 − γ3(α)x − 27 = 0 for n3 = 3 (10.10)

and

x8 + 7 · 2x6 + 7 · 9x4 + 7 · 10x2 − γ3(α)x − 7 = 0 for n3 = 7 (10.11)

satisfied by x = θ6
3 resp. x = θ2

3.

Example 10.1.2 For d = −248 we have γ2(α) ∈ Ω1 and γ3(α) �∈ Ω1.
Considering the functions h2 and h3 with n2 = n3 = 7 we find that

θ :=
η
(

α̂
7

)
η (α̂)

, α̂ = 1980 +
√
−62,

is a possible choice for θ. The power θ4 is in Ω1 and satisfies the equation

m(X) := X8 +
(
−676 + 116

√
−62

)
X7 +

(
−33118 + 6420

√
−62

)
X6

+
(
−759552 + 63920

√
−62

)
X5 +

(
−4412757 − 333684

√
−62

)
X4

+
(
3945984 − 5648048

√
−62

)
X3 +

(
68813474 − 16223748

√
−62

)
X2

+
(
56573660 − 15383252

√
−62

)
X + 2747137 + 643656

√
−62

Now we choose the prime

p = 123456790743209877383 = ππ

with

π = 11111111139 +
√
−62,
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and, using the above formulae we find that

ε(π, α)3θ3(σ(π)−1) = 1.

The factorisation of m(X) modulo (π) is given by

(X + 114910503791694606809)(X + 17485763858982704816)

×(X + 57733780165438061637)(X + 45254227752336118582)

×(X + 57984431058857325274)(X + 39337392116685518328)

×(X + 18300412043950243236)(X + 19363860152796160667),

where for simplicity we have omitted the bars on the numbers. For the
reduced curve to be constructed we choose the root

a := θ4 = −114910503791694606809.

Then, using (10.11), we find that

γ3(α)θ6 = a(a4 + 14a3 + 63a2 + 70a − 7) = 57886864132129591728,
j(α)θ12 = (a(a4 + 14a3 + 63a2 + 70a − 7))2 + 123a3

= 85690781976584311292,
γ2(α)θ4 = 502249127012118986.

This leads us to the curve

E : y2 = x3 + 56573898900491774655x + 75378817879956812114

over Fp having cardinality

p + 1 − tr(π) = 123456790720987655106.

The considerations so far for t = 1 carry over almost word by word to
the case t > 1 when the elliptic curve (10.1) is associated with a suborder
Ot in K. Instead of the prime ideal p prime to 6 we have to consider
a prime ideal coprime to 6t and to replace p by the corresponding ring
ideal pt. Then e is the order of pt in the ring ideal class group modulo
t and π is defined up to a unit factor by

pe
t = Otπ.
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10.2 Computation of j(O) modulo P

Let p be a prime ideal of degree 1 and of norm p. Then the residue
classes of j(O) modulo the different prime ideals P in Ω1 lying over
p can be obtained by factoring the minimal equation of j(O) over K

modulo p, keeping in mind that the equation has coefficients in Z. It is
explicitly given by

mj(O),K(X) =
∏

A,B,C

(
X − j

(
−B +

√
d

2A

))
,

where (A,B,C) runs through a system of representatives of the classes
of quadratic forms of discriminant d. We take as example dK = −251,
in which case the choice θ = 1 is possible. Then

mj(O),K(X) =

X7 + 4128446190315309498368 X6

−66204185373144403998280777728 X5

+1062008880270126105976008028408774656X4

+7966552994949346594041401247164174172160X3

+416131608793437401577832999781610387970981888X2

−1791911545705841840084320427251134859220759871488X

+1937587239465703269672056660685864050152464252403712.

We choose the prime ideal of degree 1

p = (π), π =
22222222221 +

√
−251

2
having norm

p = ππ = 123456790109876543273.

Then p splits completely in the Hilbert class field, and by factoring of
mj(O),K modulo p,

mj(O),K ≡
(X + 81666724111688493696)(X + 82896316073688673794)

·(X + 100882973722407244045)(X + 118936065735023292899)

·(X + 119357543134306544875)(X + 87317650069448975347)

·(X + 80598794392203062068) mod p,
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we find seven representatives of j(O) modulo the seven prime ideals
above p. We take the first representative,

j̄1 = −81666724111688493696 = 41790065998188049577.

Since p ≡ −1 mod 3, we have only one possibility for ā4:

ā4 = 32267382838068516622

and two possibilities for ā6:

ā6 = ±116150345266117935436.

Since p ≡ 1 mod 4, the two elliptic curves arising from j̄1 are isogenous
over Fp and have the same cardinality

p + 1 − tr(π) resp. p + 1 + tr(π)

according to whether ε(π, α)3 = 1 resp. ε(π, α)3 = −1 is satisfied. For
verification we write

π =
22222222221 +

√
−251

2
=

3 +
√
−251

2
+ 11111111109,

so u, v, n, s, p≡1, 1, 1,−1, 1 mod 4, hence ε(π, α)3 =ζ
(−uvn+1)pe−uv−v
4 =

−1. Consequently all curves determined have cardinality

p + 1 + tr(π) = 123456790132098765495.

In conclusion, we obtained 14 elliptic curves having this cardinality,
two for every j-invariant modulo P that are isogenous to each other
over Fp.

For a prime ideal of degree 1 and of norm p ≡ 2 mod 3 we find two
elliptic curves over Fp for every j-invariant modulo P. For p ≡ 1 mod 4
they are isogenous over Fp and, if p ≡ −1 mod 4, then they have differ-
ent cardinality, which can be decided either by computing γ3(α) or by
counting points.

However, with growing discriminants the coefficients of mj(O),K(X)
become astronomically high. This has been shown in Enge and Morain
(2002), Enge (2009) and Schoof (1991), so instead of j one uses modular
functions g of level N > 1, whose singular values g(α) satisfy algebraic
equations with rather small coefficients. Then, to compute j(α) modulo
P, one uses the modular equation

Φ(g, j) = 0

having coefficients in Z for suitably chosen g. In the sequel we will explain
this method by some examples.
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10.2.1 Schläfli–Weber functions

Let g be one of the functions f, f1, f2 defined in 6.4. Then, by the mod-
ular equation for g and j we see that j is a rational function of g. Let
d be the discriminant of an imaginary quadratic number field K. First,
we treat the case

d ≡ 1 mod 4: A zero of mj(O),K(X), generating the Hilbert class field
over K, is given by the value j(α), α = 3+

√
d

2 . To find a simpler gener-
ator, we use the identity

j =
(f24

2 + 16)3

f24
2

.

Then, by the η-transformation formula we write f2(α) as

f2(α) =
e

πi
8
√

2
f(
√

d)
,

and we end up with the relation

j(α) = −

(( √
2

f(
√

d)

)24

+ 16
)3

( √
2

f(
√

d)

)24 . (10.12)

Now, if some n-th power, n | 24, of
√

2
f(

√
d)

is in the Hilbert class field we

can compute j(α) modulo P via
( √

2
f(

√
d)

)n

modulo P. For illustration
let d ≡ 1 mod 8 and d �≡ 0 mod 3. Then, according to Theorem 6.4.1,
f(

√
d)√
2

generates the Hilbert class field. For example, if d = −247, we find
that

m f(
√

d)√
2

,K
(X) = X6 − 4X5 − 7X4 − 7X3 − 6X2 − 3X − 1,

which has the factorisation

(X + 2096108431151)(X + 205881311392)(X + 194833047732) ·
·(X + 1715786557544)(X + 1032395073636)(X + 878555233535)

modulo p = 3061779827497. The zeros are representatives of f(
√

d)√
2

mod-
ulo the prime ideals above p = (π) in the Hilbert class field and yield
the corresponding representatives of j(α) via the formula (10.12).
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For d ≡ 5 mod 8, d �≡ 0 mod 3 the situation is a little more complicated.
Then, f(

√
d) is a generating element of the ring class field modulo 2,

which is of degree 3 over the Hilbert class field. Therefore, the minimal
polynomial of f(

√
d) has degree 3hK , and for π �≡ 1 mod 2 the minimal

polynomial of f(
√

d) has to be factored over Fp3 . Unfortunately this
happens in the case of cryptographic interest, when we want the elliptic
curve over Fp to have prime cardinality.
In the case d≡ 4 mod 8 we use the identity

j =
(f24 − 16)3

f24

applied to α =
√

d
2 . However, the generators of the Hilbert class field

obtained in this way are less simple than in the preceeding case, because
by Theorem 6.4.1 the lowest power contained in the Hilbert class field

is f
(√

d
2

)4

. For example, in the case d = −820 we have:

m 1
2 f

( √
d

2

)4
,K

(X) =

X8−903X7+1688X6−315X5+1806X4+315X3+1688X2+903X+1.

In the case d≡ 0 mod 8 we use the identity

j =
(f24

1 − 16)3

f24
1

for the argument
√

d
2 and the results of Theorem 6.4.1 for f1.

10.2.2 Double η-quotients

As we have seen above, there are some cases when the Schläfli functions
are not very suitable for the computation of j(O) modulo prime ideals.
In many such cases the double η-quotients, used already for the con-
struction of simple generators of ring class fields in Theorems 6.6.2 and
6.6.6, turn out to be quite effective. We choose two primes q1, q2 �= 2
that are not inert in K, and we let q1,q2 be two prime ideals above
q1, q2 satisfying

q1 �= q2.

Then we can choose α ∈ H such that

O = [α, 1], q1 = [α, q1], q2 = [α, q2], q1q2 = [α, q1q2].
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In addition, we can achieve

tr(α) ≡ 0, 1 mod 4

and

tr(α) ≡ 0 mod 3 if q1, q2 �= 3.

We define a function g by

g(ω) = gq1,q2(ω) =
η
(

ω
q1

)
η
(

ω
q2

)
η
(

ω
q1q2

)
η (ω)

.

Applying Theorem 6.6.4 to the functions in 2.4.3 it follows that

g(α) (γ2(α)γ3(α))
q1−1

2
q2−1

2

is in the Hilbert class field if q1, q2 �= 3 or q1 = 3 and 3 | (q2 − 1).
Clearly, the same holds for g(α) if q1−1

2
q2−1

2 ≡ 0 mod 6. To compute
j(α) = j(O) modulo a prime ideal we then need the modular equation
Φq1,q2(X) of g over CU6 , which by Theorem 2.9.3 has coefficients in
Z[γ2, γ3,X]. We illustrate this procedure by the following example:

Φ5,7 = X48 + (−j + 708)X47 + (35j + 171402)X46

+ (−525j + 15185504)X45 + (4340j + 248865015)X44

+ (−20825j + 1763984952)X43 + (52507j + 6992359702)X42

+ (−22260j +19325688804)X41 +(−243035j +42055238451)X40

+(596085j +70108209360)X39 +(−272090j +108345969504)X38

+ (−671132j +121198179480)X37 +(969290j +155029457048)X36

+ (−1612065j +97918126080)X35 +(2493785j +141722714700)X34

+(647290j−1509796288)X33 +(−3217739j +108236157813)X32

+(3033590j−93954247716)X31 +(−5781615j +91135898154)X30

+(1744085j−108382009680)X29 +(1645840j +66862445601)X28

+ (−2260650j−66642524048)X27 +(6807810j +38019611082)X26

+ (−2737140j−28638526644)X25 +(2182740j +17438539150)X24

+ (−125335j−8820058716)X23 +(−1729889j +5404139562)X22

+(1024275j − 1967888032)X21 + (−1121960j + 1183191681)X20

+(395675j − 370697040)X19 + (−54915j + 103145994)X18

+(15582j − 42145404)X17 + (34755j − 15703947)X16

+ (−6475j − 3186512)X15 + (1120j − 4585140)X14

+ (−176j + 1313040)X13 + (j2 − 1486j − 38632)X12

+ (−7j + 399000)X11 + (−19j + 211104)X10 + (−9j + 6771)X8
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+ (8j − 6084)X7 + (7j − 5258)X6 + (j − 792)X5 − 105X4 + 16X3

+ 42X2 + 12X + 1

We choose d = −251. Then 5 and 7 are split in K = Q(
√
−251). Further,

since q1−1
2

q2−1
2 ≡ 0 mod 6, we know that g5,7(α) is in the Hilbert class

field. Its minimal equation is

X7 + 5X6 + 12X5 − 2X4 − 6X3 + 16X2 + 5X + 1.

As in section 10.2 we take

p = (π), π =
22222222221 +

√
−251

2
having the norm

p = ππ = 123456790109876543273.

Then p splits completely in the Hilbert class field, and the factorisation
of the minimal equation of g5,7(α) modulo p is given by:

(X + 1622891222345668957)(X + 35941263036181148886) ·
·(X + 5913032913627909916)(X + 21929643311898901652) ·

·(X + 50952364010769406202)(X + 26163603504599516570) ·
·(X + 104390782220330534368).

We choose the zero g5,7(α) = −1622891222345668957 and for the corre-
sponding value of j we obtain the equation

0 = Φ5,7(−1622891222345668957, j)

= 111416970477297685996j + 67496371020885195151

+97730862037371935492j
2

with solutions

36139140040427567926, 41790065998188049577.

In fact, j = 41790065998188049577 leads to the elliptic curves discovered
in section 10.2.

10.2.3 Application of η-quotients in the ramified case

The double η-quotients considered in the last section have the prop-
erty that their singular values g(α) are in Q(j(α)) and in most cases
they are generators of this field. However, according to Theorem 6.7.1,
the last property does not hold in the special case when q1, q2 and a
third prime are ramified in K = Q(α) and satisfy q1−1

2
q2−1

2 ≡ 0 mod 2.
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Then g(α) is contained in a subfield over which K(j(α)) has degree 2.
Hence g(α) satisfies an equation of degree h

2 , where h denotes the degree
[Q(j(α)) : Q]. In practice this reduces the amount of calculation needed
to find the curves considerably. We illustrate this by two examples:

First example of minimal equations: we choose d = −2555 =
−5 · 7 · 73 and we set α = 3·5·7+

√
d

2 . The class number is h = 12. Then
g(α) = g5,7(α) generates an extension of degree 6 over Q with minimal
equation

X6 + 86X5 − 574X4 + 1972X3 + 574X2 + 86X − 1.

On the other hand, the classical algorithm using Weber’s function f(
√

d)
leads to the class polynomial of the (non-fundamental) discriminant
4d = −10220 with class number 3h = 36:

X36 − 740X35 − 5576X34 + 38864X33 + 217388X32 − 1641560X31

+2427368X30 + 5721552X29 − 26437184X28 + 34413984X27

+18585616X26 − 141474752X25 + 241459440X24 − 160215168X23

−166796160X22 + 583142528X21 − 783022976X20

+512563456X19 + 237373184X18 − 1107810304X17

+1465448960X16 − 895317504X15 − 233253376X14

+1030334464X13 − 1072218368X12 + 632040448X11

−71012352X10 − 339048448X9 + 389827584X8 − 192313344X7

+41510912X6 − 16437248X5 + 20930560X4 − 11321344X3

+2527232X2 − 180224X + 4096

The largest coefficient of this polynomial has 10 digits instead of four,
so, to find an elliptic curve via Weber’s function, it is necessary to factor
a polynomial of degree six times as high. Moreover, if π �≡ 1 mod 2 the
polynomial has to be factorised over Fp3 instead of Fp.

Second example to compare running times: determination of an
elliptic curve of prime cardinality over a finite field which is cryptograph-
ically secure implemented by A. Enge.

The fundamental discriminant d =−1170195=−3 · 5 · 13 · 17 · 353 has
class number h = 208. We choose p1 = 3 and p2 = 13. For the prime
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p = 3138550867693340381917894711603833208051177722232017843049

= 2191 + 586601

the equation 4P = x2 + 1170195y2 has a solution (x, y) ∈ Z2 and leads
to an elliptic curve over FP of cardinality

3138550867693340381917894711570630703183127382496658188029.

The following running times were measured on a Pentium III with 700
MHz.

For our procedure it is enough to calculate with 84 digits to obtain
a minimal polynomial with the largest coefficient having 79 digits; the
running time needed is 0.3 s. The zero

(g3,13)1 = 944791451623554577477696101351863927447586313905349688290

of this polynomial of degree Grad 104 over Fp is obtained within 6.1 s.

The modular equation Φ(X, j) = 0 satisfied by g3,13 is given by:

j2 X16

+ j
(
− X55 + 39X54 − 663X53 + 6331X52 − 35763X51

+106392X50 − 18070X49 − 1082016X48 + 3516903X47

−1278901X46 − 18277116X45 + 40532700X44

+11574823X43 − 161476962X42 + 168751479X41

+230086922X40 − 617987682X39 + 137626281X38

+928366231X37 − 959457720X36 − 477589944X35

+1429130144X34 − 466517064X33 − 963208272X32

909996295X31 + 158515461X30 − 607329720X29

+197238236X28 + 179445279X27 − 140684622X26

−6888479X25 + 37909092X24 − 8835450X23

−4070053X22 + 1885689X21 + 44928X20

−111436X19 + 9516X18 + 740X17 − 1486X16 − 49X15

+29X14 + 246X13 − 364X12 − 221X11 + 650X10

−221X9 − 364X8 + 247X7 + 26X6 − 52X5 + 13X4 − X3
)
+
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+
(
X56 + 704X55 + 168568X54 + 14498520X53 + 187807764X52

+744637296X51 − 6562036X50 − 3840625568X49

+1058251610X48 + 10302034600X47 + 4510900472X46

−34331690432X45 − 7097865034X44 + 84188024320X43

+546780176X42 − 154959173464X41 − 12359340101X40

+327081484064X39 − 49301838300X38 − 576339027576X37

+284363953068X36 + 735938431592X35 − 558265224452X34

−890017323520X33 + 977815434427X32 + 966995235128X31

−1755072840368X30 − 345165085024X29 + 2218368968890X28

−911733108784X27 − 1540031876048X26 + 1628026178168X25

+261124933147X24 − 1229692547200X23 + 462040501468X22

+441029439032X21 − 422841966612X20 − 7261052136X19

+163453863300X18 − 59787354976X17 − 26470898021X16

+24009911816X15 − 1731574864X14 − 3926472080X13

+1333660406X12 + 158103088X11 − 172600168X10

+25597000X9 + 5195450X8 − 2155088X7 + 177164X6

+39936X5 − 9996X4 + 600X3 + 88X2 − 16X + 1
)

Substituting (g3,13)1 for X yields a quadratic equation for j. The two
zeros in Fp,

j1 = 1737712759221672293462706430740701274216885226872539199796

and

j2 =2096167087313280259570847931701751304363626115642779297546,

are calculated in 0.01 s. They represent two possible j-invariants. The
invariant j1 leads to the elliptic curve Y 2 = X3 + aX + b with

a = 171708689349815940739038882616423441264170784276879418253

b = 689786811706949676680060195024149773541888581046331218049

having the desired cardinality.†

For the classical procedure using Weber’s function the calculation must
be performed with 650 digits to obtain a minimal polynomial whose

† This procedure is protected by patent no. 103 29 885 at the "Deutsches Patent-
und Markenamt".
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largest coefficient has 643 digits. The running time then is 14 s, and
to determine a zero of this polynomial of degree 624 over Fp3 , we need
382 s.

Therefore, in this case with cryptographically relevant parameters,
the algorithm described is more than 60 times faster than the classical
procedure using Weber’s functions.

10.3 Reduction of the Fueter and Deuring models

In the previous subsections we had, due to bad reduction, to exclude
the prime ideals above 2 and 3. To obtain similar results for 2 and 3, we
consider the models of Fueter and Deuring.

For simplicity, we choose L to be the maximal order O of an imaginary
quadratic number field K of discriminant d,

O := [α, 1].

We consider a prime ideal p of degree 1 and norm p not dividing 2 resp.
not dividing 3, in particular p = 3 resp. p = 2. We let e be an exponent
for p,

pe ∼ π

with a generator π that will be subject to a certain congruence, which
can always be realised by taking e high enough. Further, in the definition
of the two models, we will choose suitable torsion points ψ and κ, and, as
described below, we can conclude that the reduction of the curve modulo
a prime ideal of K(π−1) dividing p yields a curve of cardinality

#E(Fpe) = pe + 1 − tr(π). (10.13)

10.3.1 Reduction of the Fueter model

From Theorem 8.7.3 we know the coefficient a2(ψ) to be in K8 and the
coordinates x(ξ), y(ξ) of a point of order (π − 1) in K8(π−1). For the
cardinality of the reduced curve we are aiming for, we need more precise
information.

Let λ ∈ O be prime to 2 and (λ − 1)ψ ∈ O. Then by reciprocity

a2(ψ)σ(λ) = a2(ψ).
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If, in addition, λ ≡ 1 mod (π − 1), we find that

x(ξ)σ(λ) = e−4l(1,λ)N(ψ)x(ξ),

y(ξ)σ(λ) = e18l(1,λ)N(ψ)y(ξ)

with l = lO. Now we distinguish cases according to the order o(ψ):

Case "o(ψ) = q2, 2 = qq, q �= q":
To find a suitable ψ, we observe that in this case α ∈ O can be chosen
with

O := [α, 1] and qν = [α, 2ν ], ν = 1, 2.

We set

ψ :=
α

4
.

Then ψ has order q2, so a2(ψ) is in Kq2 , hence

a2(ψ) ∈ Ω1,

keeping in mind the formula [Kq2 : Ω1] = 1
2 (N(q) − 1)N(q). Further,

we observe that N(ψ) is in Z, so that for π satisfying

π ≡ 1 mod q2

the (π − 1)-torsions points have coordinates in K(π−1), and we can con-
clude that the reduction of the curve modulo a prime ideal of K(π−1)

dividing p yields a curve of cardinality (10.13).

Case "o(ψ) = q3, 2 = q2":
In this case we can choose α such that

O := [α, 1] and q = [α, 2].

We set

ψ :=
α

4
.

Then ψ has order q3, which implies that

a2(ψ) ∈ Kq3 .

More precisely,

[Kq3 : Ω1] = 4,
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and a2(ψ) is a generator for Kq3/Ω1. In fact, according to the remarks in
subsection 8.7.2, a2(ψ) is even a generator for Kq3/K. Now we assume
that

π ≡ 1 mod 4.

Then Kq3 is contained in K(π−1), and, as in the preceeding case, we can
conclude that the reduction of the curve modulo a prime ideal of K(π−1)

yields a curve of cardinality (10.13).

Case "o(ψ) = 4":
In this case we set

ψ :=
1
4
.

Then ψ has order 4 and N(ψ) = 1
16 , which implies that

a2(ψ) ∈ K4.

More precisely, by studying the Galois action, it transpires that the field
generated by a2(ψ) over K is K4. Now we assume that

π ≡ 1 mod 8.

Then K4 is contained in K(π−1), and, observing N(ψ) = 1
16 , we find, as

in the preceeding case, that the reduction of the curve modulo a prime
ideal of K(π−1) yields a curve of cardinality (10.13).

Example 10.3.1 Let d = −71. Then 2 splits in K, 2 = qq, q =[
2, 27+

√
−71

2

]
and κ = 27+

√
−71

8 has denominator q2. Further, 3 splits in

K, 3 = pp with p =
[
3, 1+

√
−71

2

]
having order 7 in the class group of

K. We find that

p7 = ππ, π = −(46 +
√
−71 ≡ 1 mod q2.

In this case 4a2(κ) is in Ω and satisfies the equation

X7 +
(

1107 − 119
√
−71

2

)
X6 +

(
27611 + 273

√
−71

)
X5

+
(
258179 + 26313

√
−71

)
X4 +

(
−3025469 + 464009

√
−71

2

)
X3

+
(
−20295609−478443

√
−71

)
X2 +

(
338261 − 31579457

√
−71

2

)
X

+
460015479 − 120288091

√
−71

2
,
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having reduction

X7 + X6 + 2X5 + 2X4 + X3 + 2X + 2 modulo p.

Therefore, any root α ∈ F37 of this last equation defines an elliptic curve

y2 = x(4x2 + αx + 4)

over F37n , n = 1, 2, . . . , having cardinality

37n + 1 − tr(πn) = 2280, 477888, . . .

10.3.2 Reduction of the Deuring model

We proceed completely analogously as for the Fueter model. From The-
orem 8.7.3 we know the coefficient a1(κ) to be in K9 and the coordinates
x(ξ), y(ξ) of a point of order (π − 1) in K9(π−1). For the cardinality of
the reduced curve we are aiming for, we need more precise information.

Let λ ∈ O be prime to 3 and (λ − 1)κ ∈ O. Then by reciprocity

a1(κ)σ(λ) = e2l(1,λ)N(κ)a1(κ)

with l = lO. If, in addition, λ ≡ 1 mod (π − 1), we find that

x(ξ)σ(λ) = el(1,λ)N(κ)x(ξ),

y(ξ)σ(λ) = e3l(1,λ)N(κ)y(ξ).

Now we distinguish cases according to the order o(κ):

Case "o(κ) = q, 3 = qq, q �= q":
To find a suitable κ we observe that in this case α ∈ O can be chosen
with

O := [α, 1] and qν = [α, 3ν ], ν = 1, 2.

We set

κ :=
α

3
.

Then κ has order q and N(κ) is in Z, which implies that a1(κ) ∈ Kq,
hence

a1(κ) ∈ Ω1,

keeping in mind the formula [Kq : Ω1] = 1
2 (N(q)−1). Further, assuming

that

π ≡ 1 mod q,
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the (π − 1)-torsion points have coordinates in K(π−1), and we can con-
clude that the reduction of the curve modulo a prime ideal of K(π−1)

yields a curve of cardinality (10.13).

Case "o(κ) = q, 3 = q2":
In this case we can choose α such that

O := [α, 1] and q = [α, 3].

We set

κ :=
α

3
.

Then, κ has order q and N(κ) is in 1
3Z \ Z, which implies that

a1(κ) ∈ K3 \ Ω1 and a1(κ)3 ∈ Ω1.

More precisely,

[K3 : Ω1] = 3,

and a1(κ) is a generator for K3/Ω1. In fact, according to the remarks in
subsection 8.7.3, a1(κ) is even a generator for K3/K. Now we assume
that

π ≡ 1 mod 3.

Then K3 is contained in K(π−1), and, as in the preceeding case, we can
conclude that the reduction of the curve modulo a prime ideal of K(π−1)

yields a curve of cardinality (10.13).

Case "o(κ) = 3":
In this case we set

κ :=
1
3
.

Then, κ has order 3 and N(κ) = 1
9 , which implies that

a1(κ) ∈ K9 \ K3 and a1(κ)3 ∈ K3.

More precisely, by studying the Galois action, it transpires that the field
generated by a1(κ) over K is the fixed field of all Frobenius automor-
phisms σ(λ) of K9 with λ ≡ 1 mod 3 and λ ≡ r mod 9 for some r ∈ Z.
Now we assume that

π ≡ 1 mod 9.
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Then K9 is contained in K(π−1), and, as in the preceeding case, we can
conclude that the reduction of the curve modulo a prime ideal of K(π−1)

yields a curve of cardinality (10.13).

Example 10.3.2 Let d = −71. Then 3 splits in K, 3 = qq, q =[
3, 1+

√
−71

2

]
and κ = −1+

√
−71

6 has denominator q. Further, 2 splits in

K, 2 = pp with p =
[
2, 1+

√
−71

2

]
having order 7 in the class group of

K. We find that

p7 = ππ, π =
21 +

√
−71

2
≡ 1 mod q.

In this case a1(κ) is in Ω and and satisfies the equation

X7 +
(
−13 +

√
−71

)
X6 +

(
−100 +

√
−71

)
X5

+
(
−273 − 51

√
−71

2

)
X4 +

(
2247 − 195

√
−71

2

)
X3

+
(

11849 − 527
√
−71

2

)
X2 +

(
25285 + 5

√
−71

2

)
X

+8602 − 187
√
−71

having reduction

X7 + X5 + X4 + X3 + 1 modulo p.

Therefore, any root α ∈ F27 of this last equation defines an elliptic curve

y2 + αxy + y = x3

over F27n , n = 1, 2, . . . , having cardinality

27n + 1 − tr(πn) = 108, 16200, 2095956, 268434000, . . .
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The class number formulae of Curt Meyer

The ζ function of an abelian extension L of Q is known to have the
decomposition

ζL(s) = ζQ

∏
χ�=1

L(s, χ),

where ζQ is the ζ function of Q. χ runs through all characters different
from the principal character associated with the extension L/Q, and
L(s, χ) denotes the corresponding rational L-function. By evaluating
this relation at s = 1 we then obtain the known class number formulae
for cyclotomic fields. In particular, for a real field L the values L(1, χ)
can be expressed in terms of cyclotomic units, thereby establishing a
relation between cyclotomic units and class numbers of real cyclotomic
fields.

As shown by Meyer (1957), a similar situation is given for the abelian
extensions of a quadratic imaginary number field K and their subfields.
The elliptic functions and modular functions, used in the previous chap-
ters for the construction of class fields over K, also appear in the values
at s = 1 of L-function s in K associated with abelian characters. Anal-
ogously to the cyclotomic case, this establishes a relation between class
numbers and singular values of modular and elliptic functions, providing
the possibility to investigate class numbers by studying singular values.
Conversely, by this connection, the non-vanishing of L-function s at s = 1
can be used to prove certain properties of singular values, as in Theorem
6.6.1.

In the following we summarise the formulae needed from Meyer (1957)
and provide the relations to the singular values of the η function and σ

function that occured in the previous chapters. Let χ �= 1 be a primitive

288
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character of the ideal group of K with conductor fχ and let

L(s, χ) :=
∑
g

χ(g)
N(g)

,

denote the corresponding L-function, where the summation is over all
integral ideals g of K. N(g) denotes the norm of g and χ(g) is set to be
zero for g not prime to fχ. To express this L-function at s = 1 according
to the results of C. Meyer by singular values of modular and elliptic
functions, one has to distinguish between two (overlapping) cases. For
ring class characters considered in the next section L(1, χ) can essentially
be written in terms of singular values of Δ. The following section then
deals with ray class characters of conductor different from (1). Here the
role of Δ is taken over by division values of the normalised σ function.

11.1 L-Functions of ring class characters

In the following let χ �= 1 be a ring class character, i.e. there exists a
natural number f , such that χ is trivial on Uf . Then it is easy to see that
the conductor of χ must be rational, fχ = (fχ) with a natural number
fχ, which is also called the conductor of χ. Due to the isomorphy in
Theorem 3.1.7, χ can also be viewed as a character of Rfχ

. With these
notations C. Meyer has proved the following formula:

L(1, χ) =
2π

fχ

√
|d|

A(χ), A(χ) :=
∑

k∈Rfχ

−χ(k) log D(k), (11.1)

where the bar denotes complex conjugation. D(k) is the so-called
modulnormfunction of the class k,

D(k) := 24
√

δ(a)12 |Δ(a)|2,

defined by an arbitrary proper ideal a of the class k and the area δ(a)
of a fundamental domain for the lattice a. δ(a) can be written as

δ(a) =
∣∣∣∣det

(
α1

α2

α1

α2

)∣∣∣∣ ,
which easily implies the relation

δ(a) = N(a)
√

|d|

with the discriminant d of K.
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We generalise the notation in (11.1) by setting

AR
t (χ) :=

∑
k∈Rt

χ(k) log D(k) (11.2)

for any not necessarily primitive character χ �= 1 of Rt. These sums
play a crucial role in the generation of ring class fields by quotients of
singular values of Δ. For this purpose we need the following theorem.

Theorem 11.1.1 Let χ �= 1 be a character of Rt. Then AR
t (χ) �= 0.

Proof For t = fχ the assertion follows directly from the class number
formula for ring class fields, as we will see later. In all other cases we will
show that AR

t (χ) is a non-zero multiple of A(χ). For t ∈ N we denote by
Kt the ring divisor class group modulo t. Then for k ∈ Kt the class zeta
function of k is defined by

ζ∗t (s|k) :=
∑
g∈k

1
N(g)

, �(s) > 1,

where the summation is over all integral ideals g ∈ k. As in Meyer (1957)
we write this function as

ζ∗t (s|k) =
N(c)s

wt

∑
γ∈ct

gcd(γ,t)=1

1
N(γ)s

with an integral ideal c ∈ k
−1 and the number wt of roots of unity in

Ot. In order to use Kronecker’s limit formula we must get rid of the
condition gcd(γ, t) = 1, so we set

ζt(s|k) :=
N(c)s

wt

∑
γ∈ct\{0}

1
N(γ)s

, �(s) > 1.

The two functions are related by

ζt(s|k) =
∑
t′|t

wt/t′

wtt′2s
ζ∗t/t′(s|k

′),

where k
′ denotes the class in Kt/t′ containing k. To prove the relation,

note that gcd(γ, t) = t′ ∈ N since γ is in ct ⊆ Ot, and we can write
γ = t′γ′ with γ′ ∈ ct/t′ . By summation we then obtain

∑
k∈Kt

χ(k)ζt(s|k) =
∑
t′|t

wt/t′

wtt′2s

∣∣Kt

∣∣∣∣Kt/t′
∣∣ ∑

k′∈Kt/t′

χ(k′)ζ∗t/t′(s|k
′). (11.3)
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Herein, as shown in Meyer (1957), the left-hand side at s = 1 is a non-
zero multiple of AR

t (χ) by Kronecker’s limit formula, whereas on the
right-hand side we have

∑
k′∈Kt/t′

χ(k′)ζ∗t/t′(s|k
′) = 0, if fχ �

t

t′
.

For fχ | t
t′ we find, using the Euler product expansion, that

∑
k′∈Kt/t′

χ(k′)ζ∗
t/t′(s|k′) =

∑
gcd(g,t/t′)=1

χ(g)
N(g)

=
∏

p| t
t′fχ

(
1 − χ(p)

N(p)s

)−1

L(s | χ).

Therefore, (11.3) becomes

∑
k∈Kt

χ(k)ζt(s|k) =
∑
t′|t

fχ| t
t′

wt/t′
wtt′2s

∣∣∣∣Kt

∣∣∣∣∣∣∣∣Kt/t′

∣∣∣∣
∏

p| t
t′fχ

(
1 − χ(p)

N(p)s

)−1

L(s | χ). (11.4)

The products on the right are all positive for s = 1 as can easily be seen
by distinguishing the cases for p = N(p), p inert, ramified and split. In
the first case χ(p) = 1, in the second χ(p) = ±1 and for p = pp the
factors with p and p are non-zero and complex conjugate, so in view of
L(1 | χ) �= 0 and Kronecker’s limit formula as mentioned above, (11.4)
implies the assertion of our theorem.

11.2 L-function s of ray class characters χ with fχ �= (1).

In the following let χ be a ray class character of conductor fχ �= (1).
Then, according to Meyer (1957), the value at s = 1 of the L-function
associated with χ can be written as

L(1, χ) =
2πτ(χ)

N(fχ)
√

|d|
A(χ), A(χ) :=

∑
k∈Kfχ

−χ(k) log S(k),

where Kfχ
= A

fχ/Sfχ
denotes the ray class group modulo fχ, and S(k)

is defined by the normalised division value of the σ function:

S(k) :=
∣∣ϕ(1|fχn

−1)
∣∣2 =

∣∣∣∣ 12

√
Δ

(
fχn

−1
)

σ∗(1|fχn
−1)

∣∣∣∣2 .
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Herein n is an arbitrary integral ideal of the ray class k. By τ(χ) we
denote the Gaussian sum

τ(χ) :=
∑
x

χ(x)
∑

ξ mod+ 1√
d

ξ∼ x
fχ

√
d

e2πi tr(ξ),

where x runs through a system of integral ideals that are representatives
for the ray classes modulo fχ contained in the absolute ideal class of fχ.
The absolute value of τ(χ) is given by

|τ(χ)| =
√

N(fχ).

As in the preceeding section, given an integral ideal f divisible by fχ, we
consider the sum

AS
f (χ) :=

∑
k∈Kf

χ(k) log S(k), (11.5)

where in the definition of S(k) the conductor fχ of χ is replaced by f,

S(k) :=
∣∣ϕ(1|fn−1)

∣∣2 =
∣∣∣∣ 12

√
Δ

(
fn−1

)
σ∗(1|fn−1)

∣∣∣∣2 ,

and where n denotes an integral ideal of the ray class k modulo f. As for
ring class characters we then express AS

f
(χ) by AS

fχ
(χ) using the relation

between division values of the normalised σ function from Theorem 1.9.3.
For two lattices L̂ ⊃ L this relation yields∏

ξ ∈ L̂

ξ mod L

∣∣ϕ(z + ξ|L)
∣∣ =

∣∣∣ϕ(z|L̂)
∣∣∣ .

In particular, for L = fpn−1 and L̂ = fn−1 with an integral ideal f, a
prime ideal p and an integral ideal n prime to fp, the above formula, for
z = 1, gives us for every class kf ∈ Kf the relation

∏
kfp ∈ Kfp

kfp ⊂ kf.

S(kfp)

w
f

w
fp =

⎧⎨
⎩

S(kf) if p|f,
S(kf)

S(kfc
−1)

if p � f,

with an integral ideal c in the ray class modulo f of p−1. As usual wf

resp. wfp denotes the number of roots of unity in K that are congruent to
1 modulo f resp. modulo fp. The relation implies the following theorem:
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Theorem 11.2.1 Let χ �= 1 be a character of Kf. Then

AS
f (χ) =

wfχ

wf

⎛
⎜⎜⎜⎜⎝

∏
p

∣∣∣∣∣ f
fχ

(1 − χ̄(p))

⎞
⎟⎟⎟⎟⎠A(χ).

In contrast to ring classes the product in the formula of Theorem
11.2.1 can vanish, a fact we have to live with, unfortunately.

11.3 Class number formulae

In the following let K be a quadratic imaginary number field, and let
L be an abelian extension of K. The ζ function of L has the product
decomposition

ζL(s) = ζK(s)
∏
χ�=1

L(s, χ),

with the ζ function of K. χ runs through all characters of the ideal group
of K different from the principal character that belongs to the extension
L/K, and L(s, χ) denotes the L-function in K associated with such a
character.

Taking residues at s = 1 on both sides, we obtain the class number
formula

wKhL

wLhK
RL =

∏
χ�=1

|A(χ)| (11.6)

with the class numbers hL and hK of L and K, the regulator RL and the
number wL resp. wK of roots of unity L resp. K and the sums defined
in (11.2) resp. (11.5):

A(χ) :=
{

AR
1 (χ), if fχ = (1),

AS
fχ

(χ), if fχ �= (1).

Herein A1(χ) is essentially defined by singular values of Δ whereas
Afχ

(χ) is defined by division values of the normalised σ function ϕ.
For a ring class character of conductor different from (1) we can also
write

A(χ) = AS
t (χ), fχ = (t),

keeping in mind that the conductor of a ring class character is rational.
Therefore, in this case, A(χ) can also be expressed by singular values
of ϕ.
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(11.6) is derived from the formulae

lim
s→1

(s − 1)ζL(s) =
(2π)n

wL

√
|dL|

RLhL, lim
s→1

(s − 1)ζK(s) =
2π

wK

√
|d|

hK ,

with the discriminant dL of L and n = [L : Q] and, furthermore, using
the relation

dL =
∏
χ�=1

N(fχ) dn

following from the conductor-discriminant theorem and the tower for-
mula for the discriminant.

For the ζ function of a subfield M of an abelian extension of K that
does not contain K,

K 	 M ⊂ L := MK, L/K abelian,

one has a similar decomposition into a product of L-functions in K

involving the maximal subextension M0 abelian over Q, too. The class
number formula obtained by taking values at s = 1 is given by

wM0hM

wMhM0

RM

RM0

=
∏
χ∈H

|A(χ)| . (11.7)

Herein H is a system of representatives for the characters of L/K satis-
fying χ �= χτ with respect to the equivalence relation

χ′ ∼ χ : ⇐⇒ (χ′ = χ oder χ′ = χτ ).
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Arithmetic interpretation of class

number formulae

The class number formulae of the last section have been studied by
several authors, for instance Robert (1973), Kersey (1980), Nakamula
(1981–1985), Hayashi (1983–1986), Hajir (1993), and Limmer (1994). In
this chapter we follow and refine the ideas of Schertz(1974, 1977, 1978).
The aim is to express the product of the A(χ) in (11.6), up to a factor
cL, as the regulator of a unit group U0 in L generated by elliptic units.
Then (11.6) can be read as index formula

cL
wKhL

wLhK
=

RL(U0)
RL

= [E : U0],

in which the unit group E of L and the index [E : U0] has to be un-
derstood as the index of the corresponding subgroups in the logarithmic
space. For subfields M of abelian extensions of K not containing K,

K 	 M ⊂ L := MK, L/K abelian,

we will derive a similar formula from (11.7).
The next section provides the tools needed for transformation of the

class number formulae we are aiming for.

12.1 Group-theoretical lemmas for the case L ⊇ K

Let K be a finite abelian group and U a subgroup of index

n = [K : U].

Let X denote the group of characters of K that are trivial on U. Further,
let

u : K → R

295
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be a map and δ ∈ R satisfying:

u(k) only depends on kU, (12.1)

∑
h mod U

(
u(kh) − δu(h)

)
= 0 for all k ∈ K. (12.2)

For χ ∈ X we set:

A(χ) :=
∑

k mod U

χ(k)u(k)

and define a quadratic matrix by

U :=
(
u(kh−1) − δu(h−1)

)
row index: k mod U, k �∈ U,
column index: h mod U, h �∈ U.

(12.3)

For the transformation of (11.6) for subfields of the Hilbert class field
we need:

Theorem 12.1.1 The matrix U in (12.3) has determinant

|det(U)| =

∣∣∣∣∣∣
∏
χ�=1

A(χ)

∣∣∣∣∣∣ .
Proof We multiply U from the left by

X =
(
χ(k)

)
row index: χ ∈ X \ {1},
column index: k mod U, h �∈ U.

(12.4)

To compute XU note the relation
∑

k mod U

χ(k) = 0 for χ ∈ X \ {1}.

Then ∑
k mod U

k�∈U

χ(k)(u(kh−1) − δu(h−1)) =
∑

k mod U

χ(k)u(kh−1)

= χ(h)
∑

k mod U

χ(k)u(k).

This shows that

det(X) det(U) = det(X)
∏
χ�=1

A(χ).
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Therefore, for the proof of Theorem 12.1.1 we are left with the proof of
det(X) �= 0. Using the above relation for characters, we find that

X tX = (ξij)i,j=1,...,n, ξij =
{

n − 1, if i = j,

−1, if i �= j,

and by elementary row operations we obtain

|det(X)|2 = det(X tX) = nn−2. (12.5)

This completes the proof of Theorem 12.1.1.

The transformation of (11.6) in the general case is much more difficult
because the sums in (11.6) depend on the conductor of the character,
which implies that more complicated matrices than in Theorem 12.1.1
come into play. For a given character χ ∈ X we consider the subgroup

Uχ̃ := {k ∈ K | χ(k) = 1}

only depending on the Frobenius equivalence class χ̃. With every such
class χ̃ we associate a map

uχ̃ : K → R

and a number δχ̃ ∈ R having the following properties:

uχ̃(k) only depends on kUχ̃, (12.6)

∑
h mod U

(
uχ̃(kh) − δχ̃uχ̃(h)

)
= 0 for all k ∈ K. (12.7)

For χ ∈ X we set:

A(χ) :=
∑

k mod Uχ̃

χ(k)uχ̃(k).

Further, we associate every class χ̃ with a real matrix Γχ̃,

Γχ̃ =
(
γiχ̃,k(χ̃)

)
,

row index: iχ̃ = 1, . . . , ϕ(nχ̃),
column index: k mod Uχ̃,

(12.8)
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where nχ̃ denotes the order of χ and ϕ the Euler function. We define a
quadratic matrix by

U =

( ∑
k mod Uχ̃

γiχ̃,k(χ̃)
[
uχ̃(kh−1) − δχ̃uχ̃(h−1)

])
,

row index: (χ̃, iχ̃), χ̃ runs through Frobenius classes
χ̃ �= 1̃ of X and iχ̃ the numbers 1, . . . , ϕ(nχ̃),

column index: h runs through a system of
representatives modulo U with h �∈ U.

(12.9)

Now we can state the theorem needed for the transformation of (11.6)
in the general case:

Theorem 12.1.2 Let U be the matrix defined in (12.9). Then

|det(U)| = C(K/U,Γ, δ)

∣∣∣∣∣∣
∏

χ∈X\{1}
A(χ)

∣∣∣∣∣∣
with

C(K/U,Γ, δ) = n−n
2

∏
χ̃ �=1̃

|det(g(χ̃,Γχ̃, δχ̃))|
(

n

nχ̃

)ϕ(nχ̃)

and

g(χ̃,Γχ̃, δχ̃) =

( ∑
k mod Uχ̃

γiχ̃,k(χ̃)(χμ(k) − δχ̃)

)
row index: iχ̃ = 1, . . . , ϕ(nχ̃),
column index: μ runs through a system of prime residues modulo nχ̃

The bar in χ denotes complex conjugation.

Before proving Theorem 12.1.2 we state and prove:

Theorem 12.1.3 For χ ∈ X\{1} and δχ̃ ∈ {0, 1} the coefficients γiχ̃,k

of the matrix Γχ̃ can be chosen in Z such that

|det(g(χ̃,Γχ̃, δχ̃))| =
√∣∣dnχ̃

∣∣ Φnχ̃
(1)δχ̃

=

⎧⎨
⎩

√∣∣dnχ̃

∣∣ if nχ̃ is composite or if δχ̃ = 0,√∣∣dnχ̃

∣∣ p if nχ̃ = pk is a prime power and δχ̃ = 1.
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Herein dnχ̃
denotes the discriminant of the nχ̃-th cyclotomic field and

Φnχ̃
the nχ̃-th cyclotomic polynomial.

Proof For δχ̃ = 0 the numbers χ(k), k ∈ K, are generators over Z of the
maximal order Onχ̃

in the nχ̃-th cyclotomic field. Hence γiχ̃,k ∈ Z can
be chosen such that∑

k mod Uχ̃

γiχ̃,k(χ̃)(χ(k) − δχ̃), k mod Uχ̃, (12.10)

is a Z-basis of Onχ̃
. The same holds for δχ̃ = 1 if nχ̃ is composite because

then one of the numbers χ(k)− 1 is a unit. This implies the assertion of
Theorem 12.1.3 in the first case. However, if nχ̃ = pk is a prime power
and δχ̃ = 1, then the numbers χ(k)− δχ̃, k ∈ K, are generators over Z of
the prime ideal p of norm p in the pk-th cyclotomic field. Then, choosing
γiχ̃,k ∈ Z such that the numbers in (12.10) are a basis for p, we obtain
the assertion of Theorem 12.1.3 in case 2.

To prove Theorem 12.1.2 we further need the following three lemmas.

Lemma 12.1.4 For χ,ψ ∈ X and ψ /∈< χ > we have∑
h mod U

ψ(h)uχ̃(h) = 0.

Proof ψ /∈< χ > implies that ψ|Uχ̃ �= 1. So∑
h mod U

h∈Uχ̃

ψ(h) = 0

and, using (12.6), we obtain

∑
h mod U

ψ(h)uχ̃(h) =
∑

h1 mod Uχ̃

ψ(h1)

⎛
⎜⎜⎜⎝ ∑

h2 mod U

h2∈Uχ̃

ψ(h2)

⎞
⎟⎟⎟⎠uχ̃(h1) = 0,

as asserted.

The next two lemmas can be proved by obvious elementary row trans-
formations.
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Lemma 12.1.5 Let ei ∈R, ai ∈ Cl, i= 1, . . . , l, eo �= 0 and
l∑

i=0

eiai = 0.

Then

det(e1(a1 − a0), . . . , el(al − a0)) =

(
l∑

i=0

ei

e0

)
det(e1a1, . . . , elal).

Lemma 12.1.6 Let αν , βμ, γμ ∈ C; ν, μ = 1, . . . ., l, γμ �= 0, μ =
1, . . . , l, and let δνμ denote the Kronecker symbol. Then

det(ανβμ + δνμγμ) =

(
l∏

μ=1

γμ

)(
1 +

l∑
μ=1

αμβμ

γμ

)
.

Proof of Theorem 12.1.2: Using Lemma 12.1.5 we transform the deter-
minant of U :

|det(U)| =
1
n
|det(U0)| with (12.11)

U0 =

⎛
⎝ ∑

k mod Uχ̃

γiχ̃,k(χ̃)(
[
uχ̃

(
kh

−1
)
− δχ̃uχ̃

(
h

−1
)]

−
[
uχ̃(k) − δχ̃uχ̃(e)

]
)

⎞
⎠ ,

row index: (χ̃, iχ̃), χ̃ runs through all classes

χ̃ �= 1̃ of X and iχ̃ the numbers 1, . . . , ϕ(nχ̃),

column index: h runs through a system of residues

modulo U with h �∈ U,

where e denotes the neutral element in K. Unlike as in the proof of
Theorem 12.1.1 we now multiply U0 from the right by the matrix X =
(ψ(h))ψ,h defined in (12.4), and we obtain

U0X =
(
ξ(χ̃,iχ̃),ψ

)
with ξ(χ̃,iχ̃),ψ =

∑
h mod U

h/∈U

( ∑
k mod Uχ̃

γiχ̃,k(χ̃)ψ(h)
([

uχ̃

(
kh

−1
)
− δχ̃uχ̃

(
h
−1

)]

−
[
uχ̃(k) − δχ̃uχ̃(e)

]))
.

(12.12)



12.2 Applications of Theorems 12.1.1, 12.1.2 301

Since for h = e the summand in (12.12) vanishes, we can extend the outer
summation over a full system of residues h modulo U, and, keeping in
mind

∑
hmod U

ψ(h) = 0 for ψ ∈ X \ {1}, the matrix in (12.12) becomes

ξ(χ̃,iχ̃),ψ =
∑

h mod U

γiχ̃,k(χ̃)
∑

k mod Uχ̃

ψ(h)
[
uχ̃

(
kh

−1
)
− δχ̃uχ̃

(
h

−1
)]

=
∑

h mod U

γiχ̃,k(χ̃)(ψ(k) − δχ̃)
∑

k mod Uχ̃

ψ(h)uχ̃(h).

In view of Lemma 12.1.4, this shows that:

ξ(χ̃,iχ̃),ψ = 0 if ψ /∈< χ > .

Arranging the rows in U0X according to classes such that the class of
ψν with ν �= 1, ν|nψ̃ follows the class of ψ, and, combining the rows
belonging to the same χ̃, we obtain a matrix which has along the diagonal
the quadratic matrices

Uχ̃ =
(
ξ(χ̃,iχ̃),χμ

)
row index: iχ̃ = 1, . . . , ϕ(nχ̃),
column index: μ runs through a system of prime residues modulo nχ̃.

Since all entries below these matrices in U0X vanish, the determinant of
U0X equals the product of determinants of the Uχ̃:

|det(U0X)|

=

∣∣∣∣∣∣∣
∏

χ̃�=1̃

⎧⎪⎨
⎪⎩|det (g (χ̃,Γχ̃))|

(
n

nχ̃

)ϕ(nχ̃) ∏
μ mod nχ̃
(μ,nχ̃)=1

( ∑
h mod Uχ̃

χμ(h)uχ̃(h)

)⎫⎪⎬
⎪⎭
∣∣∣∣∣∣∣

=

∣∣∣∣∣
( ∏

χ̃�=1̃

|det (g (χ̃,Γχ̃))|
(

n
nχ̃

)ϕ(nχ̃)
) ∏

χ∈X\{1}

( ∑
h mod Uχ̃

χ(h)uχ̃(h)

)∣∣∣∣∣ .
Using (12.11) and (12.5) this implies the formula in Theorem 12.1.2.

12.2 Applications of Theorems 12.1.1, 12.1.2

In the following we let

• K be the field of rational numbers or a quadratic imaginary number
field,

• f an integral ideal in K,
• K = Kf the ray class group modulo f in K,
• U a subgroup of K,
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• X the group of characters χ of K with χ|U = 1,
• Kf the ray class field modulo f over K,
• σ : Kf → G(Kf|K) the isomorphism from class field theory mapping

Kf onto the Galois group of Kf over K,
• L the fixed field of σ(U),
• hL and hK the class numbers of L and K,
• RL and rL the regulator and unit rank of L.

With these notations we assume L to have a class number formula that
can be transformed using Theorems 12.1.1 or 12.1.2 as we will describe
below.

12.2.1 Application of Theorem 12.1.1

We assume L to have a class number given by the formula

cL
hL

hK
=

1
RL

∣∣∣∣∣∣
∏

χ∈X\{1}

⎛
⎝ ∑

h mod U

χ(h)u(h)

⎞
⎠
∣∣∣∣∣∣ (12.13)

with a number cL ∈ R and a map u:Kf → R satisfying (12.1) and (12.2)
with some δ ∈ R. Further, we assume the unit rank rL of L to be

rL =
∣∣Kf/U

∣∣− 1,

the existence of units

ε(k), k ∈ Kf mod U, k /∈ U,

in L with

log
∣∣∣ε(k)σ(h)

∣∣∣e(h)

= u(kh−1) − δu(h−1)

and exponents e(h), that are equal to 1 or 2 depending on whether σ(h)
is real or complex. Theorem 12.1.1 then implies that the regulator of the
system of units ε(k) is equal to the product on the right-hand side in
(12.13), so (12.13) can be written as

cL
hL

hK
= [EL : U0] (12.14)

with the unit group

U0 =< {ε(k) | k ∈ Kf \U} > . (12.15)
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Herein the index is to be understood as the index of the corresponding
subgroups in the logarithmic space.

12.2.2 Application of Theorem 12.1.2

We assume that we have a class number formula for L of the form

cL
hL

hK
=

1
RL

∣∣∣∣∣∣
∏

χ∈X\{1}

⎛
⎝ ∑

h mod Uχ̃

χ(h)uχ̃(h)

⎞
⎠
∣∣∣∣∣∣ (12.16)

with some cL ∈ R and maps uχ̃ : Kf → R depending only on the class χ̃

of χ that satisfy conditions (12.6) and (12.7) for some δχ̃ ∈ R. Further,
let

rL = |Kf/U| − 1,

and for every class χ̃, χ ∈ X \ {1} we assume the existence of units

εiχ̃
(χ̃), iχ̃ = 1, . . . , ϕ(nχ̃), (12.17)

in L such that the equation

log
∣∣∣εiχ̃

(χ̃)σ(h)
∣∣∣e(h)

=
∑

k mod Uχ̃

γiχ̃,k(χ̃)
(
uχ̃(kh−1) − δχ̃uχ̃(h−1)

)

with some coefficients γiχ̃,k(χ̃) ∈ R holds for all h ∈ Kf. The exponents
e(h) are 1 or 2 depending on whether σ(h) is real or complex. ϕ denotes
Euler’s function. The union of the systems in (12.17) for all χ̃, χ ∈
X\{1}, is then a system of rL units with a regulator that is equal to the
product on the right-hand side in (12.16) times the factor C(Kf/U,Γ, δ).
If this factor is not vanishing, the system of units must be independent
and the class number formula (12.16) becomes

cLC(Kf/U,Γ, δ)
hL

hK
= [EL : U0] , (12.18)

with the product

U0 =
∏
χ̃�=1̃

Uχ̃ (12.19)

of unit groups

Uχ̃ =
〈
{εiχ̃

(χ̃) |iχ̃ = 1, . . . , ϕ(nχ̃)}
〉

of rank ϕ(nχ̃), the product being direct modulo roots of unity.
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12.3 Class number formulae for Ω ⊇ L ⊇ K

First, let Ω = K1 be the Hilbert class field of K and K the ideal class
group of K. By h = |K| we denote the class number of K. To every k ∈ K

we associate a unit in Ω in the following way: we choose an arbitrary
ideal a in k. Since ah is principal, we have

ah = Oα

with some α ∈ K and the maximal order O of K. Then, according to
Theorem 4.2.2,

ε(k) :=
(

Δ(a)
Δ(O)

)h

α12 (12.20)

defines a unit in Ω. In fact, ε(k) only depends on k and not on a, which
easily follows from homogeneity of Δ. Further, keeping in mind that the
unit group of K is a subgroup of the group of 12-th roots of unity, we
see that α12 is uniquely defined by a. The action of the Galois group of
Ω/K is given, according to Theorem 6.6.1, by

ε(k)σ(h) =
ε(kh−1)

ε(h−1)
, (12.21)

and this implies that

log
∣∣∣ε(k)σ(h)

∣∣∣ = u(kh−1) − u(h−1)

with

u(k) = log |ε(k)|2.

Further, by definition of ε(k),

∣∣ε(k)∣∣2 =
∣∣∣∣Δ(a)N(a)12

Δ(O)

∣∣∣∣2h

=
(

D(k)
D(e)

)24h

.

Using this relation together with the character relation∑
k∈K

χ(k) log D(e) = 0 for χ ∈ X \ {1}, the class number formula (11.6)

for Ω can be written as

(24h)h−1 wK

wΩ

hΩ

h
=

∣∣∣∣∣∣
∏

χ∈X\{1}

⎛
⎝∑

k∈K

χ(k)u(k)

⎞
⎠
∣∣∣∣∣∣ . (12.22)
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Since the map u satisfies conditions (12.1), (12.2) and, keeping in mind
that Ω is totally imaginary with unit rank

rΩ = h − 1,

we can, as described in 12.2.1 transform the formula (12.22) into

(24h)h−1 wK

wΩ

hΩ

h
=

[
EΩ : U

(0)
ell

]
. (12.23)

Herein EΩ denotes the unit group of Ω and

U
(0)
ell =

〈
{ε(k) | k ∈ K}

〉
.

Note that ε(e) = 1 so that U
(0)
ell is generated by |K| − 1 = rΩ units.

To eliminate the factors in (12.23) on the left-hand side of hΩ we will
replace the subgroup U

(0)
ell by a suitable other subgroup of EΩ.

Lemma 12.3.1 Let U
(1)
ell be the subgroup of U

(0)
ell generated by units of

the form ∏
k∈K

ε(k)xk with xk ∈ Z,
∏
k∈K

k
xk = e.

Then [
U

(0)
ell : U

(1)
ell

]
= h,

and for

U
(2)
ell =

(
U

(1)
ell

) 1
24h

⋂
Ω

we have [
U

(2)
ell : U

(1)
ell

]
= (24h)h−1 wK

wΩ
.

Using Lemma 12.3.1 we can now deduce from (12.23):

Theorem 12.3.2 Let U
(2)
ell be the unit group defined in Lemma 12.3.1.

Then

hΩ =
[
EΩ : U

(2)
ell

]
.

Proof of Lemma 12.3.1 To prove the first assertion, we define the epi-
morphism

κ : Zh−1 → K, (xk) 
→
∏

k∈K\{e}

k
x
k
.
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Then

[Zh−1 : ker κ] = |K| = h,

and since the ε(k), k ∈ K \ {e}, are independent, this implies the first
assertion of the lemma.

For the proof of the second assertion, note that U
(1)
ell is generated by

the units

ε(k,h) :=
ε(k)ε(h)
ε(kh)

(12.24)

which can be written as

ε(k,h) =

⎛
⎝η

(
α
p

)
η
(

α
q

)
η
(

α
pq

)
η (α)

⎞
⎠

24h

. (12.25)

Herein α ∈ O∩H is chosen such that p = [α, p] and q = [α, q] are prime
ideals of degree 1 in k resp. h of norm p resp. q and coprime to 6. Further,
we can assume that [α, pq] = pq, and α can always be chosen such that
its trace is divisible by 3. According to Theorem 6.6.4 the η-quotient in
(12.25) satisfies

η
(

α
p

)
η
(

α
q

)
η
(

α
pq

)
η (α)

(γ2(α)γ3(α))
p−1
2

q−1
2 ∈ Ω. (12.26)

Now we have to distinguish cases according to the number of roots of unity
contained in Ω. As we know by Theorem 6.1.4, Ω can at most contain the
fourth and third roots of unity. First, we assume Ω to contain neither the
fourth nor the third roots of unity. Then

√
−3 and

√
−4 are not in Ω,

hence by Theorem 3.3.1 there exists a prime ideal of norm ≡ −1 mod 3
and≡ −1 mod 4 in every ideal class. Since in this case γ2(α) and γ3(α) are
non-zero elements in Ω, (12.25) and (12.26) imply that U

(1)
ell is generated

by 24h-th powers of elements from EΩ. Hence[
U

(2)
ell : U

(1)
ell

]
= (24h)h−1.

Further, since in this case wK = 2 and wΩ = 2, we have proved the
second assertion of the lemma in the case wΩ = 2.

If Ω contains the third, but not the fourth roots of unity, we can still
find a prime ideal of degree 1 and norm ≡ 1 mod 4 in every ideal class,
but, according to Theorem 3.3.1, either all prime ideals not dividing 3
in an ideal class are of norm ≡ 1 mod 3 or are all of norm ≡ −1 mod 3.
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Theorem 6.1.4 implies the discriminant of K to be divisible by 3. There-
fore, the singular value γ2(α) in (12.26) generates an extension H3 of
degree 3 over Ω. Excluding the trivial case K = Q(

√
−3), we can now,

by Theorem 3.3.1, choose an ideal class k0, in which all prime ideals not
dividing 3 have norm ≡ −1 mod 3. Then (12.26) tells us that

ε0 = 24h

√
ε(k0, k0) :=

η
(

α0
p0

)
η
(

α0
p0

)
η
(

α0
p2
0

)
η (α0)

generates H3 over Ω and further, that for two ideal classes k,h we always
have

24h

√
ε(k,h)εν

0 ∈ Ω

for some ν ∈ {0, 1, 2}. This implies that[
U

(2)
ell : U

(1)
ell

]
=

(24h)h−1

3
,

which proves the assertion in the case wΩ = 6 because we have wK = 2.
If Ω contains the fourth but not the third roots of unity, we conclude

analogously. Excluding the trivial case K = Q(
√
−4), we find that[

U
(2)
ell : U

(1)
ell

]
=

(24h)h−1

2
and

wK

wΩ
=

1
2
,

and if Ω contains the third and the fourth roots of unity:[
U

(2)
ell : U

(1)
ell

]
=

(24h)h−1

6
and

wK

wΩ
=

1
6
.

This proves the second assertion of our lemma in the last two cases.

A formula for the extensions L of K contained in Ω analogous to that
of Theorem 12.3.2 can be derived by taking the relative norms

εL(k) := NΩ/L(ε(k)) (12.27)

instead of ε(k). Then as in (12.21)

εL(k)σ(h) =
εL(kh−1)

εL(h−1)
, (12.28)

and this implies that

log
∣∣∣εL(k)σ(h)

∣∣∣ = u(kh−1) − u(h−1)
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with

u(k) = log |εL(k)|2.

Further, by definition of εL(k)

∣∣εL(k)
∣∣2 =

∏
h∈U

(
D(kh)
D(h)

)24h

,

where U denotes the subgroup of K associated with L. Let X be the group
of characters of K/U. Then, keeping in mind the relation

∑
k mod U

χ(k)

log D(h) = 0 for χ ∈ X \ {1}, the class number formula of L in (11.6)
can be written in the form

(24h)[L:K]−1 wK

wL

hL

h
=

∣∣∣∣∣∣
∏

χ∈X\{1}

( ∑
k mod U

χ(k)u(k)

)∣∣∣∣∣∣ . (12.29)

Analogously to Lemma 12.3.1, we successively define the subgroups

U
(0)
ell,L :=

〈
{εL(k) | k ∈ K mod U}

〉
,

U
(1)
ell,L :=

{ ∏
k mod U

εL(k)xk |
∏

k mod U

k
xk ∈ U

}
.

Then, there exists a subgroup

U
(2)
ell,L ⊆

(
U

(1)
ell,L

) 1
24h

⋂
L

with [
U

(2)
ell,L : U

(1)
ell,L

]
=

24h[L:K]−1

wL/wK
,

and the same conclusions as in the proof of Theorem 12.3.2 yield the
following result first obtained by Kersey (1980):

Theorem 12.3.3 Let L be a subfield of Ω, K ⊆ L ⊆ Ω. Then

1
[Ω:L]

hL =
[
EL : U

(2)
ell,L

]
.

The reason for the factor 1
[Ω:L] = [L : K]

h missing in Theorem 12.3.2 is
because, unlike Lemma 12.3.1, we here have

[
U

(1)
ell,L : U

(0)
ell,L

]
= [K : U] = [L : K].
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12.4 Class number formulae for Kf ⊇ L ⊇ K

In the following let L be an arbitrary abelian extension of K. Then L is
a subfield of Kf for a suitable integral ideal f in K. Since in this general
case the sums A(χ) on the right-hand side of (11.6) are defined with
possibly different conductors, the units needed for the transformation
of (11.6) cannot be constructed as for the subfields of the Hilbert class
field. Therefore, the following construction is more complicated. On the
other hand, as we will see later, the units obtained in this way allow
relations between class numbers of different subfields to be discovered.

Let U be the subgroup of Kf associated with L and X the subgroup
of characters of Kf with χ|U = 1. For χ ∈ X let

χ̃ := {ψ ∈< χ > | < ψ >=< χ >} the class of χ,
nχ̃ the order of χ,

fχ̃ the conductor of χ,
Uχ̃ = {k ∈ Kf | χ(k) = 1} and
Kχ̃ the subfield of Kfχ̃

corresponding to Uχ̃

(which is also a subfield of L).
We construct a group of units as a product of groups

U
(0)
ell,X =

∏
χ̃�=1̃

U
(0)
ell,χ̃, (12.30)

where the factors U
(0)
ell,χ̃ only depend on χ̃ and not on L. We have to

distinguish the two cases fχ̃ = (1) and fχ̃ �= 1. For fχ̃ �= (1) we have two
possibilities of construction if χ is a ring class character. Therefore, in
the following, besides L, we fix a ring class field

Ωt ⊆ Kf,

and for the construction of units we distinguish between those which are
and are not characters of Ωt/K.

For "χ a ring class character of Ωt/K" we define, generalising
(12.20),

ε(χ̃, k) := NKfχ̃
/Kχ̃

(
εfχ̃

(k)
)

=
∏

h∈Uχ̃

εfχ̃
(kh)

εfχ̃
(h)

, (12.31)

where

εfχ̃
(k) =

(
Δ(afχ̃

)
Δ(Ofχ̃

)

)hfχ̃

α12, with a ∈ k ∈ Kf.



310 Arithmetic interpretation of class number formulae

Herein fχ̃ denotes the (necessarily rational) conductor of χ and hfχ̃
the

ring class number modulo fχ̃. afχ̃
is the ring ideal of Ofχ̃

associated

with a and α a generator of the principal ideal a
hfχ̃

fχ̃
.

For "χ not a ring class character of Ωt/K" we have fχ̃ �= (1).
Then, for a ∈ k ∈ Kf the singular value Φfχ̃

(a), essentially defined by
the σ function, only depends on k and more precisely only on the ray
class modulo fχ̃ that contains k. We set

Φfχ̃
(k) := Φfχ̃

(a)

and then we obtain a unit by

ε(χ̃, k) := NKfχ̃
/Kχ̃

(
Φfχ̃

(k)

Φfχ̃
(e)

)
=

∏
h∈Uχ̃

Φfχ̃
(kh)

Φfχ̃
(h)

, k ∈ Kf, (12.32)

where e denotes the principal class in Kf.
As we will discuss later, there is a further way of construction yielding

larger subgroups if fχ̃ is composite.
With the units ε(χ̃, k) from (12.31) and (12.32) we define

εiχ̃
(χ̃) =

∏
k∈K

f
k mod Uχ̃

ε(χ̃, k)
γ

iχ̃,k(χ̃)
, iχ̃ = 1, . . . , ϕ(nχ̃),

where ϕ denotes the Euler function, and the exponents γiχ̃,k(χ̃) ∈ Z are
chosen in such a way that the matrix defined in (12.8) has a non-zero
determinant. Then we set

U
(0)
ell,χ̃ :=< {εiχ̃

(χ̃) | iχ̃ = 1, . . . , ϕ(nχ̃)} > . (12.33)

The action of the Galois group of Kf/K on ε(k) is deduced from Theorem
6.6.1:

ε(χ̃, k)σ(h) =
ε(χ̃, kh

−1)

ε(χ̃,h
−1)

, h ∈ Kf,

and by definition of εiχ̃
(χ̃) we have

log
∣∣∣εiχ̃

(χ̃)σ(h)
∣∣∣e(h)

=
∑

k mod Uχ̃

γiχ̃,k(χ̃)
(
uχ̃(kh−1) − uχ̃(h−1)

)
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with

uχ̃(k) =
∑

h∈K
fχ̃

h mod Uχ̃

log
(
D(kfχ̃

hfχ̃
)
)24hfχ̃

(12.34)

for a ring class character mod t,

where kfχ̃
and hfχ̃

denote the ring ideal classes modulo fχ̃ belonging to
k and h. In the other cases we set

uχ̃(k) =
∑

h∈K
fχ̃

h mod Uχ̃

log
(
S(kh)

)12fχ̃
, (12.35)

where fχ̃ denotes the smallest natural number in fχ̃. Now the class num-
ber formula for L in (11.6) can be written as(∏̃

χ

(
24hfχ̃

)nχ̃

)(∏̃
χ

(efχ̃
)nχ̃

)
wK

wL

hΩ
h RL

=

∣∣∣∣∣∣∣∣∣
∏

χ∈X\{1}

⎛
⎜⎜⎜⎝ ∑

k∈K
f

k mod Uχ̃

χ(k)uχ̃(k)

⎞
⎟⎟⎟⎠
∣∣∣∣∣∣∣∣∣
.

(12.36)

Herein, the first product on the left-hand side is over all classes of char-
acters of L/K that are characters of Ωt/K, and the second is over the
remaining classes of characters of L/K. Now uχ̃ satisfies (12.6) and (12.7)
and

rL =
[L : Q]

2
− 1 = |X| − 1

because L is totally imaginary. Therefore, as explained in 12.2.2, we can
transform (12.36) into(∏̃

χ

(
24hfχ̃

)nχ̃

)(∏̃
χ

(efχ̃
)nχ̃

)
C(Kf/U,Γ, 1)wK

wL

hL

h

=
[
EL : U

(0)
ell,X

] (12.37)

with the unit group EL of L and the subgroup U
(0)
ell,X from (12.30), whose

factors are defined in (12.33). C(Kf/U,Γ, 1) is the factor from Theorem
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12.1.2. Further, the number of generators in the definition of U
(0)
ell,X being

equal to the unit rank of L, implies the product

U
(0)
ell,X =

∏
χ̃�=1̃

U
(0)
ell,χ̃

to be direct modulo roots of unity.
Later, as for the unramified extensions L/K the factors 24h and efχ̃

in (12.37) will be reduced by modification of U
(0)
ell,X. Before doing that,

we will first make use of the fact that the factors U
(0)
ell,χ̃ only depend on

χ̃, so let

K ⊆ L1, . . . , Ls ⊆ L ⊆ Kf

be a system of subextensions L1, . . . , Ls, linearly disjointed over K,

Li ∩ (L1 · . . . · Li−1 · Li+1 · . . . · Ls) = K, i = 1, . . . , s.

Then, the groups of characters Xi of Li/K satisfy

Xi ∩ Xj = {1} for i �= j.

Hence, the partial product of factors in U
(0)
ell,X corresponding to the Li is

direct modulo roots of unity. Therefore, by combination of (12.37) and
the corresponding class number formulae for the Li, we obtain

C1C2C3
wK
wL

wL1 ···wLs

ws
K

hLhs−1

hL1 ···hLs
=

[
EL : (EL1 · . . . · ELs · U (0)

ell,Xc)
]
, (12.38)

where hLi
and ELi

denote class numbers and unit groups of the Li.
Further, we have

U
(0)
ell,Xc =

∏
χ̃

χ∈Xc

U
(0)
ell,χ̃ with Xc = X \ (X1 ∪ · · · ∪ Xs ∪ {1})

and the factors

C1 =

( ∏
χ∈Xc

ring

(
24hfχ̃

))
,

C2 =

( ∏
χ∈Xc

ray

(efχ̃
)

)
,

C3 =
C(Kf/U,Γ,1)

C(Kf/U1,Γ1,1)···C(Kf/Us,Γs,1)
,

(12.39)
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that are defined according to the decomposition

Xc = Xc
ring � Xc

ray

with Xc
ring = {χ ∈ Xc | χ character of Ωt/K}, Xc

ray = Xc \ Xc
ring.

C1 and C2 can be reduced as follows: decompose U
(0)
ell,Xc according to

the above decomposition of Xc into the product

U
(0)
ell,Xc = U

(0)
ell,ring U

(0)
ell,ray.

To reduce C1 we write

U
(0)
ell,ring =

∏
t′|t

U
(0)
ell,t′ ,

where U
(0)
ell,t′ , t′ | t, is generated by the units εiχ̃

(χ̃) with χ being a ring
class character in Xc of conductor t′. If Xc

ring contains a character of
conductor t′, we define

U
(1)
ell,t′ :=⎧⎪⎨

⎪⎩
∏̃

χ,iχ̃

εiχ̃(χ̃)
xiχ̃

(χ̃)

∣∣∣∣∣ xiχ̃(χ̃) ∈ Z,
∏̃

χ,iχ̃

⎛
⎜⎝ ∏

kχ̃ mod ULΩ
t′

k
γ

iχ̃,kχ̃

χ̃

⎞
⎟⎠

xiχ̃
(χ̃)

∈ ULΩ
t′

⎫⎪⎬
⎪⎭ ,

where the product is taken over all classes of characters χ ∈ Xc
ring of

conductor t′. LΩt′ denotes the field L∩Ωt′ and ULΩ
t′

the subgroup of Kf

associated with LΩt′ /K. Immediately by definition of U
(1)
ell,t′ we obtain[

U
(0)
ell,t′ : U

(1)
ell,t′

]
=

[
LΩt′ : K

]
.

The elements of U
(1)
ell,t′ are products of relative norms with respect to

Ωt′/LΩt′ of 24ht′ -th powers of elements

εp,q =
η
(

α
p

)
η
(

α
q

)
η
(

α
pq

)
η (α)

(12.40)

with prime ideals p,q not dividing 6f, of degree 1 and norm p, q with
associated ring ideals pt′ = [α, p],qt′ = [α, q],pt′qt′ = [α, pq], where
α ∈ H then has the property that Ot = [α, 1]. Similarly to Lemma
12.3.1 we define

U
(2)
ell,t′ :=

(
U

(1)
ell,t′

) 1
24h

t′
⋂

LΩt′ . (12.41)
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As in the proof of Theorem 12.3.2, keeping in mind that

εp,q (γ2(α)γ3(α))
p−1
2

q−1
2 ∈ Ωt′ ,

we obtain the equality[
U

(2)
ell,t′ : U

(1)
ell,t′

]
=

(24ht′)mt′

nt′
,

where mt′ denotes the rank of U
(1)
ell,t′ and nt′ ∈ N is a divisor of

2 if
√
−3 /∈ LΩt′ \ K,

3 if
√
−1 /∈ LΩt′ \ K,

6, otherwise.

Now, replacing U
(0)
ell,t′ by U

(2)
ell,t′ in (12.38) reduces C1 to

c1 =
∏
t′|t

nt′
[
LΩt′ : K

]
. (12.42)

To reduce C2 we proceed similarly as for C1. For a given ideal di-
viding f,

t | f

we consider the subgroup

U
(0)
ell,t :=

∏
χ̃

′
Uell,χ̃,

where the product is over all classes of characters χ ∈ Xc
ray with fχ̃ = t.

To modify the subgroup U
(0)
ell,t contained in

Lt := L ∩ Kt

we will use Theorem 6.8.7. We write

t = t1t2

with t1 ∈ N and a primitive ideal t2 of norm t2. Then

t = t1t2 = min(t ∩ N).

Further, we write

t2 = t∗2t
∗∗
2 ,

where t∗2 denotes the ramified and t∗∗2 the split part of t2. For a given
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prime p we note the two properties with a primitive pν-th root of unity
ζpν .

Lt ∩ K(ζpν ) �= K for a ν ≥ 1. (12.43)

If this condition is not satisfied, then for every automorphism σ of Lt/K

and for every ν ≥ 1 there exists a continuation of σ on Lν = L(ζpν )
leaving ζpν fixed. Keeping in mind Theorem 3.3.2, this implies that in
every coset of Kf modulo Uχ̃, fχ̃ = t, there is an ideal class k and in k

an integral ideal a coprime to 2f such that

N(a) ≡ 1 mod pν . (12.44)

Now we define

fLt
:=

∏
p

p satisfies (12.43)

pνp(lcm(2
α
t
3

β
t

,2t1t∗2)) and fc
Lt

:=
lcm(2

α
t3

β
t , 2t1t

∗
2)

fLt

,

where νp(lcm(2
α
t 3

β
t , 2t1t

∗
2)) denotes the p-exponent of lcm(2

α
t3

β
t , 2t1t

∗
2)

and

αt =
{

1 if 2|d and 2 � t,
0 otherwise,

βt =
{

1 if 3|d and 3 � t,
0 otherwise.

To modify U
(0)
ell,t, we write the relative norm with respect to Lt/Kχ̃ of

an element θ as

NLt/Kχ̃
(θ) = θγχ̃ , γχ̃ = σ(b1) + · · · + σ(bk),

with suitable Frobenius automorphisms σ(bi) of K12f2/K . Using the
notation of Theorem 6.8.2, the generating units in the definition of U

(0)
ell,χ̃

can then be written in the form

εiχ̃
(χ̃) = NKt/Lt

⎛
⎜⎜⎜⎝Φt(e)

⎧⎪⎨
⎪⎩

∑
kχ̃

(σ(kχ̃)−1)γ
iχ̃,kχ̃

(χ̃)γχ̃

⎫⎪⎬
⎪⎭
⎞
⎟⎟⎟⎠

with

Φt(e) = ϕ
(
ξ
∣∣∣α
1

)et

, et = lcm(12, t),
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and some ξ ∈ K \ t satisfying tξ ⊆ O. Now we define U
(1)
ell,t to be the set

of all products ∏
iχ̃,χ̃

εiχ̃
(χ̃)x(iχ̃,χ̃), x(iχ̃, χ̃) ∈ Z,

with exponents x(iχ̃, χ̃) satisfying the congruence

∑
iχ̃χ̃

[∑
kχ̃

(N(aχ̃) − 1)γiχ̃,kχ̃
(χ̃)N(γχ̃)

]
x(iχ̃, χ̃)

≡ 0 mod lcm(4
α
t 3

β
t , 2t1t

∗
2)

(12.45)

and representatives aχ̃ ∈ kχ̃. From the above considerations it is clear
that the classes kχ̃ and representatives aχ̃ can be chosen in such a way
that the aχ̃ are integral with norms satisfying

N(aχ̃) ≡ 1 mod fc
Lt

, N(aχ̃) ≡ 1 mod 2.

From (12.45) we now obtain[
U

(0)
ell,t : U

(1)
ell,t

]
| fLt

,

and by Theorem 6.8.7 all elements in U
(1)
ell,t must be et-th powers of

elements from Lt. Hence for

U
(2)
ell,t :=

(
U

(1)
ell,t

) 1
et

⋂
Lt (12.46)

we have the index formula[(
U

(2)
ell,t

) 1
et : U

(2)
ell,t

]
= e

rank
(

U
(0)

ell,t

)
t .

Now, replacing in (12.38) the subgroups U
(0)
ell,t by U

(2)
ell,t, the factor C2

becomes

c2 =
∏
t|f

′
fLt

, (12.47)

where the product is over those divisors t of f that occur as conductors
of characters in Xc

ray.
We summarise our results:
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Theorem 12.4.1 Let L be a subfield of Kf, K ⊆ L ⊆ Kf, and
L1, . . . , Ls a system of subextensions of L/K that is linearly disjoint
over K,

Li ∩ (L1 · . . . · Li−1 · Li+1 · . . . · Ls) = K, i = 1, . . . , s.

For every class χ̃, χ ∈ X, we choose a matrix Γχ̃ with coefficients in
Z such that the matrix g(χ̃,Γχ̃, 1) as defined in Theorem 12.1.2 has
non-zero determinant. Moreover, in the following we will assume the
exponents γiχ̃,k(χ̃) to be chosen according to Theorem 12.1.3. By Γ we
denote the system of these matrices and by Γi the subsystem associated
with Li. Further, let

U
(2)
ell,Xc =

⎛
⎝∏

t′|t

′
U

(2)
ell,t′

⎞
⎠

⎛
⎝∏

t|f

′
U

(2)
ell,t

⎞
⎠

denote the subgroup of the unit group of L obtained by modification of
U

(0)
ell,Xc . With this subgroup we obtain from (12.38)

C
wK

wL

wL1 · · ·wLs

ws
K

hL

hK

hs
K

hL1 · · ·hLs

=
[
EL : (EL1 · . . . · ELs

· U (2)
ell,Xc)

]
with the class numbers h..., unit groups E... and numbers of roots of unity
w... of the corresponding fields and the factor

C = c1c2C3,

that is composed by the factors defined in (12.42), (12.47) and (12.39):

c1 =
∏
t′|t

′
nt′

[
LΩt′ : K

]
,

c2 =
∏
t|f

′
fLt

,

C3 =
C(Kf/U,Γ,1)

C(Kf/U1,Γ1,1)·...·C(Kf/Us,Γs,1)
.

12.4.1 Application of the formulae from 12.4

12.4.1.1 Divisibility between class numbers

An interesting application of Theorem 12.4.1 is the derivation of divis-
ibility relations between class numbers. Of course, for this purpose the
determination of the constant C is important. The following two remarks
are useful:
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(i) Choosing the matrices Γχ̃ according to Theorem 12.1.3 yields

C(Kf/U,Γ, 1) = n
n
2

∏
χ̃�=1̃

√∣∣dnχ̃

∣∣
n

ϕ(nχ̃)
χ̃

,

where dnχ̃
is the discriminant of the nχ̃-th cyclotomic field. With

this choice we know from Hasse (1952) that:
(ii) C(Kf/U,Γ, 1) ∈ N and

C(Kf/U,Γ, 1) = 1 ⇐⇒ Kf/U cyclic.

For special types of field the general results of Theorem 12.4.1 can be
made more precise, as will be explained in the following example.

Example 12.4.2 Let L = L6 = Q(
√
−3, 6

√
a), a ∈ Z, be the normal field

of the Q( 6
√

a) having degree 6 over Q, and let L2 = Q(
√
−3,

√
a), L3 =

Q(
√
−3, 3

√
a). Then L6, L2, L3 are abelian over K = Q(

√
−3). More pre-

cisely, L is a subfield of a ring class field Ωf , so we choose t = f for the
construction of U

(2)
ell,Xc . Then C = c1 = 6 in Theorem 12.4.1, all numbers

of roots of unity are equal to 6, and hK = 1. Hence

6
hL6

hL2hL3

=
[
EL6 : EL2EL3U

(2)
ell,Xc

]
.

Modifying the construction of U
(2)
ell,Xc we obtain the formula

9
hL6

hL2hL3

=
[
EL6 : EL2EL3Ũ

(2)
ell,Xc

]
,

showing that the quotient hL6
hL2hL3

has a denominator dividing 3.

Proof The first formula is immediate by Theorem 12.4.1. To prove the
second formula we start with the formula (12.38). In our case it tells us
that

(24fχ̃)2 3
hL6

hL2hL3

=
[
EL6 : EL2EL3U

(0)
ell,χ̃

]
,

where χ denotes the generating character of L6/K. U
(0)
ell,χ̃ has rank 2 and

is defined by

Ũ
(0)
ell,χ̃ :=

〈
εχ̃(k2), εχ̃(k4)

〉
with a class k ∈ Kf representing a generator for Kf/U6. Here, we have
|det(g(χ̃,Γχ̃))| = 3

√
3 = 3

√
|d6|Φ6(1), hence C3 = 3 in (12.38). Further,
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we define

Ũ
(1)
ell,χ̃ :=

〈
εχ̃(k2)2

εχ̃(k4)
,
εχ̃(k4)2

εχ̃(k2)

〉
.

Since (k2)2k−4 and (k4)2k−2 are in U6, the two generators of Ũ
(1)
ell,χ̃ are

24fχ̃-th powers in L6. This implies the second formula in Example 12.4.2
with

Ũ
(2)
ell,χ̃ :=

(
Ũ

(1)
ell,χ̃

) 1
24hfχ̃

⋂
L,

keeping in mind that [
Ũ

(0)
ell,χ̃ : Ũ

(1)
ell,χ̃

]
= 3.

Remark 12.4.3 If, in particular, L = Kf, then the subgroup

U
(2)
ell,ray :=

∏
t|f

′
U

(2)
ell,t

in Theorem 12.4.1 can be replaced by a larger subgroup Û
(2)
ell,ray thereby

reducing c2 to

ĉ2 = fKf
.

The construction of Û
(2)
ell,ray is done in two steps. First, we consider the

subgroup Û
(1)
ell,ray consisting of units of the form∏

iχ̃,χ̃

εiχ̃
(χ̃)x(iχ̃,χ̃),

where the product is taken over all classes χ̃ of characters in Xc that are
no ring class characters modulo t and where the exponents x(iχ̃, χ̃) ∈ Z
satisfy

∑
iχ̃χ̃

⎡
⎣∑

kχ̃

(N(aχ̃)−1)γiχ̃,kχ̃
(χ̃)N(γ̂χ̃)

⎤
⎦ ef

efχ̃

x(iχ̃,χ̃)≡0 mod lcm(4
α
f
3

β
f
, 2f1f

∗
2 ).

Herein γ̂χ̃ is defined by

γ̂χ̃ = σ(b1) + · · · + σ(bk),
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with suitable Frobenius automorphisms σ(bi) of K12f2/K such that

NKfχ̃
/Kχ̃

(θ) = θγ̂χ̃

holds for all elements θ ∈ Kfχ̃
. Then, with

Û
(2)
ell,ray :=

(
Û

(1)
ell,ray

) 1
ef

⋂
Kf

we obtain by Theorem 6.8.7 the formula[
Û

(2)
ell,ray : Û

(1)
ell,ray

]
=

∏
χ∈Xc

ray

efχ̃
.

Now, replacing the subgroup U
(2)
ell,Xc in Theorem 12.4.1 by

Û
(2)
ell,Xc =

⎛
⎝∏

t′|t

′
U

(2)
ell,t′

⎞
⎠ Û

(2)
ell,ray,

we obtain the formula from Theorem 12.4.1 with c2 replaced by ĉ2.

An application of this remark is:

Example 12.4.4 Let K = Q(
√

d), d = dK < 0, gcd(d, 6) = 1, and
let f be an integral odd ideal in K. Let L = Kf, and L1 = Ω the
Hilbert class field of K. Further, we assume G(Kf/K) to be cyclic. In
the construction of Û

(2)
ell,Xc we take t = 1. Then C = 1 in the formula of

Theorem 12.4.1 modified according to Remark 12.4.3 and

hKf

hΩ
=

[
EKf

: EΩÛ
(2)
ell,Xc

]
.

Proof To prove the formula in Example 12.4.4 the factors c1, ĉ2 and the
numbers of roots of unity in Ω and Kf have to be computed. We start
by determining the roots of unity in Kf \Ω, so let pν prime power with
ν ≥ 1 for p �= 2 resp. ν ≥ 2 for p = 2 and let

ζ = ζpν

be a primitive pν-th root of unity. We contend that

ζ ∈ Kf \ Ω =⇒ pν | f1f
∗
2 . (12.48)

First, note that ζ ∈ Kf ∩ Kf = Kf ∩ K
f

= Kf1f
∗
2
. Further, on the one

hand Ω(ζ)/Ω is unramified above p, since Ω is the maximal unramified
extension of K and since the discriminant of Ω(ζ)/Ω is a divisor of a
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power of pν . On the other hand the extension Kf1f
∗
2
/Ω is unramified

outside f1f
∗
2 . Hence, p must divide f1f

∗
2 . We write

f1f
∗
2 = f1[α, f∗

2 ]

and keep in mind that ζ is invariant under all Frobenius automorphisms
σ(1 + ω), ω ∈ f1f

∗
2. In view of Theorem 3.3.2 this implies that

N(1 + ω) ≡ 1 mod pν for all ω ∈ f1f
∗
2.

Choosing ω = ±f1f
∗
2 in particular, we find that

f1f
∗
2 (2 ± f1f

∗
2 ) ≡ 0 mod pν

and further, by addition, that

4f1f
∗
2 ≡ 0 mod pν .

As by assumption f and hence f1f
∗
2 are odd and since p is a divisor of

f1f
∗
2 as shown above, p must be odd, and (12.48) follows.

Conversely, Kf contains all f1f
∗
2 -th roots of unity, because all ω ∈ f

satisfy

N(1 + ω) ≡ 1 mod f1f
∗
2 .

Hence, the number of roots of unity in Kf is

wKf
= lcm(wΩ, f1f

∗
2 ).

To determine wΩ note that, according to Theorem 6.1.4, the maximal
abelian subextension of Ω is a product of quadratic fields, which implies
that only the 2-nd, 4-th, 6-th or 12-th roots of unity can be contained in
Ω. More precisely, because of gcd(d, 6) = 1, Theorem 6.1.4 tells us that

wΩ = 2.

Further, in this case

ĉ2 = fKf
= f1f

∗
2

and by choice of t

c1 = 1.

The class number formula in Example 12.4.4 now follows from Remark
12.4.3.
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12.4.1.2 Divisibility of class numbers by divisors of the field degree

In the last section the unit groups were constructed by quotients of
invariants Φfχ̃

(k) applying Theorem 12.1.2 with δχ̃ = 1. In the following,
we assume fχ̃ to be composite, in which case the invariants Φfχ̃

(k) them-
selves are units. Then, the application of Theorem 12.1.2 with δχ̃ = 0
yields class number formulae showing that the class numbers of certain
fields are divisible by divisors of the field degree.

In the "case of ray classes", we therefore modify the construction of
units different from (12.32) as follows:
If nχ̃ is a prime power and fχ̃ composite, we set

ε(χ̃, k) := NKfχ̃
/Kχ̃

(
Φfχ̃

(k)
)

=
∏

h∈Uχ̃

Φfχ̃
(kh), k ∈ Kf. (12.49)

Modifying the construction of U
(0)
ell,Xc by U

(0)′

ell,Xc in this way the formula
(12.38) becomes

C1C2C̃3
wK
wL

wL1 ···wLs

ws
K

hLhs−1

hL1 ···hLs
=

[
EL : (EL1 · . . . · ELs · U (0)′

ell,Xc)
]
. (12.50)

The factors C3 in (12.38) and C ′
3 are related by

C̃3 =
C3

N

with

N =
∏
χ

′
pχ,

where χ runs through all characters Xc
ray with composite conductor and

an order which is a prime power p
aχ
χ . Further, if L/K is cyclic, then

C3 = 1, and by (12.50) we obtain divisibility properties for the product
of class numbers contained in the formula if the remaining factors are
coprime to N . For example, in this way we can prove the following result:

Theorem 12.4.5 Let K be a quadratic imaginary number field and n a
natural number without multiple prime divisors and let gcd(n, 6hK) = 1.
Then, there exist infinitely many dihedral fields L with L ⊇ K, [L : Q] =
2n and

n | hL.

Proof Let n = p1 · . . . · pr with pairwise different primes pi. For i =
1, . . . , r we construct infinitely many ring class characters χpi

of order
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pi and composite conductor. Then, the extension L/K corresponding to
X =< χp1 , . . . , χpr

> will have the desired properties.
First, for every pi there are infinitely many primes qi with

pi | hqi
and qi �= pi,

where hqi
denotes the ring class number modulo qi. This is immediate

by the formula for hqi
in Theorem 3.1.9. Hence, there exists a ring class

character χ modulo qi of order pi and

fχ = qi

since, in view of pi � hK , the conductor of χ cannot be 1. With two
such ring class characters χ, χ′ modulo qi resp. modulo q′i with different
primes qi, q

′
i we set

χi := χχ′.

Then obviously

nχ̃i
= pi and fχ̃i

= qiq
′
i.

Now let X =< χp1 , . . . , χpr
> be one of these infinitely many character

groups and L the associated extension of K. Then L is Galois over Q
as a subfield of a ring class field and the Galois group of L/Q is the
semi-direct product of the Galois group G of L/K and < τ >, with the
complex conjugation τ :

στ = τσ−1 for all σ ∈ G.

Further, G must be cyclic since |G| = n has no multiple prime factors,
so L is a dihedral field. From the class number formula (12.50) we can
deduce the divisibility

n | c1c2
hL

hK
,

which implies that n|hL because c1 and c2 are integers relatively prime
to n. This is because they only have prime divisors dividing 2·3·hK ·qi ·q′i.

12.5 Group-theoretical lemmas for M �⊇ K

Let K be a finite abelian group and U a subgroup of K of index

[K : U] = n.
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Further, let k 
→ k be an automorphism on K with

k = k for all k ∈ K and U = U. (12.51)

We fix an element k0 ∈ K having the property

k0k0 ∈ U. (12.52)

Then

h
′
U ∼ hU : ⇐⇒ ( h

′
U = hU or h

′
U = k0hU ) (12.53)

defines an equivalence relation on K/U. In the following, let H denote
a system of elements h ∈ K such that the cosets hU form a system
of representatives with respect to (12.53). We assume H to contain the
neutral element e of K, and we define

H
′ := H \ {e}

and

e(h) :=
{

2 if hU �= k0hU,

1 if hU = k0hU.

Then ∑
h∈H

e(h) = [K : U]. (12.54)

Let X denote the subgroup of characters χ of K with χ | U = 1. Keeping
in mind U = U, it is clear that for χ ∈ X we obtain a new character by
defining

χτ (k) := χ(k).

We set

X(0) := {χ ∈ X | χτ = χ},

X(l) := {χ ∈ X(0) | χ(k0) = l}, l = ±1.

Lemma 12.5.1

X(0) =
{

X(1) if k0hU = hU for some h ∈ K,

X(1) � X(−1) otherwise.

In the second case |X(1)| = |X(−1)|.
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Proof First, let k0hU = hU, hence k0U = h
−1

hU for some h ∈ K.
Then

χ(k0) = χ(h
−1

h) = χ(h)−1χ(h) = χ(h)−1χ(h) = 1

for χ ∈ X(0), so X(0) = X(1), as asserted. To prove the remaining asser-
tions, we consider the endomomorphism g : h 
→ h

−1
h of K. Then we

can write

X(0) = {χ ∈ X | (χ | g(K)U ) = 1}. (12.55)

If k0hU �= hU for all h ∈ K, then obviously k0 /∈ g(K)U. Hence, there
exists a χ0 ∈ X(0) with χ0(k0) �= 1. On the other hand

χ0(k0)2 = χ(k0)χτ (k0) = χ0(k0k0) = 1.

Thus, χ0(k0) = −1, and it follows that

X(0) = X(1) � X(−1) and X(−1) = χ0X(1),

which implies the remaining assertions of the lemma.

On X \ (X(−1) ∪ {1}) we consider the equivalence relation

χ′ ∼ χ : ⇐⇒ ( χ′ = χ or χ′ = χτ ),

and we let H be a system of representatives for ∼. Then:

Lemma 12.5.2 |H′| = |H|.

Proof We have |X| = n, and we set n0 := |X(0)|. First, we consider the
case of k0hU �= hU for all h ∈ K. Then e(h) = 2 for all h ∈ K. In view
of (12.54) it follows that

|H′| =
n

2
− 1

and further, by Lemma 12.5.1

|H| =
n − n0

2
+

n0

2
− 1 =

n

2
− 1.

If k0hU = hU for a h ∈ K, then k0 ∈ (ker g)U and, in view of (12.55),
this implies that

|{h ∈ H | e(h) = 1}| = |{hU ∈ K/U | g(h)U = k0U}|
= |{hU ∈ K/U | g(h)U = U}|
= [(ker g U) : U] = [K : g(K)U] = |X(0)| = n0.
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Now we have

|H′| = |H| − 1 =
n − n0

2
+ n0 − 1 =

n + n0

2
− 1,

and by Lemma 12.5.1 we obtain

|H| =
n − n0

2
+ n0 − 1 =

n + n0

2
− 1.

Similarly to section 12.1 we consider a map

u : K → R

and a number δ ∈ R satisfying the following conditions:

u(k) only depends on kU, (12.56)

∑
h mod U

(
u(kh) − δu(h)

)
= 0 for all k ∈ K. (12.57)

For χ ∈ X we set:

A(χ) :=
∑

k mod U

χ(k)u(k)

and we assume that

A(χτ ) = A(χ) for all χ ∈ X. (12.58)

We define the quadratic matrix by

V :=
(
e(h)(v(k,h, δ) + v(k, k0h, δ))

)
row index: k ∈ H

′,
column index: h ∈ H

′.

(12.59)

with

v(k,h, δ) = u(kh−1) − δu(h−1).

Theorem 12.5.3 The matrix V in (12.59) has the determinant

|det(V )| = 2|H|

∣∣∣∣∣∣
∏
χ∈H

A(χ)

∣∣∣∣∣∣ .



12.5 Group-theoretical lemmas for M �⊇ K 327

Proof We multiply V by

Y =
(
e(k)( χ(k) + χ(k0k) )

)
row index: χ ∈ H,
column index: k ∈ H

′.

Then the elements in Y V are

ξχ,h =
∑
k∈H′

e(k)( χ(k) + χ(k0k) )(e(h)(v(k,h, δ) + v(k, k0h, δ))). (12.60)

Herein, the summation can be extended over a full system H because

v(k,h, δ) + v(k, k0h, δ) = (u(kh−1) − δu(h−1)) + (u(k0kh
−1) − δu(k0h

−1))

vanishes for k = e. Further, keeping in mind the relation∑
k∈H

e(k)( χ(k) + χ(k0k) ) = 2
∑

k mod U

χ(k) = 0, (12.61)

we can omit in (12.60) the summands not depending on k. Then, ob-
serving (12.52) and (12.58), we obtain

ξχ,h =
∑
k∈H

e(h)e(k)[(χ(k)u(kh−1) + χ(k0k)u(k0kh
−1))

+ (χ(k)u(k0kh
−1) + χ(k0k)u(kh−1))]

=
∑
k∈H

e(h)e(k)[(χ(k)u(kh−1) + χ(k0k)u(k0kh
−1))

+ (χ(k)u(k0kh
−1) + χ(k0k)u(k0(k0k)h

−1))]

=
∑

k mod U

2e(h)[χ(k)u(kh−1) + χ(k)u(k0kh
−1)]

= 2e(h)[χ(h)A(χ) + χ(k0h)A(χτ )]

= 2e(h)(χ(h) + χ(k0h))A(χ).

This implies that

|det(Y V )| = 2|H|

∣∣∣∣∣∣det(Y )
∏
χ∈H

A(χ)

∣∣∣∣∣∣ . (12.62)
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Hence, to prove Theorem 12.5.3, we have to show that Y has a non-zero
determinant. Therefore, we compute Y Y ′ with

Y ′ =
(

ψ(k) + ψ(k0k)
)

row index: k ∈ H
′,

column index: ψ ∈ H.

The elements in Y Y ′ are⎧⎨
⎩∑

k∈H

e(k)
[
((χψ)(k) + (χψ)(k0k)) + ψ(k0)((χψ

τ
)(k) + (χψ

τ
)(k0k))

]⎫⎬
⎭

−e(e)(1 + χ(k0))(1 + ψ(k0))

=

{
2

∑
k mod U

[
(χψ)(k) + ψ(k0)(χψ

τ
)(k)

]}

−e(e)(1 + χ(k0))(1 + ψ(k0))

=

⎧⎨
⎩

2n(1 + χ(k0)) − |1 + χ(k0)|2e(e) if χ = ψ �= ψτ ,

2n − |1 + χ(k0)|2e(e) if χ = ψ �= ψτ ,

−(1 + χ(k0))(1 + ψ(k0))e(e) if χ �= ψ.

= αχβψ + δχ,ψγχ

with

αχ = −(1 + χ(k0)), βψ = (1 + ψ(k0))e(e),

γχ =
{

2n(1 + χ(k0)) if χ = χτ ,

2n if χ �= χτ .

Using Lemma 12.1.6 we now obtain

|det(Y Y ′)|

= (2n)|H|

∣∣∣∣∣∣
∏

χ∈H
χ=χτ

(1 + χ(k0))

∣∣∣∣∣∣×
×

∣∣∣∣∣∣1 −
∑

χ∈H
χ=χτ

(1+χ(k0))e(e)
2n −

∑
χ∈H
χ�=χτ

|1+χ(k0)|2e(e)
2n

∣∣∣∣∣∣ .
(12.63)
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For χ = χτ we have χ(k0) = 1 by definition of H. Therefore (12.63)
becomes

2|H|+|{χ∈H|χτ=χ}|n|H|

∣∣∣∣∣∣∣
⎧⎪⎨
⎪⎩1 −

∑
χ∈H
χ=χτ

e(e)
n

−
∑
χ∈H
χ�=χτ

|1 + χ(k0)|2e(e)
2n

⎫⎪⎬
⎪⎭
∣∣∣∣∣∣∣ .

Herein, the expression in curly braces can be expressed in the following
way

{. . .} = 1 − e(e)
4n

⎡
⎢⎣ ∑

χ∈H
χ=χτ

4 −
∑
χ∈H
χ�=χτ

2|1 + χ(k0)|2

⎤
⎥⎦

= 1 − e(e)
4n

⎡
⎣
⎛
⎝∑

χ∈X

|1 + χ(k0)|2
⎞
⎠ − 4

⎤
⎦ .

Applying the relation∑
g∈G

|1 + λ(g)|2 =
∑
g∈G

(2 + λ(g) + λ(g−1)) =
{

2|G| if λ �= 1,

4|G| if λ = 1

holding for any character λ of a finite abelian group G to λ = (χ 
→
χ(k0)), we find that

{. . .} =
e(e)
n

.

Thus

|det(Y Y ′)| = 2|H|+|{χ∈H|χτ=χ}|n|H|−1e(e).

In particular, |det(Y )| �= 0. More precisely, we have

|det(Y )| = 2
1
2 (|H|+|{χ∈H|χτ =χ}|−|{h∈H|e(h)=2}|)

n
1
2 (|H|−1)

e(e). (12.64)

Later, for transformations of class number formulae, we will need, as
in the first part of this chapter, a more complicated analogue of Theorem
12.5.3. Therefore, given a character χ ∈ X, we consider the subgroup

Uχ̃ := {k ∈ K | χ(k) = 1}

depending only on the Frobenius class χ̃. We associate with χ a map

uχ̃ : K → R
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and a δχ̃ ∈ R, assuming the following properties to be given:

uχ̃(k) only depends on kUχ̃, (12.65)

∑
h mod U

(
uχ̃(kh) − δχ̃uχ̃(h)

)
= 0 for all k ∈ K. (12.66)

For χ ∈ X we define:

A(χ) :=
∑

k mod Uχ̃

χ(k)uχ̃(k),

and we assume that

A(χ) = A(χτ ) (12.67)

for all χ ∈ X. Further, the above system H is chosen with the following
properties:

(χ̃ ⊆ H and χ̃τ ∩H = ∅) or (χ̃τ ⊆ H and χ̃ ∩H = ∅)
if χ̃τ �= χ̃,

(H ∩ χ̃) � (H ∩ χ̃)τ = χ̃ if χτ �= χ, χ̃τ = χ̃.

(12.68)

It is easy to see that such a choice of H is always possible. Further, to
every class χ̃ we associate a real matrix Λχ̃,

Λχ̃ =
(
λ

iχ̃,k(χ̃)
)

,

row index: iχ̃ = 1, . . . , |H ∩ χ̃|,
column index: k mod Uχ̃.

(12.69)

Then, we define the quadratic matrix

V =

( ∑
k mod Uχ̃

λiχ̃,k(χ̃)e(h)
[
vχ̃(k,h) + vχ̃(k, k0h)

])
,

row index: (χ̃, iχ̃), χ̃ runs through all classes with χ ∈ H
and iχ̃ the numbers 1, . . . , |H ∩ χ̃|,
column index: h runs though H

′,

(12.70)

where, for abbreviation

vχ̃(k,h) := uχ̃(kh−1) − δχ̃uχ̃(h−1).
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Theorem 12.5.4 We assume (12.65) – (12.68). Then

|det(V )| = d(K/U, k0,Λ)

∣∣∣∣∣∣
∏
χ∈H

A(χ)

∣∣∣∣∣∣ ,

d(K/U, k0,Λ) = n
− |H|+1

2 2
a
2

∏
χ̃

χ∈H

|det(l(χ̃,Λχ̃, δχ̃))|
(

n

nχ̃

)|H∩χ̃|

with a = |H| − |{χ ∈ H|χτ = χ}| + |{h ∈ H|e(h) = 2}| and
l(χ̃,Λχ̃, δχ̃) = (liχ̃,μ), liχ̃,μ =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∑
k mod Uχ̃

λiχ̃,k(χ̃)(χμ(k) − δχ̃) if χ̃τ �= χ̃,

∑
k mod Uχ̃

λiχ̃,k(χ̃){(χμ(k) − δχ̃) + χμ(k0)((χτ )μ(k) − δχ̃)}

if χ̃τ = χ̃

row index: iχ̃ = 1, . . . , |H ∩ χ̃|,
column index: μ runs through a system modulo nχ̃, so that

χμ are the different characters in H ∩ χ̃.

Proof Due to the assumptions (12.66) and (12.54), Lemma 12.1.5 implies
that

| det(V )| = e(e)
n

| det(V0)| with V0 =

⎛
⎝ ∑

k mod Uχ̃

λiχ̃,k(χ̃)e(h)
{[

vχ̃(k,h) + vχ̃(k, k0h)
]

−
[
vχ̃(k, e) + vχ̃(k, k0)

]}⎞
⎠,

row index: (χ̃, iχ̃), column index: h

(12.71)

Multiplying V0 from the right by

Y0 =
(
ψ(h) + ψ(k0h)

)
,

row index: h ∈ H
′
,

column index: ψ ∈ H,
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we obtain

V0Y0 =
(
ξ(χ̃,iχ̃),ψ

)
with ξ(χ̃,iχ̃),ψ =

∑
h∈H′

∑
k mod Uχ̃

λiχ̃,k(χ̃)e(h)(ψ(h) + ψ(k0h)) {[vχ̃(k, h) + vχ̃(k, k0h)]

− [vχ̃(k, e) + vχ̃(k, k0)]} .

Since herein for h = e the summand vanishes, the sumation can be
extended over h ∈ H = H

′ ∪ {e} and, keeping in mind the relation
(12.61) and the definition of v(., .), we find that

ξ(χ̃,iχ̃),ψ =

2
∑

k mod Uχ̃

λiχ̃,k(χ̃)

{
(ψ(k) − δχ̃)

∑
h mod U

ψ(h)uχ̃(h)

+ ψ(k0)(ψτ (k) − δχ̃)
∑

h mod U

ψ
τ
(h)uχ̃(h)

}
.

In view of Lemma 12.1.4 this shows that

ξ(χ̃,iχ̃),ψ = 0 for ψ /∈< χ > ∪ < χτ > . (12.72)

Further, as in the proof of Theorem 12.1.2, using (12.67) and Lemma
12.1.4, we obtain

ξ(χ̃,iχ̃),ψ =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

2n
nχ̃

∑
k mod Uχ̃

λiχ̃,k(χ̃)(ψ(k) − δχ̃)A(ψ) if χ̃ = ψ̃ �= ψ̃τ ,

2n
nχ̃

∑
k mod Uχ̃

λiχ̃,k(χ̃)
{
(ψ(k) − δχ̃) + ψ(k0)(ψ(k) −δχ̃)}A(ψ)

if χ̃ = ψ̃ = ψ̃τ .

Now arrange the rows of V0Y0 according to classes such that the impli-
cation

"χ̃′ preceeds χ̃" =⇒ (< χ′ > 	 < χ > and nχ̃′ ≥ nχ̃)

holds and collect the rows belonging to the same χ̃. Accordingly, collect
the rows with indices ψ in the same class and arrange them correspond-
ing to the rows. Then, V0Y0 is a matrix having the quadratic matrices
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along the diagonal

Vχ̃ =
(
ξ(χ̃,iχ̃),χμ

)
,

row index: iχ̃ = 1, . . . |H ∩ χ̃|,
column index: μ runs though a system

modulo nχ̃, so that χμ are the different
characters in H ∩ χ̃.

Below these quadratic matrices V0Y0 has only zeros. To prove that V0Y0

has the asserted form, we have to show for ψ, χ ∈ H

"ψ̃ preceeds χ̃" =⇒ ψ �∈< χ > ∪ < χτ >,

keeping in mind (12.72). If "ψ̃ preceeds χ̃", then ψ /∈< χ > and nψ̃ ≥ nχ̃.
If ψ was in < χτ >, we would have nψ̃ ≤ nχ̃τ = nχ̃, hence nψ̃ = nχ̃

and so ψ ∈ χ̃τ . Since ψ /∈< χ > this would imply that χ̃ �= χ̃τ , and
because χ ∈ H, we could conclude in view of property (12.68) of H
that χ̃τ ∩H = ∅, which is impossible because ψ ∈ H and ψ ∈ χ̃τ . Hence
ψ /∈< χτ > and ψ /∈< χ > ∪ < χτ >. The determinant of V0Y0 is
therefore equal to the product of the subdeterminants of the Vχ̃, and,
determining the determinant of Y0 by (12.64), we can prove the formula
of Theorem 12.5.4.

For later applications we prove the following theorem about determi-
nants det(l(χ̃,Λχ̃, δχ̃)) in Theorem 12.5.4.

Theorem 12.5.5 The elements of the matrices Λχ̃ can be chosen
in Z such that for δχ̃ = 0, 1 the absolute value of the determinant
lχ̃ := |det(l(χ̃,Λχ̃, δχ̃))| in Theorem 12.5.4 satisfies the following di-
visibility properties:

(i) lχ̃ |
√∣∣dnχ̃

∣∣ Φnχ̃
(1) if χ̃ �= χ̃τ ,

(ii) lχ̃ | (4nχ̃)ϕ(nχ̃)/2 4

√∣∣dnχ̃

∣∣ Φnχ̃
(1) if χ̃= χ̃τ , χ �=χτ , χ(k0) �=−1,

(iii) lχ̃ | (2nχ̃)ϕ(nχ̃)/2 4

√∣∣dnχ̃

∣∣ if χ̃= χ̃τ , χ �=χτ , χ(k0)=−1,

(iv) lχ̃ | (2nχ̃)ϕ(nχ̃)
√∣∣dnχ̃

∣∣ Φnχ̃
(1) if χ = χτ , χ(k0) �= −1.

Herein, dnχ̃
is the discriminant of the nχ̃-th cyclotomic field, Φnχ̃

(X)
the nχ̃-th cyclotomic polynomial and ϕ Euler’s function.
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Proof We consider the Z-module v generated by the numbers

χ(k) − δχ̃, k mod Uχ̃, resp. (χ(k) − δχ̃) + χ(k0)(χτ (k) − δχ̃), k mod Uχ̃,

and construct in v a basis of an ideal in the nχ̃-th cyclotomic field Qnχ̃
or

in a subfield of Q(0)
nχ̃ over which Qnχ̃

has degree 2. The above assertions
are then obtained by computing the discriminant of this ideal, which
makes it necessary to distinguish cases. Of course, for special cases even
sharper divisibility properties can be proved. First, we consider the case
δχ̃ = 1.

(i) For χ ∈ H with χ̃ �= χ̃τ we know by (12.68) that χ̃ ∩ H = χ̃. Hence,
the matrix l(χ̃,Λχ̃, δχ̃) is equal to the matrix g(χ̃,Λχ̃, δχ̃) in Theorem
12.1.3, so the assertion in (i) follows from Theorem 12.1.3.

(ii) For χ̃ = χ̃τ , χ �= χτ , we have χτ = χν0 with ν0 ∈ Z, and, keep-
ing in mind (χτ )τ = χ, it follows that:

ν2
0 ≡ 1 mod nχ̃, ν0 �≡ 1 mod nχ̃. (12.73)

In this case nχ̃ �= 2, and if ζ denotes a primitive nχ̃-th root of unity, then
σν0 = (ζ 
→ ζν0) defines a quadratic automorphism of Qnχ̃

. Further,

v = 〈 {(ζν − 1) + ζ0(ζνν0 − 1) | ν ∈ Z} 〉 with ζ0 = χ(k0),

and with

ξν := (ζν − 1) + ζ0(ζνν0 − 1),

we have

(1 + ζ0)[(ζν − 1) + (ζνν0 − 1)] = ξν + ξνν0 ∈ v.

Therefore, we consider the Z-module

v0 := 〈 {(ζν − 1) + (ζνν0 − 1) | ν ∈ Z} 〉

and the inclusion

2(a ∩O
(0)
nχ̃

) ⊆ v0,

where O
(0)
nχ̃

denotes the ring of integers in the fixed field of σν0 and
a = (ζ−1)Onχ̃

the ideal generated by (ζ−1) in Qnχ̃
. Hence, there exist

λi,ν ∈ Z such that

ρi :=
∑

ν mod nχ̃

λi,ν [(ζν − 1) + ζ0(ζνν0 − 1)] , i = 1, . . . ,
ϕ(nχ̃)

2
,



12.5 Group-theoretical lemmas for M �⊇ K 335

is a Z-basis of (1 + ζ0)2(a ∩ O
(0)
nχ̃

). Let T be a subsystem of residues
modulo nχ̃ with

χ̃ ∩H = {χμ | μ ∈ T}.

Then the property (12.68) of H implies the automorphisms σμ = (ζ 
→
ζμ), μ ∈ T , to induce the different isomorphisms on the fixed field of σν0 ,
so we have

discr
(
2(a ∩O

(0)
nχ̃

)
)

=

(
det

((
ρi

1 + ζ0

)σμ
)

1=1,...,ϕ(nχ̃)/2; μ∈T

)2

,

and this implies that

∣∣det
(
ρ

σμ

i

)∣∣ =

∣∣∣∣∣∣
∏
μ∈T

(1 + ζ0)

∣∣∣∣∣∣ 2ϕ(nχ̃)/2

√∣∣∣discr
(
a ∩O

(0)
nχ̃

)∣∣∣. (12.74)

By assumption ζ0 �= −1, hence −ζ0 is a root of unity of order n′, 1 <

n′|2nχ̃. This shows that

∏
μ∈T

(1 + ζ0)

∣∣∣∣∣∣ 2ϕ(nχ̃)/2. (12.75)

Further, we find that√∣∣∣discr
(
a ∩O

(0)
nχ̃

)∣∣∣
= N

Q
(0)
nχ̃

/Q

(
a ∩O

(0)
nχ̃

)√∣∣∣discr
(
O

(0)
nχ̃

)∣∣∣ ∣∣∣∣ N
Q
(0)
nχ̃

/Q
(a) 4

√∣∣dnχ̃

∣∣
= Φnχ̃(1) 4

√∣∣dnχ̃

∣∣,
(12.76)

keeping in mind that by the tower formula the square of the discrim-
inant of Q(0)

nχ̃ is a divisor of the discriminant of Qnχ̃
. Now, choosing

λiχ̃,k(χ̃) := λiχ̃,ν if χ(k) = ζν , then lχ̃ equals the left-hand side in (12.74),
and the divisibility in (ii) follows from (12.75) and (12.76).

(iii) For the proof of (iii) we can conclude as for (ii). First, χτ = χν0

with a ν0 satisfying (12.73) and nχ̃ �= 2. Further,

v = 〈 {ζν − ζνν0 | ν ∈ Z} 〉 .

In view of

(ζ − ζν0)(ζν + ζνν0)(ζν+ν0 − ζν0(ν+ν0)) − (ζν+1 − ζν0(ν+1)) ∈ v,
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we consider the module

v0 = 〈 {ζν + ζνν0 | ν ∈ Z} 〉 ,

which obviously (ν = 0) satisfies

2O(0)
nχ̃

⊆ v0.

Hence, there exists λiχ̃,ν ∈ Z, so that

ρi :=
∑

ν mod nχ̃

λi,ν(ζν − ζνν0), i = 1, . . . ,
ϕ(nχ̃)

2
,

is a basis of (ζν0 − ζ)2O(0)
nχ̃

. As in case (ii) this implies, by setting
λiχ̃,k(χ̃) = λiχ̃,ν for χ(k) = ζν , that:

lχ̃ =
∣∣det

(
ρ

σμ

i

)∣∣ =

∣∣∣∣∣∣
∏
μ∈T

(ζν0μ − ζμ)

∣∣∣∣∣∣ 2ϕ(nχ̃)/2

√∣∣∣discr
(
O

(0)
nχ̃

)∣∣∣
and then

lχ̃ | n
ϕ(nχ̃)/2
χ̃ 2ϕ(nχ̃)/2 4

√∣∣dnχ̃

∣∣,
thereby proving (iii).

(iv) If χ = χτ , χ(k0) �= −1, then necessarily H ∩ χ̃ = χ̃, which im-
plies that

lχ̃ = NQnχ̃
/Q (1 + ζ0) |det(g(χ̃,Λχ̃, 1))| , ζ0 = χ(k0),

with the matrix g(χ̃,Λχ̃, 1) from Theorem 12.1.3. Since ζ0 �= −1, we
have as in case (ii)

NQnχ̃
/Q (1 + ζ0) | (2nχ̃)ϕ(nχ̃),

and then the assertion follows, as in case (ii).
If δχ̃ = 0, we can proceed analogously.

12.6 The Galois group of MK/K

Let K be a quadratic imaginary number field and M a number field with

K 	 M

and the property that

L := MK is abelian over K.
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Then, for some f ∈ N

L ⊆ K(f),

and K(f)/Q is Galois because f ∈ N. We have

G(K(f)/Q) = σ(K(f)) � σ(K(f))τ,

where τ denotes complex conjugation and σ the canonical isomorphism
between K(f) and G(K(f)/K). Further, we have the relation

σ(h)τ = τσ(h), h ∈ K(f), (12.77)

with complex conjugation of ray classes

h 
→ h,

which, in view of f ∈ N defines an automorphism of K(f) satisfying

h = h.

Let U be the subgroup of K(f) corresponding to the extension L of K,
and for h ∈ K(f) we set

κ(h) := σ(h)|L.

Then κ(h) depends on h only modulo U, and

G(L/M) = {1, κ(k0)}

with a class k0 ∈ K(f) that is uniquely determined modulo U. By
(κ(k0)τ)2 = 1 and (12.77) we see 1 = (σ(k0)τ)2|L = σ(k0k0)|L, hence

k0k0 ∈ U. (12.78)

For h ∈ U we have κ(k0h) = κ(k0), so (k0h)k0h) ∈ U and

U = U. (12.79)

This implies that

L/Q Galois.

With the map h 
→ h and the relation (12.52) the hypothesis (12.51) and
(12.52) for K(f) and U are satisfied. Therefore, with a system H of repre-
sentatives for the equivalence relation (12.53) we have the decomposition
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G(L/Q) =
⊎

h mod U

{1, κ(k0)τ}κ(h) =
⊎

h mod U

{κ(h), κ(k0h)τ}

=

⎛
⎜⎜⎝ ⊎

h∈H
e(h)=1

{κ(h), κ(h)τ}

⎞
⎟⎟⎠

�

⎛
⎜⎜⎝ ⊎

h∈H
e(h)=2

(
{κ(h), κ(k0h)τ} � {κ(k0h), κ(h)τ}

)⎞⎟⎟⎠ ,

where the isomorphisms in braces have the same restriction on M . Hence,
the different isomorphisms of M/Q are given by

Iso(M/Q) =
{
(σ(h)|M) | h ∈ H, e(h) = 1

}
�

⊎
h∈H

e(h)=2

{
(σ(h)|M), (σ(k0h)|M)

}
,

where, according to our deduction, the restrictions of

σ(h), h ∈ H, e(h) = 1,

are the real isomorphisms of M/Q. Now, choosing the system H with
e ∈ H and setting H

′ = H \ {e}, the unit rank of M is

rM = |H′|,

and the regulator of a system ε1, . . . , εrM
of units in M is equal to

RM (ε1, . . . , εrM
) =

∣∣∣∣∣det
(

log
∣∣∣εσ(h)

i

∣∣∣e(h)
)

i=1,...,rM ;h∈H′

∣∣∣∣∣ . (12.80)

12.7 Class number formulae for Ω ⊃ M � K

Keeping the notations of the preceeding section 12.6, we construct a
system of units in M by taking relative norms with respect to L/M of
the units εL(k) defined in (12.27) using singular values of Δ. We set

ϑM (k) := NL/M (εL(k)) = εL(k)1+σ(k0)τ =
εL(k)εL(kk0)

εL(k0)

and define

V
(0)
ell,M :=

〈{
ϑM (k)

∣∣ k mod U
}〉

.

Since ϑM (e) = 1 and since ϑM (k) only depends on the equivalence class
of k with respect to (12.53), the rank of V

(0)
ell,M is at most |H′| = rM . In
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fact, we will show that it is equal to rM by computing the regulator of
the system

ϑM (k), k ∈ H
′
, (12.81)

of units ϑM (k) different from 1. First,

log
∣∣∣ϑ(k)σ(h)

∣∣∣e(h)

=
e(h)

2

(
v(k,h, 1) + v(k, k0h, 1)

)
for h, k ∈ H

′

with

v(k,h, 1) = u(kh−1) − u(h−1)

and

u(k) = log |εL(k)|2 = log

⎛
⎝∏

h∈U

(
D(kh)
D(h)

)24h
⎞
⎠ .

By formula (12.80) and Theorem 12.5.3 we find that

RM

(
V

(0)
ell,M

)
=

∣∣∣∣∣∣
∏
χ∈H

A(χ)

∣∣∣∣∣∣ (12.82)

with

A(χ) = 24h
∑
k∈K

χ(k) log D(k).

Therefore, since A(χ) �= 0, this implies that the system (12.81) has
rank rM . To write down (12.82) for M = M0, observe that X(0) is the
character group of M0K/K and H ∩ X(0) = X(1) \ {1}.Then

RM0

(
V

(0)
ell,M0

)
=

∣∣∣∣∣∣
∏

χ∈X(1)\{1}

A(χ)

∣∣∣∣∣∣ . (12.83)

Further, according to (11.7), we have the class number formula

(24h)rM−rM0
hM

hM0

RM

RM0

=

∣∣∣∣∣∣∣
∏
χ∈H
χτ �=χ

A(χ)

∣∣∣∣∣∣∣ .
Combining (12.82) and (12.83) yields the formula

(24h)rM−rM0
hM

hM0

=
RM0

RM0

(
V

(0)
ell,M0

) RM0

(
V

(0)
ell,M

)
RM

,
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which can be written as

(24h)rM−rM0
hM

hM0

=

[
EM : V

(0)
ell,M

]
[
EM0 : V

(0)
ell,M0

] , (12.84)

where the indices are to be understood modulo roots of unity. To simplify
the right-hand side in (12.84) we will show now that a subgroup of V

(0)
ell,M0

is a direct summand of V
(0)
ell,M . Therefore, we choose a system H0 of K/U0

of representatives for the equivalence relation (12.53) with e ∈ H0. Then,
since U0 ⊇ U, the elements of H0 are in inequivalent classes modulo U

so that H0 can be completed to a system H for cosets of modulo U with
respect to (12.53):

H ⊇ H0 � e.

In the system of independent units,

ϑM (k), k ∈ H
′
,

generating V
(0)
ell,M , we now replace the units ϑM (k), k ∈ H

′
0, by their

relative norms to M0 that generate V
(0)
ell,M0

. They can be written as

ϑM0(k) =
[
NΩ/L0

(
ε(k)

)]1+σ(k0)τ

=
∏

h∈U0 mod U

[
NΩ/L

(
ε(kh)

ε(h)

)]1+σ(k0)τ

= ϑM (k)
∏

h∈U0modU
h/∈U

ϑM (kh)

ϑM (h)
.

(12.85)

The factors ϑM (h) in the product on the right-hand side are all differ-
ent from ϑM (k), k ∈ H

′
0. A factor ϑM (kh), k ∈ H

′
0 is equal to a factor

ϑM (k′), k′ ∈ H
′
0 if and only if

k
′
U = kU and hU = k0k

−2
U.

Consequently, the product

V̂
(0)
ell,M := V

(0)
ell,M0

×V
(0)
ell,Mc ,

which is direct modulo roots of unity with

V
(0)
ell,Mc :=

〈{
ϑM (k) | k ∈ H \H0

}〉
,
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contains V
(0)
ell,M , and further,[

V̂
(0)
ell,M : V

(0)
ell,M

]
= 2|{k∈H′

0|k0k
−2 /∈U}|.

In view of this, the formula (12.84) becomes

2−|{k∈H′
0|k0k

−2 /∈U}|(24h)rM−rM0
hM

hM0

=
[
EM : EM0×V

(0)
ell,Mc

]
. (12.86)

To eliminate the factor (24h)rM−rM0 , we proceed as in section 12.3 and
define

V
(1)
ell,Mc :=

⎧⎨
⎩ ∏

k∈H\H0

ϑM (k)xk

∣∣∣∣∣∣xk ∈ Z,
∏

k∈H\H0

k
xk = e

⎫⎬
⎭ .

Then [
V

(0)
ell,Mc : V

(1)
ell,Mc

]
=

[
K : U

]
= [L : K] = [M : Q].

Further, using the method of section 12.3, one can define a subgroup

V
(2)
ell,Mc ⊆

(
V

(1)
ell,Mc

) 1
24h

⋂
M

satisfying [
V

(2)
ell,Mc : V

(1)
ell,Mc

]
=

(24h)rM−rM0

e

with

e =

⎧⎨
⎩

1 if
√
−1,

√
−3 /∈ L \ K,

2 if
√
−1 ∈ L \ K,

√
−3 /∈ L \ K,

3 if
√
−3 ∈ L \ K,

√
−1 /∈ L \ K.

Theorem 12.7.1 Let M be a subfield of Ω, Ω ⊃ M � K, and let M0

be the maximal abelian subfield of M . Then, with the above notation

2
−|{k∈H′

0|k0k
−2

/∈U}|
e[M : Q]

hM

hM0

=
[
EM : EM0×V

(2)
ell,Mc

]
.

12.8 Class number formulae for Kf ⊃ M � K

Keeping the notations of section 12.6, we construct unit groups in M by
taking relative norms of the units ε(χ̃, k) defined in section 12.4 (12.31)
and (12.32). We set

ϑ(χ̃, k) := NL/M (ε(χ̃, k)) = ε(χ̃, k)1+σ(k0)τ =
ε(χ̃, k)ε(χ̃, kk0)

ε(χ̃, k0)
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for a class χ̃ in the character group X of L = MK/K and an ideal class
k ∈ K(f). Then we define

ϑiχ̃
(χ̃) :=

∏
k mod Uχ̃

ϑ(χ̃, k)
λ

iχ̃,k(χ̃)
, iχ̃ = 1, . . . , |χ̃ ∩H|,

where the exponents λiχ̃,k(χ̃) ∈ Z have to be chosen such that det(l(χ̃,

Λχ̃)) �= 0, which can be achieved, for instance, by defining them as in
Theorem 12.5.5. Further, we assume that the system H satisfies the
condition (12.68). For every class χ̃ we set

V
(0)
ell,χ̃ :=

〈{
ϑiχ̃

(χ̃)
∣∣ iχ̃ = 1, . . . , |χ̃ ∩H|

}〉
,

and then we define

V
(0)

ell,X\X(0) :=
∏

χ̃

χ∈X\X(0)

V
(0)
ell,χ̃,

V
(0)

ell,X(1) :=
∏

χ̃

χ∈X(1)\{1}

V
(0)
ell,χ̃.

The number of generators in the definition of V
(0)

ell,X(1)V
(0)

ell,X\X(0) is equal
to rM , and their regulator is the determinant with entries

log
∣∣∣ϑiχ̃

(χ̃)σ(h)
∣∣∣e(h)

=
1
2

∑
k mod Uχ̃

λiχ̃,k(χ̃) e(h)
(
vχ̃(k,h) + vχ̃(k, k0h)

)

where

vχ̃(k,h) = uχ̃(kh−1) − uχ̃(h−1),

with uχ̃ is defined in 12.4 (12.34) and (12.35). Using Theorem 12.5.4,
the regulator of V

(0)

ell,X(1)V
(0)

ell,X\X(0) is given by

RM (V (0)

ell,X(1)V
(0)

ell,X\X(0)) = 2
−rM

d(K(f)/U, k0,Λ)

∣∣∣∣∣∣
∏
χ∈H

A(χ)

∣∣∣∣∣∣ (12.87)

with

A(χ) :=
∑

k mod Uχ̃

χ(k)uχ̃(k).

In particular, this implies that the regulator of V
(0)

ell,X(1)V
(0)

ell,X\X(0) is non-
zero and the product of the two unit groups is direct modulo roots of



12.8 Class number formulae for Kf ⊃ M � K 343

unity. We note (12.87) for M = M0:

RM0(V
(0)

ell,X(1)) = 2
−rM0 d(K(f)/U0, k0,Λ)

∣∣∣∣∣∣
∏

χ∈X(1)\{1}

A(χ)

∣∣∣∣∣∣ . (12.88)

Now (11.7) can be written as⎛
⎜⎝ ∏

χ̃

χ∈H\X(0)

(
24hfχ̃

)|χ̃∩H|

⎞
⎟⎠

⎛
⎜⎝ ∏

χ̃

χ∈H\X(0)

(efχ̃
)|χ̃∩H|

⎞
⎟⎠

︸ ︷︷ ︸
=:C

hM

hM0

RM

RM0

=

∣∣∣∣∣∣
∏

χ∈H
χτ �=χ

A(χ)

∣∣∣∣∣∣ .
(12.89)

Herein, the first product on the left-hand side is over all classes of char-
acters of H \ X(0) that are charcters of Ωt/K and the second over the
remaining characters of H \ X(0). Now, combining (12.87), (12.88) and
(12.89), we obtain, similarly to section 12.7,

C 2
−rM +rM0 d(K(f)/U, k0,Λ)

d(K(f)/U0, k0,Λ)
hM

hM0

= [EM : EM0V
(0)

ell,X\X(0) ]. (12.90)

To prove Theorem 12.4.1, we first use the fact that the unit V
(0)

ell,X\X(0)

only depends on the class of characters χ ∈ H \ X(0). We consider a
system

M1, . . . ,Ms ⊆ M

of subfields of M that, together with the maximal abelian subfield M0

of M , is linearly disjoint over Q:

Mi ∩ (M0 · . . . · Mi−1 · Mi+1 · . . . · Ms) = Q, i = 0, . . . , s.

For the character groups Xi of Li = MiK/K we then have

Xi \ {1} ⊆ X \ X(0), i = 1, . . . s,

and

Xi ∩ Xj = {1} for i �= j.

Considering the fact that the maximal abelian subfields of the Mi, i =
1, . . . s, are equal to Q, we write down the class number formula (12.90)
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for the Mi, i = 1, . . . , s. Then, in combining these formulae with (12.90),
we obtain the relation

C ′
1C

′
2C

′
3

hM

hM0 · . . . · hMs

=
[
EM : EM0 · . . . · EMs

V
(0)
ell,Xc

]
(12.91)

with

V
(0)
ell,Xc =

∏
χ̃

χ∈Xc

V
(0)
ell,χ̃, Xc := X \ (X(0) ∪ X1 ∪ · · · ∪ Xs),

C ′
1 =

∏
χ̃

χ∈H∩Xc
ring

(
24hfχ̃

)|χ̃∩H|
,

C ′
2 =

∏
χ̃

χ∈H∩Xc
ray

(efχ̃
)|χ̃∩H|,

where Xc
ring denotes the set of ring class characters modulo t in Xc and

Xc
ray := Xc \ Xc

ring and

C ′
3 = 2

−rM +(rM0
+··+rMs

) d(K(f)/U, k0,Λ)
d(K(f)/U0, k0,Λ) · ·d(K(f)/Us, k0,Λ)

. (12.92)

To reduce the factors C ′
1 and C ′

2 we write V
(0)
ell,Xc as the product

V
(0)
ell,Xc

ring
V

(0)
ell,Xc

ray

and, as for the reduction of C1, C2 in (12.39) we construct subgroups

V
(1)
ell,Xc

ring
⊆ V

(0)
ell,Xc

ring

and

V
(1)
ell,Xc

ray
⊆ V

(0)
ell,Xc

ray
.

Further, by taking radicals

V
(2)
ell,Xc

ring
⊇ V

(1)
ell,Xc

ring

and

V
(2)
ell,Xc

ray
⊇ V

(1)
ell,Xc

ray

The construction of the last subgroups is completely analogous to the
construction of U

(i)
ell,Xc

ring
and U

(i)
ell,Xc

ray
, i = 1, 2, in the proof of Theorem

12.4.1. In the defining equations one has to replace the units εiχ̃
(χ̃) by
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their relative norms ϑiχ̃
(χ̃) and the exponents γiχ̃,kχ̃

(χ̃) by the exponents
λiχ̃,kχ̃

(χ̃). Then, replacing the unit groups in (12.91) by the subgroups

V
(2)
ell,Xc

ring
and V

(2)
ell,Xc

ray
, we obtain, as in Theorem 12.4.1, a formula where

the factors C ′
1 and C ′

2 are replaced by c1, c2 defined in (12.42) and
(12.47).
We summarise our result in:

Theorem 12.8.1 Let M be a subfield of Kf, f = (f), f ∈ N, with M �
K, and let M0 be its maximal abelian subfield. Further, let M1, . . . ,Ms

be a system of subfields of M , which together with M0 are linearly inde-
pendent over Q:

Mi ∩ (M0 · . . . · Mi−1 · Mi+1 · . . . · Ms) = K, i = 0, 1, . . . , s.

Let X denote the character group of L = MK/K and Xi the subgroups
of X associated with Li = MiK/K. We set

Xc := X \ (X0 ∪ · · · ∪ Xs,

and we choose, as described in section 12.5, a system H satisfying (12.68).
Further, we associate with every class χ̃, χ ∈ H ∩ Xc, a matrix Λχ̃ with
coefficients in Z such that the matrices l(χ̃,Λχ̃, 1), defined according to
Theorem 12.5.4, have a non-zero determinant. Moreover, in the follow-
ing, we will assume that exponents λiχ̃,k(χ̃) are chosen according to The-
orem 12.5.5. By Λ we denote the system of these matrices and by Λi the
subsystem associated with Mi, i ≥ 1. Further, let

V
(2)
ell,Xc =

⎛
⎝∏

t′|t

′
V

(2)
ell,t′

⎞
⎠

⎛
⎝∏

t|f

′
V

(2)
ell,t

⎞
⎠

be the subgroup of the unit group of M obtained, as described above, by
modification of V

(0)
ell,Xc . Then by (12.91) we obtain the formula

C ′ hM

hM0 · . . . · hMs

=
[
EM : EM0 · . . . · EMs

V
(2)
ell,Xc

]
with the class numbers h.. and unit groups E.. of the fields in play and
the product

C ′ = c1c2C
′
3,

of factors defined in (12.42), (12.47), (12.92):

c1 =
∏
t′|t

′
nt′

[
LΩt′ : K

]
,
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c2 =
∏
t|f

′
fLt

,

C ′
3 = 2

−rM +(rM0
+···+rMs

) d(K(f)/U, k0,Λ)
d(K(f)/U0, k0,Λ0) · . . . · d(K(f)/Us, k0,Λs)

.

Herein, U and Ui denote the subgroups of Kf associated with L/K and
Li/K, and k0 ∈ Kf is a class having the property that σ(k0)τ generates
the Galois group of the quadratic extension L/M .

12.8.1 Applications of the class number formulae in 12.8

12.8.1.1 Divisibility relations between class numbers

To illustrate Theorem 12.8.1, we choose the pure field of degree 6 from
Example 12.4.2 and its two subfields of degree 2 and 3:

M6 = Q( 6
√

a), M2 = Q(
√

a), M3 = Q( 3
√

a).

Note that M2 is the maximal abelian subfield of M6, which is linearly
disjoint to M3 over Q. Therefore, with K = Q(

√
−3) we can apply

Theorem 12.8.1, and with a suitable choice of the matrices Λχ̃ we obtain:

Example 12.8.2 Let M6 = Q( 6
√

a), a ∈ Z, a pure field of degree 6,
and let M2 = Q(

√
a), M3 = Q( 3

√
a) be the two non-trivial subfields.

Further, we assume that M2 �= Q(
√
±3), Q(

√
−4). Then M6 satisfies the

hypothesis of Theorem 12.8.1 with K = Q(
√
−3), and it is a subfield of

some ring class field Ωf . Let U denote the subgroup of K(f) associated
with M6K/K, then by normalising the root 3

√
a, we can achieve that

o(k0U) =
{

2 for a < 0,

1 for a > 0.

We choose t = f as in Theorem 12.4.2, and we obtain

6
hM6

hM2hM3

=
[
EM6 : EM2EM3V

(2)
ell,Xc

]
.

By modification of V
(2)
ell,Xc we can, similarly to the proof of Example

12.4.2, derive

hM6

hM2hM3

=
[
EM6 : EM2EM3 Ṽ

(2)
ell,Xc

]
.
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Of course, Example 12.8.2 can be generalised, by taking, for instance,
instead of M6, the maximal real subfield of a dihedral field of degree 2pq

with two primes p, q. In these cases the factor C ′ is no longer equal to 1
or 3 but is a product of powers of p and q with exponents growing with
p and q.

Proof of example 12.8.2 First, in our case we have c1 = 6, c2 = 1, and
the factor C ′

3 in Theorem 12.8.1 is

C ′
3 =

{
1√
3
lχ̃ if a < 0,

lχ̃ if a > 0,

with the generating character χ of the cyclic extension M6K/K and
the factor lχ̃ depending on the construction of V

(0)
ell,χ̃. Let U denote the

subgroup of K(f) associated with M6K/K, and let k be a class in K(f)

with K(f)/U =< kU >. Then V
(0)
ell,Xc = V

(0)
ell,χ̃ has rank 1. We set

V
(0)
ell,χ̃ =

〈
ϑχ̃(k)

〉
.

Then

lχ̃ = |(χ(k) − 1) + χ(k0)(χ(k) − 1)|,

and by definition of k0 we can achieve

χ(k0) =
{
−1 if a < 0,

1 if a > 0.

For a > 0 this is immediate. For a < 0, since M6 is totally imaginary, k0

cannot be in U. For a conjugate field M
σ(h)
6 ,h ∈ K(f), the class k0 has

to be replaced by k0h
2, so that we can achieve o(k0U) = 2. Then χ(k)

is a primitive 6-th root of unity, hence

lχ̃ =
{√

3 if a < 0,

1 if a > 0.
(12.93)

This implies the first formula in Example 12.8.2. To prove the second
formula we choose

V ′(0)
ell,χ̃ =

〈
ϑχ̃(k2)3ϑχ̃(k3)−2

〉
=

〈
NM6K/M6

(
εχ̃(k2)3εχ̃(k3)−2

)〉
.

Then (12.93) still holds, and, in addition, we know that

ϑχ̃(k2)3ϑχ̃(k3)−2 = NM6K/M6

(
εχ̃(k2)3εχ̃(k3)−2

)
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is the 24hfχ̃
-th power of an element in M6 because

(k2)3(k3)−2 ∈ U and
√
−3,

√
−4 /∈ M6K \ K.

Hence the first formula holds without the factor 6, after replacing V
(2)
ell,χ̃

by Ṽ
(2)
ell,Xc := V ′(0)

ell,χ̃.

12.8.1.2 Divisibility of class numbers by divisors of the field degree

By Theorem 12.8.1 the results for dihedral fields in Theorem 12.4.5 can
also be proved for the class numbers of their maximal real subfields.
Therefore, the definition of the units εχ̃(k) in section 12.4.1.2 will be
modified for composite conductors fχ̃ by defining the units ϑχ̃(k). With
the modified units the class number formula (12.91) becomes

C ′
1C

′
2C̃

′
3

hM

hM0 · . . . · hMs

=
[
EM : EM0 · . . . · EMs

V
(0)
ell,Xc

′]
. (12.94)

The factors C̃ ′
3 and C ′

3 in (12.91) are related by

C̃ ′
3 =

C ′
3

N

with

N =
∏
χ

′
pχ,

where the product is overall χ in Xc
ray∩H with composite conductor and

an order, which is a prime power p
aχ
χ . Further, we need a more precise

version of Theorem 12.5.5, which is easily obtained by the conclusions
in the proof of Theorem 12.5.5.

Theorem 12.8.3 Let k0 = e and δχ̃ ∈ {0, 1}. Then the coefficients
λiχ̃,k(χ̃) of the matrices Λχ̃ in Z can be chosen such that

lχ̃ := |det(l(χ̃,Λχ̃, δχ̃))| = 2|χ̃∩H|
√

|d(0)
nχ̃ |Φnχ̃

(1)δχ̃ for χ̃τ = χ̃.

Herein, d
(0)
nχ̃ denotes the discriminant of the maximal real subfield of the

nχ̃-th cyclotomic field and Φnχ
(X) the nχ̃-th cyclotomic polynomial.

Theorem 12.8.4 Let K be a quadratic imaginary number field, n

a natural number without multiple prime divisor, and we assume that
gcd(n, 6hK) = 1. Then the maximal real subfield M of the infinite
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number of dihedral fields L in Theorem 12.4.5 with L ⊇ K of degree
[L : Q] = 2n has a class number divisible by n:

n | hM .

Proof The assertion is obtained by the formula (12.94) for the field M

considered in Theorem 12.8.4:

C ′
1C

′
2C̃

′
3hM = [EM : V

(0)
ell,Xc ].

Note that on the one hand by assumption we have [M : Q] = [L : K] =
n ≡ 1 mod 2, and that on the other hand M0 must be equal to Q, since
M0 is an abelian subfield of a ring class field, which implies that its
degree is a power of 2. As in the proof of Theorem 12.4.5 the factors
C ′

1 and C ′
2 are integral and coprime to n. The assertion then follows by

computing the rational number C̃ ′
3, that turns out to have denominator

n. Since by construction MK is a ring class field of odd degree over K,
it follows that the system H occuring in the class number formula of M

is also a system of representatives for the equivalence relation

χ′ ∼ χ : ⇐⇒ (χ′ = χ or χ′ = χ−1).

Therefore, by definition

C̃ ′
3 = d(K(f)/U,Λ) = n−n+1

2 2a
∏
χ̃�=1̃

lχ̃

(
n

nχ̃

)ϕ(nχ̃)
2

.

This can be simplified, using the relation
∑
χ̃�=1̃

ϕ(nχ̃) = n − 1:

C̃ ′
3 =

1
n

2an
n
4 n

1
4

∏
χ̃�=1̃

lχ̃

n
ϕ(nχ̃)/2
χ̃

.

Since M is real, we can take k0 = e, and, choosing the coefficients of the
matrices Λχ̃ according to Theorem 12.8.3, we obtain

lχ̃ = 2ϕ(nχ̃)/2

√∣∣∣d(0)
nχ̃

∣∣∣ Φnχ̃
(1)δχ̃ .

As can be easily seen, we have the relation

|dm| = Φm(1)
∣∣∣d(0)

m

∣∣∣2 for m ∈ N,m ≡ 1 mod 2,



350 Arithmetic interpretation of class number formulae

whereby C̃ ′
3 can be transformed to

C̃ ′
3 =

1
n

∏
χ̃�=1̃

Φnχ̃
(1)δχ̃ 2a+ n−1

2

⎛
⎝n

1
4

∏
χ̃�=1̃

Φnχ̃
(1)−

1
4

⎞
⎠

⎛
⎝n

n
4

∏
χ̃�=1̃

4

√∣∣dnχ̃

∣∣
nϕ(nχ̃)/2

⎞
⎠ .

Herein, the last but one factor is equal to 1 because n =
∏

χ̃�=1̃

Φnχ̃
(1) and

similarly the last factor because X is cyclic in our case. Therefore,

C̃ ′
3 =

1
n

∏
χ̃�=1̃

Φnχ̃
(1)δχ̃ 2a+ n−1

2 .

This implies the assertion of Theorem 12.8.4 because in the modified
construction of V

(0)
ell,Xc all δχ̃ are equal to zero.

Remark 12.8.5 The class number formulae of section 12.8 together
with an estimate of the regulator can also be used for the simultaneous
calculation of the class number and unit group of the fields considered.
This has been realised, for instance, by Nakamula(1982, 1985) for cubic,
quartic and sextic fields.
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Index of Notation

(θ, χ) resolvent, 217
AR

t (χ) , 290
AS

f
(χ) , 292

Af(χ) , 172
D(k) modulnormfunction, 289
E[f] points of order f on E, 215
FN modular function field of level N , 70
G(FN/QΓ) Galois group of FN/QΓ, 72
G(z | L) , 30
Gm(L) Eisenstein series, 9
Gs points of order p

s on E, 215
Ir(X, j) modular polynomial of order r, 65
Kf ray class field modulo f, 106
Kt,f ray class field modulo f of Ot, 108
L(s, χ) L-function, 289
RL regulator of L, 293
T (z) P(δ + z) − P(δ), 221
U2, U3, U6 subgroups defined by γ2 and γ3, 72
W roots of unity in K, 175
W uniformising parameter at zero, 18
[γ]Q(ξ) action of γ on Q(ξ), 214
[ω1, ω2] Zω1 + Zω2, 1
[α] lattice generated by α, 94
[f |k M ](ω) action of M ∈ Γ on modular forms, 48
A algebra in M0[Gm], 216
CL elliptic functions for L, 8
CΓ modular functions for Γ, 54
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Δ(L) discriminant of L, 10
Γ modular group, 42
Γ(N) principal congruence group of level N , 45
Γ0(r), Γ0(r) Γ( r

0
0
1 ), Γ( 1

0
0
r ), 46

ΓR Γ ∩ R−1ΓR, 46
H upper half plane, 42
MP algebra, 216
Ω Hilbert class field of K, 107
Ωt ring class field modulo t, 107
Pr primitive matrices of determinant r, 46
PL/K prime ideals of K splitting completely in L,

101
Φa(k) , 171
Φr(X, j) main-polynomial of ϕR, 66
Qc algebraic closure of Q, 215
QΓ Q(j), 64
QΓR

Q(j, jR), 64
ε(M) root of unity in the eta transformation

formula, 39
ε(k) unit, 304
ε(k, h) unit, 306
ε(χ̃, k) unit, 309
εfχ̃

(k) unit, 309
η(ω) eta function, 35
η1, η2 quasi periods, 5
ηn(ω) eta quotient, 74
ηp,q(ω) double eta quotient, 74
A associated order of ÕP in A, 218
A

t fractional ideals of O1 prime to t, 85
AN/M associated order of N/M , 213
H

t
1 principal ideals of O1 prime to t, 90

Ht subgroup of principal ideals in It, 87
H

f
t principal ideals of It,f, 91

It proper ideals of Ot, 84
I

(0)
t regular ideals, 85

It,f , 88
Kf ray class group modulo f, 88
OK , Ot, O max order, suborder, 82
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OP , ÕP orders in MP , 218
Rt ring ideal class group of O , 87
Rt,f ray class group modulo f of Ot, 88
Sf ray modulo f, 106
St,f ray modulo f of Ot, 88
Ut,f , 88
Ut , 88
γ2, γ3 , 50, 144
σ(a) Frobenius automorphism, 104
σ(z) Weierstrass sigma function, 3
σ∗(z) normalised Weierstrass σ function, 5
P(δ) := P(δ | α

1 ) , 192
12
√

Δ , 50
τ (e)(z | ω1

ω2
) Weber’s τ Function, 52

τa(k) , 142
α basis of a lattice, 94
ϕ(z | L) Klein’s normalisation of the σ function, 27
ϕ(z | ω1

ω2
) Klein’s normalisation of the σ function, 53,

133
ϕR(ω) r12 Δ(R( ω

1 ))

Δ( ω
1 )

, 50
℘(z) Weierstrass ℘ function, 4
ζ(z) elliptic zeta function, 4
ζ∗(z) normalised elliptic ζ function, 5
ζK(s) zeta function of K, 100
f ◦ A := fλA action of A on f , 72
f(Q) f(ξ) with Q = Q(ξ), 214
f, f1, f2 Schläfli’s functions, 148
fA(ω) action of A on f in the reciprocity law, 123
fR′ conjugate function to f , 64
fx(ω) division value of f , 53
g2, g3 coefficient of the Weierstrass equation, 9
gn(ω) eta quotient, 75
gp,q(ω) double eta quotient, 52, 75, 159, 165
hP (X) , 216
hγ(z | L) , 27
ht ring class number, 90
j modular invariant of an elliptic curve, 26
j(a) modular invariant of an ideal, 111
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j(k) modular invariant of an ideal class, 138
j(ω) modular invariant of ω ∈ H, 41
jR(ω) j(R(ω)), 50
l(u, v) exponent in the transformation formula of

the σ∗ function, 5
lL(u, v) exponent in the transformation formula of

the σ∗ function, 27
o(.) order of (.), 104, 173, 214
o(ξ,at) order of ξ with respect to at, 118
p(z | ω1

ω2
) normalisation of the ℘ function, 53, 133

vp(x), vp(x) , 261
wf number of roots ξ ∈ K with ξ ≡ 1 mod f,

194, 292
wf number of roots ξ ∈ K with ξ ≡ 1 mod f,

172
wt(a) number of roots of unity ξ ∈ Ot with ξ ≡

1 mod a, 90
z∗ , 5
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Abel-Jacobi, 7
Addition theorem of the ℘ Function, 12
Addition theorem of the ζ function, 11
Artin map, 107
associated order, 220

class field, 107
class field theory, 106
class number formulae, 311, 316, 345,

348
conductor, 86
conductor of α, 87
conductor of a character, 112
conductor-discriminant-formula, 112
congruence subgroups, 48
cusp, 52, 115

decomposition group, 106
decomposition of the ζ function, 295
Dedekind η function, 38
denominator of P(δ), 204
density theorems, 103
Deuring model, 238, 289
Dirichlet density, 103
discriminant, 9, 27
discriminant of P(δ), 200
division polynomials, 13
division value, 56, 72
divisor, 13
double η-quotients, 169

Eisenstein series, 9
elliptic functions, 1
elliptic resolvents, 28
elliptic zeta function, 4
exceptional series, 216

factorisation of ϕ(ξ | at), 121
Fobenius automorphism, 107
fractional ideal, 86

Frobenius map, 106
Fueter model, 236, 289
fundamental domain, 45
fundamental domain for Γ, 46
fundamental domain for U , 47
fundamental parallelogram, 2
fundamental triangle, 48

Galois generator, 226
Galois module structure, 231
global construction, 226, 227
good reduction, 26, 221

half-periods, 8
Heegner equation, 156
Hilbert class field, 110, 169, 197
homogeneous modular form, 52

ideal, integral, 86
ideal, proper, 86
ideal, regular, 86
index formula, 302
integral objects, 224

j-invariant, 44, 280

Klein’s normalisation of the σ function,
28

Klein’s normalisation of the σ function,
56

Kummer theory of E, 222

L-function of ray class characters, 298
L-function of ring class characters, 296
lattice, 1
Legendre Relation, 5

main-polynomial, 65
maximal order, 85
modular form for U , 51
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modular function, 52
modular function field of level N , 73
modular functions, 44
modular functions for Γ, 57
modular group, 45
modular invariant, 53
modular invariant of k, 141
modular polynomial of order r, 68
modulnormfunction, 296

n-system, 95
natural normalisation of the ℘ function,

56

order, 85
order f, i.e. f is the denominator..., 197
order of f at a, 2
order of a modular function for Γ, 61
order of an elliptic function, 2

p-adic limits, 24
primary ideal, 92
primitive character, 112
primitive matrix, 49
primitive quadratic equation, 86
Principal ideal theorem, 169
Principal ideal theorem (generalised),

190
product formula for σ, 38
projective curve, 10, 18

q-expansion principle, 62
q-expansion principle, extended, 65
q-expansions, 34
quasi-period, 4
quotient of η, 283, 285
quotients of η, 54

ray class field modulo f, 110
ray class field modulo f of Ot, 111
ray class group modulo f, 91
ray class group modulo f of Ot, 91
ray modulo f, 109
ray modulo f of Ot, 91
Reciprocity Law, 126
regular ideal, 88
relative integal power basis, 212
relative integral basis, 208
residue field, 106
resolvent, 224
result of Dorman, Gross and Zagier,

124
ring class field modulo t, 110
ring divisor class group, 91
ring ideal class group, 90

Schlöfli’s functions, 151, 282
singular value, 114

torsion point, 221
transformation of τ (e), p, ϕ, 56
transformation of the η function, 42

uniformising parameter, 19
upper half plane, 45

Weber’s τ function, 55
Weierstrass σ function, 3
Weierstrass equation, 17
Weierstrass model, 235
Weierstrass ℘ function, 4
Weierstrass functions, 17
Weierstrass model, 273
weight, 51
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