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Preface

The aim of this book is to give an account of the state of the art in
classical complex multiplication including, in particular, recent results on
rings of integers and applications to cryptography using elliptic curves.
All requisites needed about elliptic functions, modular functions and
quadratic number fields are developed in this book and the results from
class field theory are summarised in compact form. Further, most of the
main results presented in the following chapters are accompanied by a
plethora of numerical examples.t The reader interested in the application
of the various explicit results will therefore find all the necessary tools
in this book.

After the early results of Abel and Kronecker at the beginning of and
mid nineteenth century, Weber at the start of the twentieth century gave
the first systematic account of complex multiplication in his "Lehrbuch
der Algebra III". The aim of this theory is to generate abelian extensions
of quadratic imaginary number fields by values of elliptic functions and
modular functions. Up until 1931 further accounts of the theory were
given by Fricke (1916, 1922) and Fueter (1924, 1927). Finally, Hasse
(1927) using class field theory that had developed in the meantime,
presented a very short and elegant version of complex multiplication.
His work contains the generation of ray class fields over a quadratic
imaginary number field by singular values of the modular invariant j and
Weber’s 7 function, using in the proof, besides class field theory, only
the discriminant from the theory of elliptic functions. A more detailed
exposition of the theory including a proof of the principal ideal theorem
was provided by Deuring (1958). However, results on rings of integers
had not been thus far obtained.

1 I would like to thank the KANT group of TU Berlin headed by Michael Pohst for
their help in computation by KASH (www.math.tu-berlin.de/kant).
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Geometrically, in complex multiplication the generation of ray class
fields over imaginary quadratic number fields is quite analogous to the
construction of cyclotomic fields by roots of unity, which are torsion
points of the unit circle. In complex multiplication the role of the unit
circle is taken by a suitable elliptic curve E: the coefficients of E gen-
erate the Hilbert class field €2, and the ray class fields are obtained by
adjoining to €2 the z-coordinate of some torsion point of E. In view of
this analogy one may pose the question whether it is possible to find
explicit construction not only for the fields but also for their rings of
integers as algebra or as Galois modules. Further, analogous to cyclo-
tomic theory, one may ask for constructions of unit groups together with
formulae for the class number. In fact, all this has been shown in the
works of Leopoldt (1954, 1962) to be possible for cyclotomic fields. The
solutions to these problems in complex multiplication form the central
topics of this book. The following problems are treated in detail:

e (lassical and simple generators for ring class fields and ray class fields

e Construction of rings of integers in ray class fields by explicit basis

e Galois module structure of these rings of integers including explicit
construction of Galois generators and associated orders

e Construction of unit groups of maximal rank including their relation
to class numbers

e Proof and generalisation of Berwick’s congruences for the singular
values of the modular invariant j

A recent application of complex multiplication described in this book is
concerned with

e the construction cryptographically relevant elliptic curves over finite
fields.

As shown in Chapter 9, the problem behind this construction is to find
generating polynomials with small coeflicients for abelian extensions of a
quadratic imaginary number field. In contrast to cyclotomic theory, this
is a non-trivial task, because the singular values of the modular invariant
and the Weber 7 function have minimal polynomials with astronomic
coefficients.

Compared to cyclotomic theory the results obtained in complex mul-
tiplication, so far, seem complete. On the other hand there are numerous
interesting questions concerning the generalisation to abelian varieties of
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higher dimension, for which a thorough understanding of complex multi-
plication is essential. These questions are in fact of very real interest be-
cause varieties of higher dimension can also be applied in cryptography.
Such results can, for example, be found in the works of Weng (2001,
2003) for curves of genus 2 and 3. Conversely, the generalisation of the
construction of class fields including results on the structure of rings of
integers and class numbers remain unsolved. To obtain such results it
may be useful to look at geometric analogies and analytic relations be-
tween cyclotomic fields with the unit circle of genus 0 and class fields of
complex multiplication with their elliptic curves of genus 1 as described
in Chapters 6 and 7 and to find such relations between curves of genus
1 and a higher genus.
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Elliptic functions

In complex multiplication the abelian extensions of an imaginary quadratic
number field are generated by the coefficients of suitable elliptic curves
together with the coordinates of torsion points in terms of values of elliptic
functions and modular functions, as explained in Chapter 6. Moreover,
using elliptic functions, we will study rings of integers and unit groups,
and we will find explicit constructions for them later in Chapters 7 and 8.
Therefore, besides the parametrisation of elliptic curves by the Weier-
strass p function and its derivative, we need to study more closely the o
function and the 7 function that are involved in, for example, the calcula-
tions of discriminants in Chapter 7. The resolvent formula of section 1.7
and the p-adic limits will be needed for the Galois module structure of
Chapter 8. For the same reason we will study Weierstrass equations that
will also be used in the applications to cryptography in Chapter 10. The
division polynomials in section 1.5 will be crucial for the proof of Berwick’s
congruences in Chapter 9.

1.1 Values of elliptic functions
In the complex plane we fix a lattice, i.e. a free abelian group of rank 2,
»8 = Zwl + ZWQ7

generated by two over R linearly independent numbers wy,ws. Any two
such numbers are called a basis of £, and we write

2 = [wl,wg].

A function f: C — C U {oc} is called elliptic with respect to £ if f is
meromorphic and if the points of £ are periods of f:

f(z+w) = f(z) for all w € £.



2 Elliptic functions
For a fixed number v € C and a basis w1, ws of £ the set
F=F, ={y+ziw +xows | 0 <z; <1}

is a systems of repesentatives of C/£ and is called a fundamental
parallelogram for £. It is therefore sufficient to study the values of an
elliptic function on a fundamental parallelogram.

Theorem 1.1.1 Let f be a non-constant elliptic function without poles
on the boundary of F'. Then the sum of its residues in F' is equal to zero:

Z Res(f,z) =0.

z€F

Proof By periodicity of f we have the equalities

ytw; Ytwjtw tw
/ f(z)dz = / f(z)dz=— / f(z)d=
v Ytw YHw;tw

for every w € £. So in the integral of f along the boundary of F, the
integrals along opposite edges cancel out. The assertion of Theorem 1.1.1
now follows from the theorem of residues. |

Applying Theorem 1.1.1 to Fiw, w € C, for an elliptic function f,
the argument principle tells us:

Theorem 1.1.2 Let f be a non-constant elliptic function. Then for
every w € CU {oo} the number of solutions a € F of the equation
f(a) = w, counted according to multiplicity, is equal to the number of
poles of f in F. This number is called the order of f.

Let f be a non-constant elliptic function. Then for a € C we define

the order of f at a to be the unique number m € Z such that g,(z) :=
f(z)

(z—a)m

is holomorphic in @ and g,(a) # 0.

Theorem 1.1.3 Let a; be the points in F, where the non-constant
elliptic function f has non-vanishing order m;. Then

S>m;=0 and Y. mja; € L.
J J

Proof The first assertion is a special case of Theorem 1.1.2. We prove
the second assertion. Since there are only finitely many zeros and poles
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in F, we can shift F" such that all poles and zeros of f are in the interior
of " and not on the boundary. According to the residue theorem we then
have

, [ ()
2mijaj = /z ) dz.
J OF

Now, combining, as in the proof of Theorem 1.1.1, the integrals along
opposite edges, we obtain on the right-hand side an expression of the
form

Ytwi f’( ) Ytwitws2 f’( ) YFwi f’( )
z z z
z dz — / z dz = / w dz
/ 72) 7(2) 2 1(2)
ol Ytwa2 Y
du .
= wy o wo2mik, k€ Z,
F(vy+wn)

where v,7 + w; denotes the path from v to v 4+ w;. This makes the
assertion clear. O

From the second assertion of Theorem 1.1.3 we further obtain

Theorem 1.1.4 An elliptic function with at most one pole of order 1
m F' is constant.

1.2 The functions o(2|£), ¢(z|£) and p(z|L)

We start by constructing the most important functions used in the se-
quel. They can all be derived from the Weierstrass o function of a
lattice £:

M)

o(z) ==z H (1- 5)65+%§2.
weL\{0}
Absolute convergence and holomorphy of the defining product for o(2)
follow from:

Lemma 1.2.1 Fork > 3 the series . :T is absolutely convergent.
we L\ {0}

Proof Observing that for n € N there are 8n lattice points in

L, = {z1w1 +x0ws | (21, 22) € [-n,n] x{E£n}u{dEn} x[-n,n]}, n €N,
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we obtain
Zzi<ﬁi ol | w e £},
nlwezw_k: = min{|w| | w 1

which implies the assertion of Lemma 1.2.1. ]

All elliptic functions can be derived from ¢ though o itself is not
elliptic. Taking a logarithmic derivative we first obtain the elliptic zeta
function

o) = oo = 20 =1 > [ Ao Dy S

a(z) —w w  w?
weL\{0}

then, by differentiation we obtain the Weierstrass p function

1 1 1
p(z) =) ==+ Toon (1.1)
z we L\{0} |:(Z ) :|

and its derivative
= -2
2 Top

@' is meromorphic by definition and clearly elliptic because the series
for ' is absolutely convergent. Moreover we have:

Theorem 1.2.2 g is an elliptic function.

Proof ©' being elliptic implies that p(z+w,;) = p(z)+c¢; with a constant
5. Setting z = —% and keeping in mind that g is an even function
Wlthout a pole at —=, we find that c; = 0. Therefore, g is elliptic. [

On the other hand ¢ and ¢ are not elliptic, as can be seen by the
following theorem in combination with Theorem 1.2.5. By integration
we obtain from Theorem 1.2.2 the transformation formulae:

Theorem 1.2.3 For w € £ we have
C(z+w) = C(2) + n(w),
o(z +w) = Y(w)er @+ $o(2)
with a constant n(w), the so-called quasi-period, and the factor
w(w):{ 1 forw € 28,
—1 forw e £\ 2L.
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Clearly, the map 7 : £ — C, defined by the transformation formula of
the zeta function, is an additive homomorphism. Further, by the unique
representation

Z = 2wy + znws, z; €R,

for z € C we can extend 7 to C by

1(z) := z1m + 2212
with n; = n(w;),j = 1,2. Now we define:

lu,w) :=un(w) —n(w)w  for u,w € C.
Further, to simplify notation, we set
z"=(2)

and

() = C(2) — 2,

o*(2) = e T o(2).

The transformation formulae of Theorem 1.2.3 can then be written as:

Theorem 1.2.4 For 7 € £ we have
Cz+71) = (=),

o (z+71) = Y(r)er!Go*(2).

Therefore, ¢* is periodic with respect to £ but not elliptic. For a better
understanding of the factor e2!(=7) in the transformation formula of o*

we need:

Theorem 1.2.5 (Legendre Relation) Let wy,ws be a basis of the
lattice & with (‘\9(%) > 0. Then the quasi-periods n; = n(w;) of the zeta
Sfunction satisfy

Wi — Wah1 = 2mi.

Proof We assume 0 to be an interior point of F'. Then, {(z) has exactly
one pole of order 1 in F. So, by the theorem of residues

2wt = [ ((z)dz.
/
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Using the transformation formula of the zeta function and adding up
integrals along opposite edges as in the proof of Theorem 1.1.1, this

becomes
Ytwa
— / Nedz — / mdz = wing — wamny,
YHwi Y
which proves Theorem 1.2.5. 0

From Theorem 1.2.5 we now obtain:

Lemma 1.2.6 For u = ujw; + uswa, w = wiwi + wows we have
l(u,w) = 2mi(ujwe — ugwy ),
hence
) =1 foru,w € L.
Further, we have the rules
llau,w) = al(u,w), foraeR,

llau,w) = I(u,aw) fora € C.

Proof Let wy,ws be a basis of £ with S(2L) > 0. Then, by definition of
[ and Legendre’s relation in Theorem 1.2.5

l(u, w) = 2mi(ugwy — ugwy) = det <$1 ZZ) 27,

with the real coordinates wuj;,w; in the representations v = ujw; +
Ugwa, W = wWiwi + waws. The first two assertions now follow immedi-
ately. To prove the third, let A be the representing matrix of a with
respect to the basis wy, wo,

(2)=4(2)

(%) %)

Then, det(A)A~! is the matrix belonging to @, and the coordinates of
au and aw are given by

(u1,u2)A and  (wy,ws)det(A)A™E.

Hereafter, the third assertion of the lemma follows from the above rep-
resentation of [ as a determinant, observing that N(a) = det(A). O
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1.3 Construction of elliptic functions

A non-constant elliptic function f has only a finite number of points
modulo £, where its order is different from 0 (zeros or poles). Let these
points be:

ai,...,as with orders mq, ..., ms.

Then, according to Theorem 1.1.3,
ij =0 and ijaj e L. (1.2)

Conversely, for a; € C and m; € Z satisfying (1.2), an elliptic function
is defined by
S m.
9(2) = [I (e“otz—ay) (1.3)
j=1
having the same zeros and poles including orders as f. To see this, we
use the transformation formula of the ¢ function for w € £:

g(z+w) = ¢(w)2 mj ew (X mjaz)" —w' (2 mz‘aj)g(z).

Herein the exponent of e is a multiple of 27 due to Legendre’s relation
and the relation Y mja; € £. Further, by asumption Y m; = 0. So we
have g(z 4+ w) = g(z). Hence g is elliptic.

The function 5 must be constant by Theorem 1.1.4, and we have
proved the following theorem:

Theorem 1.3.1 (Abel-Jacobi) Let ai,...,as € C and my,...,
ms € Z \ {0}. There exists an elliptic function f, such that the a; are
mod £ the only points, where the order of f is non-zero and equal to m;
iff condition (1.2) is satisfied. Fvery such function is, up to a constant
factor, equal to the product in (1.3).

As an example we consider the function p(z) — p(a) for a € C\ £.
Here we have a1 = a, as = —a, az = 0; m1 = mgo = 1, mg = —2.
Therefore, by Theorem 1.3.1

o(z—a)o(z+a)
o(z)?

(2) —pla) =C

with a constant C. To determine C', we multiply both sides of the equa-
tion by o(2)? and take the limit for z — 0. This shows that C = —1

0'(&)2 Y
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and the first assertion of the following theorem is proved. To prove the
second assertion, we divide the first formula by z — a and take the limit
for a — 2.

Theorem 1.3.2
) o) - pla)=-"EA0SD fracC\ L,

(i) () =22
Clearly, the set of elliptic functions with respect to a lattice is a field

under addition and multiplication. In the sequel it will be denoted by
Cg. Using the results of section 1.1, it follows:

Theorem 1.3.3 Cg is generated over C by p and p': Co = C(p, ¢').

Proof First, we show every even elliptic function to be a rational function
of p. Therefore, we need:

Lemma 1.3.4 Let f be an even function from Co\C and a € C with
2a € £. Then, the order of f at a is divisible by 2.

Proof Writing down the Taylor expansion of f at a,

F(2) = m(z = @)™ + empr(z — @)™+ . e £0,
we find
F(2) = f(—2+2a) = fla+ (a—2)) = (=1)em(z —a)™ + ...
Hence m must be even. ]

Lemma 1.3.5 ©/(z) is of order 3 and has three simple zeros at the
half-periods

w1 w1 + we w2
MEg s Ty sy

For a € C\ £ the function p(z) — p(a) has a simple zero at each of the
points +a if 2a ¢ £ and a zero of order 2 at a if 2a € £.

Proof ' being an odd function, we can conclude, using the Taylor
expansion as in the proof of Lemma 1.3.4, that the half-periods are
zeros of ¢/(z). Moreover, since o’ has order 3, these are modulo £ the



1.4 Algebraic and geometric properties of elliptic functions 9

only zeros. The assertion of Lemma 1.3.5 about p now follows because
o has order 2. |

Proof of Theorem 1.3.3. First, we let f be a non-constant even elliptic
function with a1, .., as being modulo £ all points where f has an order
m; # 0. We set m’; = m; resp. m/; = %L if 2a; ¢ £ resp. 2a; € £. Then,
by Lemma 1.3.5 the function

S

9(2) = f(2) [[(0(z) = p(a;)) ™™

Jj=1

can only have zeros or poles in £ and Theorem 1.1.3 tells us that g must
be constant, so f is a rational function of p. Ul

Now, let f be an arbitrary elliptic function. We write f as the sum of
an even and an odd function,

f(z) = f(z)+2f(—z) + f(zz)p—/{i)—z)p/(z)’

which is a linear combination of 1 and g’ with coefficients, that are

even elliptic functions and thus rational functions in p. This proves the
assertion of Theorem 1.3.3.

1.4 Algebraic and geometric properties of elliptic functions

The Eisenstein series of a lattice £,

Gm(L) =) w% m > 2,
weﬂ

are absolutely convergent by Lemma 1.2.1. We set
g2 = 92(£) = 60G2(L),
g3z = 93(2) = 140G3(£)

Theorem 1.4.1 o and ¢’ satisfy the algebraic equation
@’2 = 4P3 — 92 — g3-
The polynomial 4X3 — g2 X — g3 has three pairwise different zeros
ej = p(w;), j=1,2,3,
with the half-periods w;. Its discriminant is

A(ﬁ) == 16(61 - 62)2(61 - 63)2(62 — 63)2.
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For every lattice
A(L) #0,
and by known formulae, we find
A(L) = g5 — 2743,

For the proof we need:

Lemma 1.4.2 In a neighbourhood of zero @ has the Laurent expansion

02) = 25+ D (2m+ )G (827
m=1

Proof In the series (1.1) of p we write

1 1 1 1 ZOO Pt
—_—— — T — —_—— 1 = n—-—.
(z—w)? w? w2 \(1-2)2 wntl
n=2
Then, because of absolute convergence, we can interchange summation

over w with summation over n. Further, observing that Y ' =0 for

L =
wel ¢
every odd k > 3, we obtain the Laurent expansion of our assertion. [J

Proof of Theorem 1.4.1. Writing the function

9(z) = 9" = (49° — 920 — 93)

in terms of the Laurent expansion of Lemma 1.4.2 we find that g has no
poles and g(0) = 0. Therefore, by Theorem 1.1.2, g = 0, which proves
the first assertion. To prove the remaining assertions, we observe that
©'(w;) = 0 according to Lemma 1.3.5 for every half-period w;. The
polynomial 4X3 — go X — g3 therefore has the zeros p(w;),j = 1,2,3.
Moreover, these are pairwise different because ©'(w;) = 0 and thus p
has order 2 at w;. This finishes the proof of Theorem 1.4.1. |

Theorem 1.4.1 gives rise to a bijection

(1:9(z): ¢(2)) if 2 ¢ £,
24+ £ Q>2) = (1.4)
(m : g’,((zz)) : 1) if p'(2) #0

between C/£ and the projective curve

E:={(t:z:y) € P*C) | y*t = 42® — gout® — g3t}.
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By the definition

Q(21) + Q(22) = Q(21 + 22)

E is endowed with a group structure with the point Q(0) = (0: 0: 1)
at infinity as a neutral element. The algebraic properties of this group
structure follow from the addition formula for  that we are now going
to derive.

The analytic source of the addition formula is the first formula in
Theorem 1.3.2:

o(z+2)o(z—2")
o(z)%0(2")?

Taking both sides of the logarithmic derivative with respect to z and 2/,
we find

p(z) = p(2) = -

7@ (2) =((z+72 z2—2")—20(2
,& st ) — (= 2y — 2o
) o+ ) <) - K@)

and adding the two formulae yields:

Theorem 1.4.3 (addition theorem of the ¢ function) For
2,2 € C\ £ with z # +2" mod £ we have

19'(2) — ¢'(2)
2 p(z) = p(2) -

By differentiation of the formula in Theorem 1.4.3 with respect to z
and 2/, we obtain

((z+2") =¢(2) +C(2) +

(s + ) = o) — & " (2)(p(z) = @;?’Z))) ;)@;E)Z))z ' (Z)e'(2)
) —

( (
n_ o 1=9"(@)(p(z) — p(2) — (¢'(2) — ¢'(2") (=¢'(2'))
pErE)=elE) —g () — (") |

Further, by differentiation of the algebraic equation in Theorem 1.4.1 we
find

_9%

Adding the two formulae for p(z + z’) and expressing p” by g using the
last formula shows:
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Theorem 1.4.4 (addition theorem of the g function) For
2,2 € C\ £ with z # +2' mod £ we have

") — of (2 2
p(z+2') = —p(z) — p(z) +% (@()@)) if z # 2’ mod £,

)
0(22) = —2p(2) + i (Z,I((ZZ))) if 22 2 0 mod £.

The formulae of Theorem 1.4.4 tell us that E is an algebraic group with
respect to the defined addition, i.e. the coordinates of Q(z1) + Q(z2) are
rational functions in the coordinates of Q(z1) and Q(z2) with coefficients

in Q[g2, g3].

@

90

X-axis

Furthermore, the above formulae allow the following geometric inter-
pretation: for two points Q1,2 € F the line through @)1 and @2 has
exactly one more point of intersection Q3 = (¢ : x : y) with E and from
the equation of intersection one finds (e.g. Lang (1970), page 12)

Q1+ Q2+Q3=0.
Therefore, we can conclude
Q1+ Q2= Q4 mit Q5 = (t:z: —y).

This relation shows us again that the coordinates of Q1 + Q)2 are rational
functions of the coordinates of @1 and Qo with coefficients in Q[gs, g3].
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1.5 Division polynomials

The aim of this section is to compute algebraic equations for the x-
coordinates of torsion points of E. Our presentation is based on Cassels
(1949), Lang (1978) and Meyer (1995). For a natural number n, we
consider the function

gy (02)
ul2) = (1)

which is elliptic according to Theorem 1.3.1. f,, satisfies the following
product relation:

Q

Theorem 1.5.1
ey =n" I (pk) - e).

uel E\ L
u mod £

Proof Given an elliptic function f # 0 having non-zero order p; exactly
at points u; modulo £ we call the formal linear combination

(f) = Z,Uj(uj)

of the points u; the divisor of f. According to Liouville’s theorems the
quotient of two elliptic functions having the same divisor is a constant.
Hence the quotient of both the left- and the right-hand sides in Theorem
1.5.1 are a constant because both have the same divisor

> 20w —2(n® - 1)(0).
ue %2

u mod £

The constant is computed via the Laurent expansions at zero of the
functions involved in the formula. |

Theorem 1.5.2 Let m > n be natural numbers. We set p,(z) =
p(mz) and pn,(z) = p(nz). Then

_ fm+nfm—n
om = on =~

Proof First, we determine the divisor of each side. It is given by:

X 2w+ X 2w+ X (w4t X (u)
we L L we L8 we L ¢ we L

w mod £ u mod £ u mod £ w mod £




14 Elliptic functions

For the right-hand side this follows from defining the property of f,, and
fn. For the left, it is obtained by looking at the formula

o((m + )2)o((m — n)2)

p(mz) — p(nz) = — o(mz)?0(nz)?

Therefore, the quotient of both sides must be a constant C' and, com-
paring Laurent expansions, we find C' = 1. ]

The functions f,, satisfy the identity:

Theorem 1.5.3

ferlfmflfs - fn+1fn71f72n = fomanfm—n for m>n>1.

Proof The proof is obtained by applying Theorem 1.5.2 twice:

—%=pm—m=(pm—@)—(pn—@)
:_fm+1fm71 + fn+1fn71 :_fm+1fm71f72l_fn+1fn71f72n
T f2ft eV '

O
Using Theorem 1.5.3 for the pairs (n + 1,n) and (n + 1,n — 1) and,

keeping in mind fy = @', we obtain the following recursion formulae:

Theorem 1.5.4

(i) font1 = forafd — fr?{ﬂfn—l,
(ii) f2nf2 = fn(fn-‘erv%—l - fn—2f2+1)'

Using these formulae, the f,, can be computed recursively if f1, f, f3, fa
are known. The latter are determined via the addition theorem and The-
orem 1.5.2:

fl == 17
f2 p/a
fs = 3p" = 3020° — 3939 — 1595, (1.5)
fa 30/ (495 — Bgap* — 20g30° — 2930 — gag3p — 293
1 3
+1693)-

In particular, the recursion formulae show

fn € Clgp] for n odd,
fn € 9'Clg] for n even.
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Writing

I = ‘IJ n(p) for n odd,
" 5 Pa(p) for n even,

with the polynomials

Ua(p)=n [] (9- ) ecC,

uE%E\%E
+u mod £
the above formulae yield
v, = 1,
T, = 2,
3 1
Te = 300 — 20002 — 3000 — — 2
3 & 292@ 936 16927
5 1

Uy = 4p° —5g20" —20g30° — S 050" — 92939 — 295 + — 95

4 16

and we have the recursion formulae:

Theorem 1.5.5

To U2 ¥ = 00U 1607 if 21,
et 169 W, 003 — W3 W,y if 2|n,

Uy, = lI/n(lI/n+2\I/3171 - \I/n72\1131+1>-

For illustration and for later purposes we apply Theorem 1.5.5 to
derive the representation for Ws:

31 105
Vs =5p'% — 5 92 010 — 9593 o7 — T6922§98 + 159293 "

+<E92 — 1593 )@6+8—7g2293p5
133 1 3 /3 4
+<—ﬁ92 +—9293 —8(3292 — g3 )92+5 (1—692 +9g3) )p
+< § g23g3 — 10g3> — 8 <i923—932> g3 +3 (39234—9932) 93) o
8 32 16
3 1 5 1 3 2\ o
+<E92 **92 293 +<592 — 93 )92 +E (EQQ +9g3 >92 )@
9 1
(T 92%g3 — fgzga +2(§gz — 93 )gzgs>@
6 1 2
+409692 +<§g2 — 93 >g3
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Proof of the formulae (1.5):
f1 =1 follows immediately from the definition of f;. The equality fo =
©' means

and this follows from Theorem 1.3.2 or from the fact that the divisor of
@ is

we 1L

u mod £

To compute f3 we use Theorem 1.5.2. We obtain

p_p:_&ﬁ:_é,
: f3 '

and further, using the addition formula:
1 p// 2
=20+~ (2 ).
v p+4<ﬁ)
Differentiation of p? = 4¢3 — g2 — g3 leads to
" 3p* — igz

= 12p°p" — g2¢’, hence 2% = =

N

200

Putting this into the previous equation we obtain

—3pp"™ + 99" — 50°02 + 159

P2 — P = )
p/Z
and, comparing this with the first formula gives us the asserted form for
f3. The formula for fy is deduced analogously. |

1.6 Weierstrass functions

In the sequel let x,y € Cg be two functions having exactly one pole
mod £ at 0 of order 2 resp. 3. We call two such functions a pair of
Weierstrass functions for £. Liouville’s theorem tells us that this
condition is equivalent to x and y being of the form

r=a+bp, y=c+dp+ep witha,b,c,deecC andb,e#0.

This implies that every pair =,y of Weierstrass functions after multipli-
cation by non-zero constants satisfies a Weierstrass equation, i.e. an
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irreducible equation of the form

v+ arzy + agy = 2° + asx? + aux + ag (1.6)
with coefficients ay,...,asg € C. So the map
(1:2(2) :y(2)) for 2 ¢ £,
2+ L Q) := (1.7)

(ﬁ : zgz; : 1) for y(z) # 0.
defines a bijection between C/£ and the projective curve E defined by
yzt + ajxyt + agyt2 =23+ a2x2t + a4xt2 + a6t3.

Setting

Q(z1) + Q(22) := Q21 + 22)

E is endowed with a group structure with the point Q(0) = (0: 0: 1)
at infinity as neutral element. Further, x and y being obtained from g
and ¢’ by an affine linear transformation, this group structure again
allows the following geometric interpretation: for Q1,Qs, Qs € E with
Q1+ Q2+ Q3 = 0, the point Q3 is the third intersection point of the line
through @1 and Q5 with the curve E. Moreover, this implies that the
coordinates of ()1 + Q)2 are rational functions of the coordinates of Q1
and Q2 with coefficients in Q[aq,as, as, ayq, ag]. Therefore, given a field
extension L of Q(ay, az, a3, aq, ag), the set E(L) of all points in F having
coordinates in L is a subgroup of E.

For a field extension L of Q(ai,as,as,as,as) we will consider the
subfield L(z,y) of C(x,y) later. In this situation it is often necessary
to know whether a given function f € C(z,y) = Cg is an element of
L(z,y). Here, the following theorem is useful.

Theorem 1.6.1 Let x,y be a pair of Weierstrass functions with respect
to £ and f € C(z,y). Further, let (2,)n>1 be an injective sequence,
lim z, =0, containing no poles of f. Then

f e L(z,y)

with L:=Q(f(z1),..-, f(en),x(21)s ..., 2(2n),y(21), . - ., y(zn)) for some
N e N.

Proof f has a representation of the form

n(z)f = a(z) + b(z)y (1.8)
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with polynomials
n(X),a(X),b(X) € C[X], ged(n(X),a(X),b(X)) =1.

Assuming that n(X) is normalised, these polynomials are unique. Fur-
ther, by the identity theorem for meromorphic functions the coefficients
can also be characterised as the unique solutions of a system of linear
equations arising from (1.8) by inserting the values f(z,),z(z,) and
y(zn). Thus, the coeflicients of a(X),b(X) and n(X) for normalised
n(X) are in the field generated over Q by all values f(z,),z(z,) and
y(zn). More precisely the finitely many coefficients of the polynomials
a(X),b(X) and n(X) must lie in a subfield generated over Q by a finite
number of values f(z,),z(z,) and y(z,). O

1.6.1 Expansions at zero

In the following, let x,y be a pair of Weierstrass functions. Then
x
W ; (1.9)
has a zero at 0 of order 1, thus being a uniformising parameter at 0 of
the Riemann surface defined by equation (1.6) and the parametrisation
(1.7). Hence, all functions from Cg and, in particular, 2 have a Laurent
expansion of powers of W converging in a neighbourhood of 0. The

coeflicients of this expansion are related to aq,...,as as follows:

Theorem 1.6.2 In a neighbourhood of 0 we have Laurent expansions
of the form

- Wy AW

Y nZZ:4 "

r = W24+ Y B,Wn
n>—1

y = -W3+ 3 C,wn
n>-—2

with coefficients Ay, Bpn,Cy € Zlaq, ..., agp).
Proof Dividing the above Weierstrass equation by —y® gives us the
equation

s=W3+ (W + aaW?)s + (a3 + asW)s® + ags® = f(W,s) (1.10)
with
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Substituting this equation into itself recursively,

s=fW, fW, f(W,.... f(W,5)))),
we obtain for every N € N

N—1
s= Y AW+ WNgy
n=3
with an elliptic function gy holomorphic at 0 and coefficients A3 = 1
and A, € Zlay,...,aq) for n > 3. More precisely, gy is a polynomial of
s and W with coefficients in Z[ay, ..., ag]. On the other hand, s having
a zero at 0 has a Laurent series expansion in a neighbourhood of 0:

s = Z d, W™,

n>3
From
N-1
> Ay —d)W™ = O(WN) for W — 0
n=3

we can conclude that
dp=A, forn=3,... , N—1

for every N € N, thereby proving the first assertion of our theorem. The
third assertion follows immediately from the first and implies the second
using the relation x = —Wy. O

For the expansion of an arbitrary function in Cg we have:

Theorem 1.6.3 For f € Cg let&y, .., &, mod £ be all poles # 0 mod £
of f. Further, let (z)k>1, 2x € £, be a sequence converging to 0 with
f(z), W(zg), s(zx) being algebraic numbers.
Then, there exist | € N and r € Ry,
Ry :=7Z[ay,... a6, (&), ..., 2(&m), W(z1), ..., W (1), s(z1), ...,
S(Zl)v f(Zl)7 R f(zl)]a

such that the coefficients in the Laurent expansion

f=> dw"

n>ngo

are all in %Ro.
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Proof For sufficiently large N € N

N
m

g=<[[@-=2); f

j=1
has no pole outside £. Therefore,
g9 =rp() +q(z)y

with polynomials p, ¢ € C[X], which implies that for a sufficiently large
MeN

sMg=h(W,s)

with a polynomial h, that is unique if we assume its degree with respect
to s to be minimal. The coefficients of h satisfy the linear equations

s(zk)Mg(zk) = h(W(zx),s(zx)), k€N,

and they are even uniquely determined by these equations because by the
identity theorem s g is uniquely determined by its values s(zx)™ g(2z),
k € N. The coeflicients of the solution are in a field generated by finitely
many of the values g(zx), z(2x),y(2x). Inserting the W-expansions of x
and s from Theorem 1.6.2 into

-N
f=qIl@—a@&)p sMrW.s),
j=1
gives us the assertion of Theorem 1.6.3. ]

Next, we will express the addition formula 1.4.3 in terms of a power
series. The starting point is the geometric interpretation according to
which for (z1, 29, 23) € C? with 21 + 22 + 23 = 0 mod £ the points Q(z;)
are the three intersection points of a line and the projective curve E
defined by Y27 = 4X? — g, X Z? — g373. By a linear transformation T,

T :(p1:p2:p3)— (ap1 + bpz : cp1 + dpa + eps3 : p3),
FE is mapped to the curve E’ defined by
Y2Z 4+ XYZ +a3YZ? = X3 + a9 X?Z + ay X Z? + as Z°.

Here again the images T'(p(z;)) are the three intersection points of a line
with E’. This way, using Theorem 1.6.2, we find the following result:
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Theorem 1.6.4 There exist two power series
G(X,Y),I(X) € Z[ay, ..., a][[X,Y]]

and a neighbourhood U of 0 such that for all z,z1,29 € U the power
series are convergent for X, Y = W (z),W(z;) and
W(z1 + 22) = W(z1) + Wi(z2) + W(21)W (22) G(W (1), W (22)),
W(—z)=-W(z)(1+W(2)I(W(z)).

Proof We consider three points 21, 22, z3 # 0 in C with
21+ 29+ 23 =0.

For z; sufficiently near to 0 the values W(z;), s(z;) are finite. Hence the
corresponding points on E’ have projective coordinates

(Wj 01 Sj) with Wj = W(Zj),Sj = S(Zj),j = 1,2,3.

To show that W3 is a power series in W; and Wy we observe that (W3 : 1 :
s3) is the third intersection point with E’ of the line through (W; : 1: s1)
and (W : 1 : s3). We first assume that W7 # Wy and consider the
equation

s=mW +b

of the line through (Wi, s1) and (Wa, s2) in the (W, s)-plane. Inserting

this into the equation s = f(W, s) for E’ from (1.10), we obtain a cubic

equation for W:

mW +b = W3+ (aW + aaW?)(mW +b) + (ag + asW)(mW + b)?
+ag (mW + b)g

Herein the coefficient of W3 is

1+ asm + a4m2 + aem?’.

Therefore, looking at the coefficients of W2, we obtain

arm + asbasm? + 2asbm + 3agm?
1+ aom + agm? + agm?3

Wi+ Wy 4+ W3 =— (111)

Now we substitute the expansion of m and b that we obtain from The-
orem 1.6.2:

m= 1”52 81—52 ZA W1+W1W2+W2 e
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b=s —mWy=> AW —mW.

n>3
Then (1.11) shows that Wj is of the form
W3 = F(Wy, Wa)
with a power series
F(X,Y) € Zlay, . ..,a6)[[X, Y]]

that is independent of Wy, Ws. Next, we derive an expansion for W (z; +
z9) as a power series of W3. We observe that

W(Zl =+ 22) = W(*Z3) = —

and from p(—z3) = p(z3) it follows that
x(—z3) = x(z3).
Hence, the numbers y(4z3) satisfy the quadratic equation
Y2+ a12(23)Y +asY = 2(23)° + agx(23)? + asw(23) + ag.

For the following we first assume that 23 ¢ 1 £. Then p'(—23) # ¢/(23),
which implies that y(—z3) # y(z3) and, looking at the coefficient of YV
in the quadratic equation, we obtain the relation:

y(=23) = —y(z3) — ar(23) — as,
which by continuity of y also holds for z3 € %2. Thus, we obtain

ZE(Zg) o W3

Wi-2)=- —y(z3) — a1z(23) —az 1 —a W3 — agss’

Inserting the expansion of s3 as a power series of W3, we find that
W(z1 + 22) = H(W3)
with
H(X) € Z[ay,...,a][[X]].

This formula also holds for z3 € %2, because both sides are continuous
functions of z3 = —(z1 + 22) and, taking the limit 21, 29 — 0, it follows
that F(0,0) = 0. Therefore, inserting F' in H again yields a power series

H(F(X,Y)) € Z[ay, .. ., ag][[X, Y]].
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We then have
W(z1 + 22) = H(F(W(21), W(22))),

and by continuity this formula also holds for zy,z2,21 + 20 # 0 in a
neighbourhood of 0. Finally, H(F(X,Y)) has the form asserted in the
theorem because the limits of

W(z1 4+ 22) — W(z1) — W(z2)

for zy — 0 and zo — 0 are equal to zero.
To prove the formula for W(—z), we use the above relation

o z(2) . W(z)
Wi=z) = —y(2) —arx(z) —az  1—a;W(z)—ass

for z = 23 and insert the expansion of W as a power series in s. This
yields the formula for W(—z). O

1.6.2 p-adic limits

The series in Theorems 1.6.2 to 1.6.4 are understood as convergent with
respect to the usual metric of C. Under certain conditions we will now
show that they are also convergent to the same limit with respect to
the metric of a discrete valuation ring. We let R be a discrete valuation
ring in C with maximal ideal 3 = Rr. Then we have:

Theorem 1.6.5 Let aq,...,a6 € R and & € C with

¢ e’P.

Then with the coefficients A, By, Cy, from Theorem 1.6.2 we have the
P-adic expansions

=W()° + Z AW ()",

e
z(§) =W(§)~? ¥ ;IB nW(E)",
(6)=-W(E)~+ >ZZCnW(§)

where for the last two formulae W (£) # 0 has to be required.

Proof Following the proof of Theorem 1.6.3, we start by showing the first
assertion. For W (&) = 0 the algebraic equation between x and y implies
that s(§) = 0. Therefore the expansion in our assertion is trivial. In the
case of W(¢) € P\ {0} the algebraic equation yields s(¢) € P and,
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applying the equation between s and W recursively as at the beginning
of the proof of Theorem 1.6.2, leads to
N—1
s — Z AW e WNZay, ..., ag,5, W]

n>3

for every N € N. This implies that

N—1
s(€) = Y AW ()" € B,

n>3

thus proving the first assertion for s(¢) = —ﬁ

assertions of Theorem 1.6.5 can be deduced from the first as in the

. The two remaining

proof of Theorem 1.6.2. |
Using the PB-adic expansion of —ﬁ in Theorem 1.6.5 we obtain, as
described in the proof of Theorem 1.6.4:

Theorem 1.6.6 Let ay,...,a6 € R and &,&1,& € C with
W(E), W (&), W (&) € B.

Then we have the B-adic expansions
W(& +&2) = W(&1) + W(&) + W(E)W (&)G(W (&), W(&2)),
W(=&) = =W+ W(I(W(E))
with the power series G(X,Y), I(X) from Theorem 1.0.4.

The following theorem is a p-adic version of Theorem 1.6.3.

Theorem 1.6.7 Let f be as in Theorem 1.6.5 and R a valuation ring

in C with mazimal ideal B containing the ring Ry of Theorem 1.6.5.
Then for W (¢) € P we have

1&) =% dawie)

n>ngo

with the series from Theorem 1.6.5 as a *B-adic limit.
Furthermore, let R = Ry C Ry C ... be a sequence of valuation rings
with prime elements m; satisfying

ﬂ',i’_j_l ~ m, with e, €N, e > 2  for almost all k.
For a suitable sequence mi, € C let

W(ng) € mp Ry for all k.
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Then the coefficients d,, are all in R if all values f(n) are integral
algebraic over R for ‘3.

Proof The *PB-adic covergence follows immediately by inserting the series
for  and y into the representation of f in the proof of Theorem 1.6.3.

It remains to prove that the coefficients d,, are in R under the above
conditions on the W (n;). By Theorem 1.6.3 we have

1
dnE;R, TLZO,

with an » € R\ {0} that is independent of n. Now, if 7 does not
divide any denominator of the coefficients d,,, we are done. Otherwise
let 7t, I > 0, be the maximal power of m; dividing the denominator
of some d,,. We chose the minimal n = n; with the denominator of
d,, being associated with m{. From e, > 2 for almost all k it follows
that for sufficiently large k the denominator of d,, W ()™ with n # ny
and d,, # 0 is associated with a decidedly smaller power of 7 than the
denominator of d,,, W (n)™, so by the strict triangular inequality, f(nx)
cannot be integral over R — contrary to our assuming f(ny). This proves
that all d,, are in R. ]

Finally, we consider the relations between different pairs of Weier-
strass functions and present some known formulae that can be found,
for instance, in Silverman, "The Arithmic of Elliptic Curves" (1985).
Let x,y be a pair of Weierstrass functions for the lattice £ satisfying
the irreducible equation

PX,Y)=Y? + a1 XY + a3 — (X® + apX? + ay X + ag) = 0.
Then
Clp, ') = C(z,y) = Quot(C[X, Y]/(®(X,Y)))

is an algebraic function field over C of genus one. Let R be a valuation
ring with maximal ideal p and residue field k. We assume ®(X,Y) €
R[X,Y], and by ®(X,Y) we denote the image of ®(X,Y) under the
natural map  : R[X,Y] — k[X,Y]. We say that ®(X,Y) has good
reduction modulo p if

Quot(k[X,Y]/(2(X,Y)))

is again a function field of genus one over k, which is equivalent to the
indivisibility of the discriminant A of ®(X,Y") by p. For a; = az = 0 the
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discriminant A is the discriminant of the cubic polynomial 23 4 a2 X2 +
a4 X 4 ag and in the general case A is defined as follows:

A = —b3bg — 8b — 27b3 + Ybabsbe

with
b2 = a% + 40,2,
by = 2a4 + a1as,
b@ = a?)) + 4(16,
bg = a%a6 + dasag — arazas + agag — ai.

The quantity

(b3 —24by)°
J = A

only depends on the underlying lattice £ = Zw 4+ Zws, (i—;) > 0, and

is equal to the modular invariant j (z—;) defined later in section 2.4.

Now let z,y and Z, §j be two pairs of Weierstrass functions with respect
to the lattice £. Then they are related by two equations of the form

r = ulz + 7,
y = wy+uivi+t
with coefficients r,t,u,v € C,u # 0. For the discriminants of the corre-
sponding equations ®(X,Y) and ®(X,Y), we have
A =u'?A. (1.12)

If, in particular, ®(X,Y), ®(X,Y) € R[X,Y] have good reduction mod-
ulo p, it follows that

u~1andrtveR.
This implies:

Theorem 1.6.8 Let ®(X,Y),®(X,Y) € R[X,Y] be equations of two
pairs x,y and T,y of Weierstrass functions with good reduction mod-
ulo p. Then, in a neighbourhood of 0 the uniforming parameters W =

—%, W = —% are related by the series

W = Z ra W™,

n>1
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with coefficients r, € R and r ~ 1.
Further, for every & € C with W (&) € p the expansion

W) =3 rav(er
n>1

s also valid as a P-adic limat.

Proof According to the above relation we have
27/ _ T
u W 5

VI/:—.,7
u3—u21)W+%

with a unit u. Inserting the expansion of % from Theorems 1.6.2 and
1.6.5, gives us the desired expansion. ]

1.7 Elliptic resolvents

We follow the exposition in Schertz (1999). Let £ £ be two complex
lattices. Then for & € £ the map

7 1 9(2) = g(z +§)

defines an automorphism of Cg/C & depending on & only modulo £
Clearly, Cg is the fixed field of all these automorphisms. Hence, Cg /C &
is a Galois extension with Galois group

G ={rlcecl}=L/L

We are now going to construct suitable resolvents for the extension
Cg/Cgq. Therefore, in order to distinguish between elliptic functions
for different lattices, we will use the notation f(z|£) and l g (u, w) rather
than f(z) for f =0,¢, p,... and I(u,w).

For a complex lattice we consider Klein’s normalisation of the Weier-
strass o function

o(z|£) == o (2| £) §/ A(L), (1.13)

with some 12-th root of A(L). We chose an arbitrary v € C \ £ and
define

hy(2]L) = eélﬂ(z”)w with  lga(z,v) = 27" — 2"v.(1.14)
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Here the 12-th root of A(£) is of no importance. Later in the applications
it will come into play. The function A, has the following properties:

h~(z|£) is meromorphic in C, (1.15)
&M (2|£) s periodic with respect to £, (1.16)

hoy (2| £v71) = by (20| £) = e( Yho (zv|£) with
() =vea(y(v - 1))6éN(7)l£(1 Y for v =1 mod %2,
where the bar denotes complex conjugation and N(.) the complex norm.
The proof of (1.15) to (1.17) follows immediately from the transforma-
tion formula of Theorem 1.2.4 using Lemma 1.2.6. For the following we
need:

(1.17)

Lemma 1.7.1 Let £ £ be complex lattices and u,w € C. Then
la(u,w) = (£ L)le(u,w).

Proof The assertion follows from Lemma 1.2.6, keeping in mind that the
coordinates of v and w with respect to the basis @y, W with \r( ) >0
are given by

(u1,u2)B and (wy,ws)B,

where B as a matrix transforming a basis of £ into a basis of £ has the
determinant [£: £]. O

For the following, let £5 £ be two fixed complex lattices with index
[Q : £ =n,

and let y be a character of Iy /£. By the following theorem we will obtain
suitable resolvents for the extensions Cg/Cyg.

Theorem 1.7.2

Z eV (2 +€L)x() = § iggcx(z) with

el
¢ mod £ .
Co() = e gm0 OO0+ F + in D)
() =

P21 L)p(2 + 1, |L)

and an isomorphism

ne X(£/8) — (38)/L, xr
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X(Q/E) denotes the group of characters of 2/2

Note that C(z) depends only on the class of p, modulo £

Proof We set

Ry(z):= Y 2EVn,(z+€L)x(9).

&efl
& mod £

For w € £ we obtain from (1.16) the transformation formula
Ry(z+w) = X(f)e_l’g(u}me('z)-

By the determinant formula in the proof of Lemma 1.2.6 we see that
there exists a pu, € %2, uniquely determined modulo £, such that

x(&) = e &7 for all e £

Using the rules of Lemma 1.2.6, the transformaton formula for R, then
becomes:

gl

Ry (z+w) = eilﬁ(w’(SX)RX(z) with &, = py + e

According to Lemma 1.7.1 the same transformation formula holds for
hs, (z|£). Hence Ry (z)hs, (2|£)~! is an elliptic function with respect

to £. Moreover, this function has at most one pole of order 1 at z = —4,,.
Therefore, by Theorem 1.1.4 it must be a constant ¢ that is equal to the
limit:
o ) el wAR)
TOhs (218) w6 ]L) VAE)
This proves the formula of our theorem. ]

For later applications the formula of Theorem 1.7.2 needs a modifica-
tion, for in general neither h,(z|£) is in Cg nor is the factor ele©M 4

character of £/£. Therefore, R, cannot be a resolvent for the extension
Cg/C a- We choose one of the various modifications described in Schertz
(1999): Let w € C have the properties

@—-1)yel
and

wl C L.
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We define the function
hy (2] L)
B (w2l L)’

and by (1.15) to (1.17) we see that G is elliptic with respect to £.
Further,

G(z) = G(z|L) :=

Yo(&) = el €l—w).m)

defines a character of f:/ £, and by (1.16) we obtain

(Z+€|2)

_ &
Gz +€£) = xo(e' 7 TR

Theorem 1.7.2 now yields:

Theorem 1.7.3

GEDN = T GeHIBNO = [ g Con s (el

cel
& mod £
For the analytic interpretation of Theorem 1.7.3 we observe that Cg
is a (C)A:[Qﬂ module with respect to

G0 Y a2)l]:= Y ag(2)G(z+¢EL).

[leL/L GES

Therefore, the resolvent in Theorem 1.7.3 is a Galois resolvent for the
extension Cg/Cg. For a finite subset S C C/£ we let O4 and Og be
the subrings of functions in C4 and Cg¢ having no poles outside S. For
S that is large enough the functions Cy are all units in Qg and it follows
that

Og =G o048,

because the discriminant of the set G o & is a unit in @Q'

To finish, we will establish a kind of resolvent formula for the (* func-
tion, too. For this purpose we must distinguish between the principal and
the non-principal characters of £/£. First, we normalise * in analogy
to o* by

¢*(=1£)

Z(2|L) = W
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Theorem 1.7.4

» (i:)
z); Z(z+¢&L) = A(S) (z|£)
¢ mod &

Proof The Laurent expansion of o’ gives us directly

S P +€18) = 021D,

el
& mod £

and, integrating twice,

Y (L) =((IL) + A+ B

&eﬂ
& mod L

with constants A, B. Replacing ¢ by ¢* this relation becomes
> el = (218) + 9(2)

el
£ mod £

with g(z) = (2| L) — ; n(z +€|8) — (Az + B).

Herein g is an affine linear function that is periodic with respect to £.
Thus, g must be a constant that is equal to zero because (* is an odd
function. This implies the assertion of Theorem 1.7.4. ]

Theorem 1.7.5 Let X be a non-principal character of 2/2 Then
there exists a 6, € 2\2 such that x(§) = e &0y forall & € £ and

Y ZE+LxE) =€

56)3
& mod L

Loy 13 AL) (p(ZA-l-(SX\Qz |
AL) (21 £)p(3,1£)

Proof Using the relation > x(§) = 0, we find
13

Ry(z):= ) (= +EL)x()

£EQ
& mod £

= Y (EFLDXO - D ex(E

cel cel
& mod £ & mod £
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So R,(z) is a meromorphic function satsifying the transformation for-

mula R, (z+w) = R, (2)x(w) for all w € £. The proof is now completed
in analogy to the proof of Theorem 1.7.4. ]

1.8 g-expansions

In view of homogeneity,

(A LN) = (2| £)N,
CEAILN) = ¢z 917,
P(2A LX) = p(2| £)A72,
O (ZAILN) = ¢ (2| £)A 77,
Gm(LN) = G (LA™

it suffices to consider lattices of the form £ = Zw + Z, J(w) > 0 in the
following. Here, for simplification, we write

F:lw) = f(|2w + 2).

The source of all formulae derived in this section is the following theorem:

Theorem 1.8.1 (g-expansion of o(z|w)) Forw € C,S(w) > 0,
and z € C we set ¢ = €™, Q = 62””7Qi% = et Further, let
12 = n(1l|w) be the quasi-period belonging to 1. Then we have

0 _.n _ .nn-—1
U(Z|W):2Lm 322" (Q Q_f)H a q(cf)_(lqn)g @ )

n=1

Proof The function
(oo}
g(z) = e ( H 1-¢"Q)(1—q"Q)

is holomorphic in C having the same zeros as o(z|w). Substituing z + 1
resp. z +w for z we obtain —Q*2 resp. ¢T2Q*2 for Q*2 and, using the
Legendre relation wn, —n; = 2mi, we obtain the transformation formulae
o=+ 1) = —em (),
g(z +w) = —e mEF)g(2).
The same transformation formulae holding for o(z |w) according to The-
z)

orem 1.2.3, we can conclude that the quotient Z 3G is a holomorphic
elliptic function, hence equal to a constant by Theorem 1.1.2. The limit
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for z — 0 determines the constant and finishes the proof of Theorem
1.8.1. ]

Taking logarithmic derivatives in the formula of Theorem 1.8.1, we
obtain the g-expansion of the ¢ function :

-

Q3 +Q 3 [ Q! "Q
C(z|w) 7722"‘7”@—"27”7; |:13an—1 - 13(1”@

+omi Y @@ — Q™) (1.18)

1
7722+7Ti+27TiQ_1

To determine 79, we use the generating relation for the Bernoulli num-
bers B,

>

1 = 1
f— L n—1__
ev—1"" Z :’U -

n=1 =1

+ 5u—=5u’... (1.19)

3
IS
I
)=
+
(12
©lw
SR
N
N
|
Il
e =
|
=

to replace the term ﬁ Thus (1.18) yields the expansion into powers
of z:

((eho) = - + (772 + (2mi)? (112 —23] 1’”";)) :

=1
. o] (27_(_2)2l BQI 5 i le—lqm 911
— | = — —_— | 2 .
@ — 1)\ 2 1—gm
=2 m=1

On the other hand, analogous to Lemma 1.4.2,

C(z|w) = % — Go(w)2® — G3(w)z® — - - (1.20)

Now, comparing coefficients leads us to the g-expasion of 7,:

By inserting this formula into (1.18), we obtain the following g-expansion
for {(z|w). Finally, by twice differentiating this formula we obtain the
g-expansion for p(z|w) and @' (z|w):
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Theorem 1.8.2 (q—expansion of {(z|w), p(z|w), ©'(z|w))

(o) = ET0 (

me—l
e Z <1fme 1,me_1) ’

1
>z+m+27er1

_ ) >1 me 1
p(zlw) = (2mi)? _12 Tt Z ( 1_me) +(1_me71)2
mq™
_21%1’”)}’
) = (@) 'Q(1+Q> = (¢"QU+d"Q) | QM1+ Q)
k) = BT ,;( T—q"QF ' (-1 )}

The g-expansions of the (* function the o* function follow from The-
orem 1.8.2 using Legendre’s relation:

Theorem 1.8.3 (g-expansion of (*(z|w),o*(z|w)) For z =
zZ1w + 29 we have

\ o 1QE+Q % ([ ¢"Q! 7"Q
C(z|w) = 2m 2’1—‘:-5 Qé_Q_é‘FT;(l_anl—l_an)}a

Further, by comparing (1.19) and (1.20), we find the g-expansion of
the Eisenstein series:

Theorem 1.8.4 (g-expansion of the Eisenstein series) For
[ > 2 we have

i 21 m2l 1 7n
Gl(w) = _((Slf)ly <B22l _2 Z T1—gm qm >
)2
= _((gl—)l)! (32' 2 Z o2-1(n)q >

with,
-y
0<d|n

In particular, we have thus derived the g-expansion of gs, g3 and the
discriminant A in Theorem 1.4.1:
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Theorem 1.8.5 (g-expansion of gs, gs)

(2mi)4

g2(w) = 523 [1+ 24073],
(27i)©
g3 (w) = 9333 [—1 + 504T5]

with
Tk = Z Uk(n)q".
n=1

Theorem 1.8.5 implies

Theorem 1.8.6 (g-expansion of A)

Aw) = 2r)2 Y 7(n)g"

n=1
with

T(n) € Z for alln € N and 7(1) = 1.

Proof According to Theorem 1.8.5 we have
@i (92(w)® = 27g5(w)?) = e {[1 +240T5]° — [-1 + 50475}
= L{5T5 + 775} mod ¢*Z[[q]).

Herein

5Ts+ 715 =12+ | Y d*(5+7d%) | ¢",
n=2 \0<d|n

and because d3(5 + 7d?) is divisible by 12 for all d € N, this implies
the assertion of Theorem 1.8.6. A further proof of Theorem 1.8.6 can be
found in the next section. |

1.9 Dedekind’s 1 function and o-product formula

The function defined in the upper half plane &(w) > 0 by the infinite
product
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is called the Dedekind 7 function. We emphasise that this function
has nothing to do with the quasi-periods of the elliptic { function in
Theorem 1.2.3.

Theorem 1.9.1 (product formula of the o* function) Let
L£=wl,L= [, n—} be complex lattices, F(w) > 0, ny,ny € N. We
fix the following system of representatives

Tw

f———i——, r=0,....,n—1, y=0,...,n0 — 1,
ny no

for the residue classes of Q/Q Then

2
H(27ri)e_%l£(zé)g*(z_~_§‘£)n(w)2:C.(2m') “(21€)n <nnzw> no
5 1
with

¢= C"hnz-‘rnlC(”l D(n2— 1)

Dividing the left-hand side by the right-hand side and taking the limit
for z — 0 yields

n(%e)?

[[@rior L) = CW'

£#0

Proof The formula is derived via the product expansions of the functions
involved, using the following notation:

. 1 .
Qu =", Qi =™, ¢=Qu, §= Qrae.

The g-expansion of (27i)o* (w|£)n(w)? being given by

(2mi)o" (W L)n(w)? = Q3" (QF — Qu ) [[ (1 - "Qu)(1 — Q1)

n=1

the product in Theorem 1.6.4 is of the form
[Te 229 @2mi)o* (2 + €| L)n(w)? = fifofs
&

with
BT (+48) (s +61) —z1ba+2261)
f] — e T,y )
1,1 -3
f2 _ quz( jJrg_szg)a
x,y

fs = T - q"Qre)d — Q7L

n=1xz,y
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Using the formulae E o= mm=D and Z k2 = w, we
k=1 k=1
now compute

L(ni—1)(2n;—1) ni

1 1 1 (rg =D @ny =) . oL
= C(nl S )anz Qnaz q 2 y 4=qn2.

n2
Further, in view of the identity [] (a —b(Y,) = a"* —b"2, we find that
y=1

_m=t nl(nl 1)
fo= *glan-Hhanzz g H anz

and in the same way
fs= (H (1 —q’“Qnﬂ)) (H(l —qun;)>.
k=n1 k=1

Putting together the identities for fi, f2, f3 and, appealing to the iden-
tity 0" (noz|"22) = o* (2| £)ny following from the homogeneity of the o
function, we end up with the formula asserted in Theorem 1.9.1. ]

An application of Theorem 1.9.1 is:

Theorem 1.9.2 For $(w) > 0 we have

Aw) = (2mi) 2p(w)?.

Proof According to Theorem 1.4.1 we have

Aw) = 16(p(&1) — p(&))*(p(&1) — p(€3))*(p(&2) — p(&3))°

with the half periods

§1=— ,52 w;rl 53:1

and the p function for Zw + Z. By Theorem 1.3.2 and the definition of
o* the differences of p values can be written as

o (& + &) (§5 — &)
0*(&;)%0*(&k)?
and, using the transformation formula for o*, we can write

i U*(§3)2
o* (&) (&)

9(&) — (&) = —

p(&1) — p(&2) =



38 Elliptic functions

_ _ o* (&)
0l60) = plé) = i s,
_ U*(fl)Z
@(52) - p(§3) - U*(§1)2U*(§3)2 :
Thus
—16

A= G @@t

The identity of Theorem 1.9.2 now follows from Theorem 1.9.1 with
ny = ng = 2. ]

Using Theorem 1.9.2; the formula of Theorem 1.9.1 can be rewritten
in an invariant form by taking 12-th powers:

Theorem 1.9.3 Let £ C £ be complex lattices. Then for any system
{&} of representatives for the residues of £/£ we have

[Te @90z +€8)" = Co(21£)"2
3

and

A(£)
I eel®”=¢=
¢20 mod £ AL

with some [ﬁ: : £]-th root of unity ¢ dependent on the system {&}.

1.10 The transformation formula of the Dedekind 7 function

In the following let M = (‘Cl g) be a unimodular matrix, i.e.
a,b,c,d € Z and det(M) = ad — bc = 1.

We abuse notation by taking the same letter for the linear transformation

az+b

cz+d

We recall that M transforms a basis w,ws of a lattice £ = [w1,wa] =
[w,lws, w= 2L, with J(w) > 0 into another such basis. Therefore, by

homogeneity of A we obtain the relation

AMw)(ew +d)™ 2 = A(L) = A(w).



1.10 The transformation formula of the Dedekind n function 39
Taking 24-th roots and referring to Theorem 1.9.2; this implies that
n(Mw) = e(M)Vew +d n(w)

with a 24-th root of unity e(M) and R(v/cw +d) > 0. According to
Theorem 2.1.3 the group of unimodular matrices is generated by

=) =)

It then suffices to determine e(M) for these two matrices. (7)) = (24
follows directly from the definition of the n function. €(S) can be deduced
from the above formula, because for w € iR the two values n(w) and
n(=t) are real and positive:

e«(S) =o'y e(T) = G (1.21)

C. Meyer (1957) has derived the following explicit formula for e(M). Let
M be normalised by

c>0andd>0if ¢c=0. (1.22)
Then
()¢ab+2ac3eted(1=a®) if c=1 mod 2,
2
(M) = (ﬁ) gf—ac+3a—3+cd(1—a ) ifa=1mod 2 and ¢ #0, (1.23)
¢, if c =0,

where (2) and (2) = 1 denotes the Legendre symbol. To write (M) in
all three cases by one formula, we define ¢; and A € Z by

c=c¢2* with ¢; =1 mod 2 if ¢ # 0,
cp=A=1ife¢=0.

For ¢ # 0 we have, according to the quadratic reciprocity law,

c a—1cy1—1 a2-1 a
) =(=)"T T A s [ 2,
(|a|) 1) (01>

Putting this into the second formula in (1.23), we obtain the following
formula for e(M), holding in all cases:

Theorem 1.10.1 Let M = (Z Z) be a unimodular matriz, normalised
by (1.22). Then, with the above definition of ¢; and \ we have

—a®)— _ 3(,2_
E(M) _ (%) §Z+c(d(1 a’)—a)+3(a—1)c1+A3(a 1).
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Since all unimodular matrices are products of S and T, it is of course
possible to deduce Theorem 1.10.1 from the formulae for ¢(S) and €(T')
by showing that the formula holds for e(SM) and e(TM) if it is valid
for ¢(M). We omit the tedious verification.



2

Modular functions

Modular functions naturally come into play, when coefficients of elliptic

curves and torsion points are studied. Let £ = Zw; + Zws, I (5—;) >0,
be a lattice. Then, due to homogeneity, the j-invariant of the correspond-

ing Weierstrass equation,

j — 12392(£)3

A(L)’
can be viewed as a function of w := %:
j=jw).

Since j only depends on the lattice, j is invariant under all unimodu-

lar transformations w — Z:’ig,a,b, c,d € Z;ad — bc = 1, which is the

essential property of a modular function for the full modular group.

Similar functions are defined by the division values of the Weierstrass
p function and o function, as, for example

TWw+ Y

fw) :zp( ’Zw—f—Z) with fixed x,y € Z, N € N.

They are considered when studying the torsion points of elliptic curves.

In the following, we will explain all the things we need from modular
functions. In particular, we will derive algebraic equations between dif-
ferent modular functions that are crucial for the algebraic properties of
certain "singular values".

41
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2.1 The modular group
The subgroup

re e ()

of Gly(C) is called the modular group. For M = ('Z g) € T the linear

transformation

a,b,c,d € Z,det(M) = 1}

az+b
cz+d

M(z) =
is a bijection both of the upper-half plane,
H={zeC| 3(z) >0}
and the extended upper-half plane
H* =HUQU {icc},

which becomes evident by the formula

S(z) det (M)
lez + d|?

S(M(z)) =
Further, for the action of I on H* we have the rule
(MN)(z) = M(N(z)) for M,N €T.

So, for every subgroup U of I' an equivalence relation is defined by
2’52:<:> 2= M(z) fora M € U.

This leads us to the definition:

Definition 2.1.1 Let U be a subgroup of I'. Then a set Fy of H* is
called a fundamental domain of U if

(i) every z € H* is equivalent modulo U to a point in Fy; and
(ii) different inner points of Fy; are not equivalent modulo U.

Clearly, every system of representatives of H* modulo U is a fun-
damental domain, and, conversely, a fundamental domain becomes a
system of representatives by taking away some points of the boundary.
For U =T a fundamental domain is given by:



2.1 The modular group 43

Theorem 2.1.2 The set

Fi={zeH| -1 <Rz <0,z >1}U{zeH|0<R() <3z >
1} U {ioco}.

1s a fundamental domain for T, and it is even a system of representatives.

-12 0 12

Proof First, we show that every point z € H* \ F is equivalent to a

point in F. For z = § € Q with ged(a,b) = 1 we can find ¢,d € Z
with ac+bd = 1. Then, M = (%) is in T and M(2) = ioo € F. For
z € H\ F we show that z is mapped to F' by a product of

0-1 11
S (1 0 ) and <O 1)
Therefore, we consider the set

L= {S(M(2)) | M €< 8, T >, S(M(2)) > 3(2)}.

I, is finite because for M = (‘j Z) € T the inequality S(M(2)) > 3(2)
leads to |cz + d| < 1, which for a fixed z can only be satisfied by a
finite number of ¢,d € Z. Thus, there exists a M €< S,T > such that

Cx

$(M(2)) is maximal. Further, by applying 7' we can achieve

< R(M(2)) < %

DN | =
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We contend that |M(z)| > 1, which then implies

M(z) € F or SM(z) € F.
The proof of |M(z)] > 1 follows from the maximality of (M (z)), be-
cause |M(z)] < 1 would imply S(SM(z)) = % > $(M(2)) in
contradiction to the maximality of S(M(z)).

Now we show that the points of F' are pairwise inequivalent, whereby
in particular the second property of Definition 2.1.1 is proved for F. Let

2,721 € F be two different points and M = (‘; Z) € T with z; = M(2).
Clearly z # ico and M is no power of 7. Hence

lcz + d|* = |22+ d* + 2cdR(2) > 2 +d* — |ed| >(|¢| — |d])? + |ed| > 1,

where for |z] > 1 one of the inequalities is strict. Therefore, $(z;) <
$(z). In the same way we conclude that $(z) < 3(z1) and thus S(z1) =
$(z). This implies that |cz + d| = 1, |z] = 1 and analogously |z;| = 1.
Looking at the definition of F', we then find z = 2; in contradiction to
z# 2. O

From the first part of the proof of Theorem 2.1.2 we can derive the
following theorem:

Theorem 2.1.3

'=<S5T7>.

Proof We fix an element z € F that is transcendental over Q. For
M € T the first part of the proof of Theorem 2.1.2 shows the existence
ofan N €< §,T > with N(M(z)) € F. This implies that NM(z) = .

Writing NM = (‘CL Z), the trancendence of z implies the equalities ¢ =
b=0,a=dand thus NM =+ (}9) e< S,T >. |

Using Theorem 2.1.2, we are able to construct fundamental domains
for any subgroup of I':

Theorem 2.1.4 Let U be a subgroup of I' and M; a system of repre-
sentatives for T modulo U U (=U). Then

Fu :UMj(F)

is a fundamental domain for U.
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The sets M;(F') in Theorem 2.1.4 are called fundamental triangles.
Two fundamental triangles are called adjacent if the intersection of their
closures is unimodular equivalent to one of the edges { ¢’ | 2% < ¢ <
%’T}, e +iR>¢ of F. For a subgroup U of finite index in I it is shown in
Schoneberg (1974) that the system M; can always be chosen such that
Fy is obtained from F' by successively adding adjacent fundamental
triangles.

Example 2.1.5 Let U = I'y(2) := {(’ZZ) €T | b= 0mod 2}. Here

T2

i i
3 /\t/\
TST™
0
STS

U= -U and [ : U] = 3, as we will see later. Choosing I = (é ?) .S, T
as system of representatives, we obtain the above fundamental domain.

2.2 Congruence subgroups

Given a natural number N, we call

HNy:{M€F|MEi(aDImdN}

the principal congruence group of level N. Every subgroup U of T"
with

I' DU DI(N)
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for some N € N is called a congruence subgroup modulo N. Being the
kernel of the reduction map

ab ab
: T Lo(Z/NZ -
wim - sty (20)- (20).
I'(N) has a finite index in I'. By computation of the cardinality of
SLy(Z/NZ) and by proving the surjectivity of x, one finds the formula

o) =3I (1- ).

p|N

that will not be needed in the sequel.

For the special type of congruence subgroup that we are going to
consider, we need some facts about primitive matrices. By P, we denote
the set of all primitive 2 x 2 matrices of determinant r € N, i.e. P,
consists of all matrices

A= (Ccl ft) € 7%*? with ad — be = r and ged(a, b, c,d) = 1.

Proposition 2.2.1 For every matrix Ry € P, we have P,. = T'RyIl.

Proof Multiplying from both sides successively by S and T' every matrix
R € P, can be transformed to ([, {). Therefore, with suitable unimodular
matrices M;, N;, 1 = 1,2 we have
r 0 r 0
R:Ml(o 1>M2andR0:N1<O 1>N2
It follows that

R = M;N;'RyN, ' M, € TR,T.

This implies the assertion of proposition 2.2.1 because, conversely, every
matrix in ' RgIl" is primitive and has the determinant r. ]

For a given matrix R € P,. we now consider the subgroup

I'r:=TNR TR

r 0

6 1) and ((1)2) we have

of I". If R is equal to one of the special matrices (
the description

F(g?) =T00r):
Lizoy="To(r):

{(“%) €T | b=0mod r},
{(“*)YeT | ¢=0mod r},
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which implies that F(g 0) is a congruence subgroup modulo . We even
have:

Theorem 2.2.2 T'y is a congruence subgroup modulo r for every
ReP,.

Proof By the next theorem we know that all ', R € P,., are conjugate

to ', » oy and by definition I'(r) is a normal subgroup of T, so the inclusion
0.1

'z D T'(r) holds for every R € P,. O

Theorem 2.2.3 For R, R’ € P, and M, M’ € T we have
(i) TR=TR =Tk =Tx,
(i) M~'TrM =Tru,
(iii) TRM =TrM’' < TRM =TRM'.

Proof (i) and (ii) are easily verified. For (iii), we assume that TpM =
TCrM'. Multiplying by R from the left, we obtain RT' N TRM =
RT' N TRM’. This implies that RM € RI' N TRM’ C T'RM’, hence
I'RM C T'RM’. In the same way we see that TRM' C T'RM, and
it follows that TRM =T RM’. The opposite implication is evident by
I'rM =TNRTRM. Ol

Applying the third assertion of Theorem 2.2.3, we have a description
of the right cosets of I'g by primitive matrices. Therefore, we define on
P,. the equivalence relation

R~R :<—= I'R=TR.

Theorem 2.2.4 The number of equivalence classes modulo ~ is finite.
A system of representatives is given by the triangular matrices

b
(gd> , a>0,ad=r, ged(a,b,d) =1, b mod d.
Proof Multiplying by S and T from the left, every matrix R clearly
can be transformed into a triangular matrix of the above form, so R is
equivalent to one of the above matrices. If two such triangular matrices
R=(} Z), R = (% Z,) are equivalent, it follows that

1 (a’d abl —a'b

il wd ):RR*er

,
and thus a’d = ad’ = r,ab’ —a’b = 0 mod r. This implies that a = o', d =
d’ and b = b’ mod d because of ad = a’d’ = r. Hence R = R'. |
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From the third assertion of Theorem 2.2.3 and Theorem 2.2.4 we obtain:
Theorem 2.2.5 Let Ry, ..., Ry) be a system of representatives of

P, modulo ~ and R an arbitrary matriz in P.. Then by Theorem 2.2.1
there exist unimodular matrices M,, with

'R, =TRM,,p=1,...,9(r).
So by Theorem 2.2.3

P(r)
I'=|JTrM,
pn=1
and, in particular,
[[: Tr] = (r).

Remark 2.2.6 The following assertions are easy to prove
Let 7, s be in N with ged(r, s) = 1. Then

(1) Prs - ]PT]PSa
(ii) for R,R' € P, S,5" € Py we have the equivalence
RS~RS < (R~R and S~ 9'),

(iif) ¥(r) =711+ 5).

p|r

2.3 Definition of modular forms

In what follows we consider meromorphic functions f on H that behave
nicely under unimodular transformations. Therefore, given a number
k € Z and a matrix M = (‘Cl Z) of positive determinant, we define the
operation

[l M](w) = det(M) 5 (cw + d) " fF(M(w)).

Then [f|xM] is again a meromorphic function on H, and we have the
rule

[f1(MN)] = [[f[x M][xN]. (2.1)
Now we define:
Definition 2.3.1 Let f be a meromorphic function on H and U a sub-

group of I with [I' : U] < co. Then f is called a modular form for U of
weight k € Z if the following conditions are satisfied:
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(i) [flxM] = f for all M € U.
(ii) For every M € T there exist ¢p € R, I € N and ng € Z, so that
for $(w) > ¢o we have a series expansion

f‘kM Z anq q

n>ngo

1 2miw
1

= I R

with coefficients a,, € C.

In the case k = 0 we call f a modular function.

To understand the second condition, we consider the topology O* in
H* generated by the open disks in H and the images of the sets

={weH|S(w)>c}uU{ioc}, ceRT,

under unimodular transformations. For an M € T'\ < T > the image
M (U,) is the union of {M (ic0)} and the inside of a circle in H* with R
being the tangent line in the point M (ico). Hence, condition (ii) describes
the behaviour of f near the points in QU {ioo}, which are called the cusps.
Now we consider a function f satisfying condition (i). Using the above
rule (2.1) it follows that [f|,M] is invariant under all N € M~1UM. As
M~'UM has a finite index in I' as well, this implies that a power T",
l€N, is in M~*UM. Thus, [f|xM] has period [, which implies that
[f|xM] can be represented as a Laurent series in g7 in every strip

co < S(w) < e,

where it is holomorphic. Hence, condition (ii) means that [f|;M] is holo-
morphic for $(w) > ¢ having at most a pole for q% — 0.

Further, for £ = 0 the defining conditions tell us that a modular
function can be extended to H* as a continuous map to C U {oo} with
respect to the topology O*.

For later convenience we define the homogeneous modular form
for a given modular form f of weight k:

f<w1> :f<wl) F for wy,ws € C\ {0} with & ( >>O
wo wa w2

In this notation condition (i) in the above definition is equivalent to

f <M (“’1)) =f<w1) for all M € U.
wo %)

Conversely, the modular form f can be written in terms of its homoge-
neous modular form by

fw =1(%)-
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2.4 Examples of modular forms and modular functions
2.4.1 The functions gs,gs and A

Using the lattice functions go, g3 and A from 1.4, we obtain modular
forms of weight 4, 6 and 12 for I" by
g2 (w) =60G, (Zw + Z),
93(w) =140G53(Zw + Z),
Alw)=A(Zw + 7)
with corresponding homogeneous modular forms
gg(zz ) =60G, (Zwl + ng),
gd(ii) = 140G3(Zw1 + Zw2)7
A(i; ) = A(Zwl —+ ZWQ).
Since these functions are invariant by all modular substitutions, it suf-
fices to derive the g-expansion required in Definition 2.3.1 only for the

unity matrix, which has already been done in 1.8.5 and 1.8.6.
An important modular form of weight 1 is defined by the n function:

R/A(w) := 21 n(w)?, RACG) =2r 77(2—;)2(,02_1. (2.2)

It is modular for T'(12), as can be seen by the transformation formula of
the n function.

2.4.2 The functions j,</3, ¥/j — 123, jr, ¥R
Quotients of modular forms of the same weight are modular functions.
In this way we obtain the following modular functions:

j(w) = 12° ‘gZ((Z))S

is called the modular invariant. It is holomorphic in H and modular
for I'. Further, we can define the following roots as holomorphic functions
defined on the upper-half plane:

3/ . . g2(w)
J(w) =72 (w) =12 XL
2/ _ 3. 3 _g3(w)
Vilw) =123 := y3(w) := 67 R

They are modular for T'(3) resp. I'(2), as we will see later.
Modular functions for I'p with a primitive matrix R of determinant r
are, for instance, given by

jr(w) = j(R(w)) and pp(w) = r12 2800,
For a unimodular matrix M we find that

Jr(M(w)) = jrm(w) and (M (w)) = ¢rM (W),
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and obviously jr and pg only depend on the equivalence class 'R, so
in view of Theorem 2.2.4 we have

JR :j(gg) and pr = ‘P(gs)

ab
0d

expansions required in Definition 2.3.1 are obtained from the expansions
for j and A.

with a triangular matrix () that is equivalent to R. Hence the g¢-

2.4.3 m-quotients

In many cases roots of ¢y are modular functions for I'r. By the transfor-
mation formula of the 7 function, we find, for instance, that the following
functions are modular for F(1 0y, N E N:

0n

77(%) 8 n—1 f 3
) Yo (w) or 31n,
w 6 n—1
(—:77((:}) ) v3(w) z for 2t n,
(7777((2)) , m=ged(3,n) forn=1t% t€Nand 2{n,
2n(s) p=lg—1

(
W(Vg(w)vg(w)) =T forn=pgq pq€Nged(6,n)=1

For n not prime to 6 the last statement is no longer true. Looking closely
at the transformation formula of the 7 function we find that the follow-
ing functions are modular functions for I (10) with a suitable 7.

0 rn
n($)n(y) p=lg—1
W(Vz(w)%(u})) T2
if n =pq, p,q €N, p,q odd,

. (1 if 3fnor3|pand3|(¢g—1)
Wlthr_{?) if 3lp, 31 (¢ —1).

K

if n =pq, p,q €N, p even, q odd,

4 if 3{nor3lpand3|(¢g—1)

with 7= {12 if 3lp, 31 (q—1).

(2)n(2) o
%(%(w)%(c«)))(? D(g—1)

if n=pq, p,q €N, p,q even,

8 if 3{nor3lpand3|(¢—1)

W“h’"‘{ﬂ it 3y, 31 (g—1).
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To prove the last assertions, let p,¢ be natural numbers and g, , the
function

(w) = 1)
Ip.a\ W) = HZyn(w)

By Theorem 1.10.1 we find for M = (% g) e T’ with n|b
Ip.g(M(W)) = G gpg(w),

e = (ak +e(d(1-a®) ~a)) (p=1)(a=1) + 3(a—D)er(pr—1)(a1 ~ 1),
c1 being defined as in Theorem 1.10.1 and py, ¢; denoting the odd parts
of p, q. Further, we find in the same way for v, and ~s:

Y2(M(w)) = 5> 12(w), 8(M(w)) = (34 ys(w),
e/ =ab+c(d(1 —a?) —a)+3(a—1)ec.
Herein the condition n|b is of course not necessary. Using these formulae,
we find that all the above functions satisfy the invariance under unimod-

ular transformations required in the definition of modular functions for
F( 0) Tesp. for I‘(1 0 )- The g-expansions needed are obtained in the
0r

1
0n n
same way as for jr und pg. Further, the last formulae imply the above
assertion about v, ys.

To construct functions in Cr(y) for an arbitrary N # 1 we begin by

defining normalisations of Weber’s p function and the ¢* function using
VA and gs, g3:

2.4.4 Weber’s T function
Weber’s 7 function is defined by
e w1 . ,(e)(w1 w1\ _
TG0 =g (el e=2,4.6,

with the normalising factor

g(2) _ 72735%,

g = 2834%’

g = 29369

In the case e = 2 we simply write
r(2]4) = 1@ ().

Obviously, 7 is homogeneous of degree 0 and only depending on the
lattice generated by wq,ws.
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2.4.5 The natural normalisation of the o function

For various arithmetic and numeric applications, we need, instead of
Weber’s 7 function, the following "natural" normalisation of the p
function:

ory (191
p(=lC) = {J/A(;;)'

However, according to (2.2) the 6-th root of A is no modular form for

the full modular group, and hence the p function depends on the basis
w1,wWa.

2.4.6 Klein’s normalisation of the o function

Klein’s normalisation of the o function is defined by

pzloy) =0 (2150) RIA)

where the 12-th root of A is chosen according to (2.2).

2.4.7 Transformation of T(¢),p, ¢

Let f be one of the functions 7(¢), p, ¢. Then f is homogeneous of degree
zero, i.e.

FO230) = f(z]21) for A € C.

)\wz
For every
1
z = (x1,22) € N(ZXZ)\ZXZ

we define an N-th division value by

fo(w) == F@(DT) = flerw + 2] T).

This is a modular function for I'(NV) resp. I'(6N) resp. I'(12N?), which
follows from the transformation formulae

(M (W) =75 W),
pa(M(w)) =€e(M) *panr(w),

po(M(w)) = e(M)?*pzn (w).
Herein M is an arbitrary unimodular matrix. (M) denotes the root of
unity from the 7n-transformation formula having the property ¢(M)* = 1
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resp. €(M)? =1 for M € I'(6) resp. M € I'(12). Further, by periodicity
of the p function we have

o (zM (7)]7) =0 (z(F)]7) for M eT(N)
and by the transformation formula of the ¢* function:
o (M ($)]9) = (2 (5)] 3) for M €T(2N2).

The meromorphy of ¢, is not immediate, because ¢* is not meromor-
phic. However, we observe that according to Legendre’s relation we have
the equality w* = wns — 27, by which it is easy to see that ¢, is mero-
morphic.

Finally, the g-expansions required in Definition 2.3.1 for f,(M(w)),
M €T, follow, using the above relations from Theorems 1.8.2 and 1.8.3.

2.5 Modular functions for T’
2.5.1 Construction of modular functions for T’

Clearly the set of modular functions for I' is a field extension of C, which
in the sequel will be denoted by Cr. The main result of this section is:

Theorem 2.5.1 Cr = C(j).

The proof of Theorem 2.5.1 needs some preparations. For the follow-
ing let F' be the fundamental domain for I from Theorem 2.1.2. Let f be
a non-constant modular form for T" of weight k. Then for w € F'\ {icc}
we denote by

Ny (f) the index of the first coefficient
in the Laurent expansion of f at w € H
and

Ny (f) the index of the first coefficient
in the ¢g-expansion of f at w if w~ ico.

Proposition 2.5.2 Let f be a non-constant modular form for I' and let
w,w’ € H* be the equivalent modulo I'. Then ny,(f) = ny (f).

Proof For w ~ ioco the assertion is immediate by definition of n,,(f).
For w o ioco let M = (ZS) € T’ with w’' = M(w). M maps a small disc
D,, with centre w onto a small disc containing w’ as an interior point.
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By the argument principle, we then find that
nr(f) = 35§ dlog f(w) = 55 § dlog f(M(¢))
Dy

M (D)

= 5 f dlog(cé + d)* f(£)

Dy,

=5 ¢ dlog(c€ +d)* + 5= ¢ dlog f(§)
D D.,

= 355 ¢ dlog f(&) = nw(f).
Dy,
Herein ;1= ¢ dlog(c¢ + d)* = 0, because c£ +d # 0 for £ € H. O
Dy,

Theorem 2.5.3 Let f be a non-constant modular form of weight k for
I'. Then

weF\{i,p}

Proof By the argument principle we have

27i f /dlogf( ),

wGF\{z P, oo}

where v denotes the path along the boundary of a lower section of F
as described in the figure below. The section is chosen such that in the
upper part of F' there are no poles and zeros other than possibly at
ico. This may be due to condition (ii) in Definition 2.3.1. Further, at
i, p, —p and at possible poles and zeros on the boundary of F' the path
is modified by small arcs of radius €. Since f(w+1) = f(w) we first have

/dlogf /dlogf

The integrals from A’ to B and from B’ to C are calculated in the same
way. Here, the substitution w +— ’71 maps the path from A’ to B onto
the path from C to B’. We use the transformation formula

F(F) =t fw),
by which we obtain

log f (%) = klogw + log f(w) + ¢
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with a constant ¢ and then

B B
/dlogf /dlogf :k;A/,dlogw +A/,dlogf(w)

Hence

B

hm (A/dlogf /dlogf( )| = —lir%k/dlogw:k%.

A/
To calculate the integral from D to D’ we use the g-expansion of f:
fw) = flaw), gq(w)= e,
f((I) = cnqn + cn+1qn+1 + - ; Cn 7é O7n = nioo(f)a

and we observe that by w — €>™ the path from D to D’ is mapped
onto the boundary of a circle around 0. This implies that

D/

[ dros i) = = dog fla) = 2 i ().

D
Next, we evaluate the integral along the arc from A to A’. Let A” be

the intersection point of the arc and the tangent of the unit circle at
p= e*3" . Then, with the distance 0(A”, A’) and the radius e, it follows
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from the tangent property that
o0(A" A"
lim 7( A7)

e—0 €

=0.

Further, in a neighbourhood of p

f'(w) _ 1
flw) = e

) for w — p.
Hence
A/
lir%/dlogf(w) = 0.

A

and, observing

it follows that
A//
dw 271

N
tng [ dlog ) = (1) lmy [ - =, (1) 25"
A

e—0 ) w—0p 6
A

In the same way it can be shown that

.
tim / dlog (@) = —n_(f) "2t = —n,(f) 2=
C

and

27

.
lim / dlog () = —mi(/) 5"
B

Combining all the results, we obtain

[ aton 56 =2 (5 = ga() = guah) = i) )

v

which proves the asserted formula of Theorem 2.5.3.

o7

O

Let f be a non-constant modular function for I'. Then, by Theorem

2.5.3 we can conclude that
Ny (f) =0 mod 2 if w ~ 4,
Ny (f) =0 mod 3 if w ~ p.
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Now we define

and for c e C

Noo( )= - Z min (0 (f))-
By Theorem 2.5.3 we then obtain:

Theorem 2.5.4 Let f be a non-constant modular function for T'. Then
Ne(f) = Neo(f)
for all ¢ € C. The common value N.(f) is called the order of f.

As an example we consider the modular invariant j, which is holomor-
phic in H. By Theorems 1.8.5 and 1.8.6 we find out that the g-expansion
starts with ¢—!. Hence:

Theorem 2.5.5 We have
j(H) = C
and
Jjlw1) = j(w2) <= wi ~ ws modulo T
for all wy,wy € H.

As an application of this theorem we will now show that every elliptic
curve over C, defined by an equation of the form

y? =42° —asxr —ag  with as,a3 € C, ag - 27a§ #0,

can be parametrised as in (1.4) by the Weierstrass p function for a lattice
and its derivative.

Remark 2.5.6 Using Theorem 2.5.3 it is easy to prove again that
A(w) # 0 for w € H.

Theorem 2.5.7 Let as, a3 € C have the property a3 —27a3 # 0. Then
there exists a complex lattice £ such that

as = g2(£) and a3 = g3(£).
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Proof By 2.5.5 there exists an w € H with

a3 . 92(£1)?

128 —2  _ — j(w) =123
a3 —27a3 i) g2(£1)3 —27g3(L1)

3 £ = [w,l].

Hence
ay = Ago(£1)? and a3 — 27a3 = A\ga(£1)? — 2793(£1)?
with some A\ € C, A # 0, and further, with a suitable 12-th root £ of A:

ay = E'92(L1) = 2(671L1),  az = E93(L1) = g2(67 L),
Therefore, £ = ¢71£, is a lattice having the required property. ]

Proof of Theorem 2.5.1: Our conclusions are similar to the proof of The-
orem 1.3.3. Let f be a non-constant function in Cr and w1, ...,w,, the
different points w € F \ {ioco}, where n,(f) # 0. j having order 1, it
follows that

g=F TG = j(w)) "
p=1

has no poles or zeros other than possibly at ico. Hence by Theorem
2.5.4, g must be a constant, which proves that f is a rational function
of j. |

This proof of Theorem 2.5.1 also shows that:

Theorem 2.5.8 The ring of modular functions for T' that are holo-
morphic in H is given by C[j].

2.5.2 The g-expansion principle

For the later construction of algebraic numbers the field of constants C
is unsuitable. We will, rather, need functions in Q(j) or polynomials of
J having coefficients in an additive subgroup of C. These functions will
be characterised by the g-expansion principle.

By Theorems 1.8.5 and 1.8.6 we obtain the g-expansion of j:

3
(1 +240 > > d3q”> -
n=1d|n _ 1
= =q¢ '+ cng” € =Z[[q]].
a IT (1 —q) n=0 !

This leads us to:

j(w) =
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Theorem 2.5.9 (g-expansion principle)

(i) For f = Y anq™ € Cr = C(j) and a subfield A of C we have

feAy) <= feqd™Aq].

(ii) For f = > anq™ € C[j] and an additive subgroup a of C we
n>ngo
have

fealj] < feqvaq]].

Proof The implication from the left to the right is trivial for both asser-
tions. To prove the opposite implication for the first assertion, we write
f as a rational function of j according to Theorem 2.5.1:

O AuM -+ Ag
ByjN +---+ By’

f

Assuming the polynomials in the numerator and the denominator to be
coprime, the coefficients Ay, By, are uniquely determined up to a common
factor. Multiplying the equation by the denominator of the right-hand
side and inserting the g-expansion of j and its powers,

oo

i*f = i dPgr, = > Py,

n=—oo n=—oo

we obtain a linear equation for the Ay, By’s:

Z (BNdSLN) + -+ BodSLO) — (A]\/jcglM) + -+ AOC%O)))qn =0.

n—=—oo

By the identity theorem for power series this is equivalent to the infinite
system of linear equations

BNd%N) +-t Bodgo) - (AMCSlM) +oF A()C,SLO))7 n € Z.

This system having coefficients in A and the space of solutions being
one-dimensional, we can conclude that there exists a non-zero solution

(AM, ..., A9, BN, ... ,BQ) € AM+N+2 Hence fe A(])
To prove the missing implication in (ii), we write

f=AuiM+- 4+ A

with coefficients Ay € C. We then use the fact that the g-expansion of
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j* starts with ¢—*:
o0
F=at+ Y gt e qtzg)
n=—k+1

Inserting these expansions into the above equation, we obtain

o0
> ang" =

n=no
Av (@M + C(_]V([]\)/[_l)q_(N_l) oot M)
+ Ay ( q—(M—1)+...+c((JM*1)+...)
+ A 14--).

Herein by assumption the a,, are in a, and because the c;’“)

we find recursively that Ay € a,A,,_1 € a,..., Ay € a by comparing
coefficients. ]

are in Z

2.6 Modular functions for subgroups of I
2.6.1 The isomorphisms of Cy /Cr

Clearly, the set of modular functions for a subgroup U of I' is a field
extension of Cp that we will denote by Cy in the sequel. More precisely
we have:

Theorem 2.6.1 Let U be a subgroup of T' with —( ) € U and
[I': U] < oo. Then:

(i) Cy/Cr is algebraic of degree [Cy : Cr] = [I': U].
(ii) Fvery M €T defines an isomorphism

(f)(w) = fF(M(w))
of Cy onto Cpr—1ypr with Ayf|Cr = idcy., which only depends on
the coset UM.
(iii) For a decomposition T' = |J UM, into right cosets of ' modulo
v=1
U we obtain by Ay, v = 1,...,n, all different embeddings of
Cu /Cr into the algebraic closure of Cr.
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(iv) The main-polynomial of a function f € Cy,
F(X,j) = [[(X = ),
v=1

has coefficients in Cp and, for f holomorphic in H we even have

F(X,j) € C[X, j].

Proof The assertions (ii)—(iv), apart from the fact that the A\y;, are all
different, are obtained by direct verification, recalling Theorem 2.5.8 for
the second part of (iv). To prove that all A, are different, which implies
(i), we must prove the existence of a function in Cy such that all con-
jugates fAMv are different. Such functions will explicitly be constructed
for all subgroups to be considered in the sequel. In the general case the
existence of these functions is proved by applying the Riemann—Roch
Theorem to the compact Riemann surface associated with U\H*. [

2.6.2 The extended q-expansion principle

For the construction of algebraic numbers we need modular functions
with a main-polynomial having coefficients in A(j) for a subfield A of C,
as for instance A = Q. To characterise such functions we generalise the
g-expansion principle:

Theorem 2.6.2 (extended g-expansion principle) Let U be a
subgroup of T', [I' : U] < oo, and let f € Cy be holomorphic in H with
main-polynomial F(X, 7).

(i) If ONE conjugate fAM of f has q-coefficients in A, then
F(X,j) € AX, j].

(ii) If ALL conjugates fA™ of f have q-coefficients in a subring & of
C, then

F(X,j) € alX, j].
Proof The holomorphy of f implies the holomorphy of its conjugates.

Hence, the coefficients of the minimal polynomial p(X,j) of f over Cp
are in C[j]:

p(X,5) = ( cy,uj“> X", e €C.
0

v=0 \p=
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The coefficients ¢, ,, are uniquely determined by
m
Z cn gt =1 and p(f/\M,j) =0.
pn=0

Inserting the g-expansions

/J, f)xM E a(”# %
k=—o0

and by comparing coefficients, we obtain a system of linear equations
equivalent to p(f*,5) = 0:

n m
Cno =1, Z Z cy,uagl”’”) =0, veZ.

v=0 pu=0

By assumption about the g-expansion of f*, the coefficients a'’*"

are in A. Hence, by linear algebra there exists a non-trivial solution
(cy) € A™T™F2 This implies that the minimal polynomial over Cr has
coefficients in A[j]. The same holds for the polynomial F'(X, ), which is
a power of p(X, 7).
Under the assumptions made in (ii) the coefficients
pu(j) = chujﬂ
pn=0

of the minimal polynomial are in a[j] by Theorem 2.5.9. Again this
implies that F(X,j) € a[X, j], because F(X,j) is a power of p(X, j).

]

2.7 Modular functions for I'r

In 2.4.2 we have seen that jr and ¢r are in Cr, for a primitive matrix
R. In this section we will show that these functions are generators of
Cr,/Cr. Furthermore, our aim is to prove Q(j,jr) = Q(j, ¢r) and to
characterise the functions in this field.

Theorem 2.7.1 Let gr be one of the functions jr and pr. Then:
(i) Crr, =C(j,9r)-
(ii) For a complete system R, of inequivalent matrices of determi-

nant v the functions gr,,pu = 1,...,9(r), are all different and
constitute a complete system of conjugates of gr over Cp.
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Proof By Theorem 2.2.5 we see that by ggr, all conjugates of gr over
Cr are given. It remains to prove that the gg, are pairwise different,
which will be shown by looking at their g-expansions. We recall that

J=a"+ ) end", A7) =0em)2g [T -
n=0 n=1

The gr, only depend on the equivalence class of Ry, so we appeal to
Theorem 2.2.5, and we assume that R, = ({ Z). Then

an

00
j(g Z) = C(Sq% + Z Canan’

n=0
an > an 24
Ciar [T (A—=¢3"q)
by = a12 n=1
Praty <

q H (1 _ qn)24
n=1

Herein the leading coeflicients are all different if R, runs through the
system of representatives in Theorem 2.2.5. |

In view of later applications we consider the fields

Qr:=Q(j) and Qr,:=Q(j jr)

According to Theorem 2.6.2 the minimal polynomial of jr over Cr has
coeflicients in Qr, so by Theorem 2.7.1 we obtain:

Theorem 2.7.2 We have
[@ry : Qr] = (r),
and the different isomorphisms of Qr,/Qr are given by
A, =1,...,9(r),

if RM,,, pn = 1,...,9%(r), M, €T, is a system of representatives of
primitive matrices of determinant r.

To characterise the functions in Qr,, we set up the following notation
for the conjugates of f € Cr,, over Cr. We set:

froi= for TRM' =TR', M' €T.

In particular, using this notation, we can write f = fg.
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Theorem 2.7.3 Let R, Ry be in P, and fr € Cr,,. We assume jg, to
have q-coefficients in Q. Then

fr € Qr, < (fr, has q-coefficients in Q).

Proof The implication from the left to the right is trivial. To prove the
opposite implication, we observe that jg, is a generating element for the
extension Cr,, /Cr. Hence

Y(r)

Ry — Z alt(j)j]léo
pn=1

with coefficients a,,(j) € C(j) that are uniquely determined. Inserting
the g-expansion of the functions involved, we obtain a system of linear
equations over Q for the g-coefficients of a,(j). Hence, the a,(j) have
g-coefficients in @, which implies that they are in Q(j), so the above
representation shows that fr, € Qr,, , and it follows that fr € Qr,. [J

For the following we define the modular polynomial of order r to
be the main-polynomial of ji over Qr,

¥(r)

I(X,5) = [[ (X = jr.)

p=1
which is also the minimal polynomial of jr over Qr. Herein R, runs
through a system of representatives of primitive matrices of determinant
r.

Theorem 2.7.4 We have:
() 1:(X.4) € Z[X.3),
(ii) I(X,X) #0,
(iii) The leading coefficient of I.(X, X) is £1 for r € N\ N2

Proof ] roy having g-coefficients in Q and jr being holomorphic in H,
the ﬁrst part of Theorem 2.6.2 tells us that

I.(X,j) € QX, j],
and from the second part we obtain
I.(X,j) € O[X, j]

because the g-coefficients of the functions jg are in the ring £ of alge-
braic integers. This proves the first assertion of Theorem 2.7.4.
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To prove the remaining assertions, we consider the g-expansion of
I.(4,7), and we observe that the lowest coefficient in this g-expansion is
equal to the leading coefficient of the polynomial I,.(X, X). Using the
representatives of Theorem 2.2.4 we find that:

LG =] (g +- 1= 7 +--]).
(5a)
Since & # 1 if r is not a square, the leading coefficient of I,(X, X) is

a product of roots of unity, hence equal to £1, because I,.(X, X) is in
Q[X, X]. For r = t? the leading coefficient is given by

t if t is a prime power,
s Tl a-ch-=+{

1 otherwise.
b mod t

In particular, this shows again that I,.(X, X) # 0.

Now we consider the function ¢ with the main-polynomial

P(r)
(X - ‘PR“)-
pn=1

We have:

Theorem 2.7.5 Let R be a primitive matriz of determinant r. Then:

(i) Qrp = Qr(¢r),

(i) @r(X,j) = X*O4+BY)  (HXCOG)+. . +B7 () € ZIX, 5.

Herein B( (j)== H a > with the representatives R, = (¢ 2‘;)

from Theorem 2.2. 4

(iii) For a prime p we have B(()p) (4) = p'2.

Proof The first assertion of Theorem 2.7.5 follows from Theorem 2.7.3
because P(roy has g¢-coefficients in Q. For arbitrary R € P, the ¢-
coefficients of ¢r are in Z[(,], and ¢g is holomorphic, so by 2.5.9 the
coefficients of ®,.(X, j) are in Z[j]. Furthermore, ¢ having no zeros in
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H implies that

¥(r)

as a polynomial in Z[j] must be a constant. Hence, it is equal to the
product of the coefficients of the lowest terms in the g-expansions:

¥(r)
B(7 ( w(T) H Cau “CL
If » = p is a prime, this product is equal to p'2. ]

In the later applications we will sometimes need the representation of
a function f as a rational function of j and another function. This is
obtained by:

Theorem 2.7.6 Let P be a primitive matriz, whose determinant is a
prime p. Let fp € Qr, be holomorphic in H with the property that the
conjugates fpr, P' € Py, have g-coefficients that are algebraic integers.
Then:

fp®,(ep,j) = ao(j) + a1(j)pp + -+ -+ ap(4)¥p

with a,(j) € Z[j], p=0,...,p
Further, aog(j) € pZ[j] if f(;g ) has q-coefficients divisible by p.

Proof The proof follows from the g-expansion principle, using the fol-
lowing algebraic lemma:

Lemma 2.7.7 Let k(v)/k be a separable field extension of degree n,
and let

O(X)=X"+B, 1 X" ' +..-+ By
be the minimal polynomial of ¢ over k. Then:

(i) @,hp) b gf(:) is a basis of k(p)/k.

(ii) Fvery f € k(¢) has a representation

poGotmet 4 an—1¢""!
() ’
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where the coefficients a, € k are given by the formula

n
> Butrign(fer= ).
v=p+1

Before proving the lemma, we first use it to prove Theorem 2.7.6.
Therefore we apply the lemma to the extension Qr(¢p)/Qr and the
function fp. The formula of the lemma then shows that the coefficients
a,(j) are polynomials of j, because the BY )( /) and the functions fp and
pp with all their conjugates are holomorphic. Further, the hypothesis
on fp implies that the g-coefficients of the a,(j) are algebraic integers.
Therefore, by the g-expansion principle, the a,(j) are in Z[j].

Applying the isomorphism Ay, with 'PMy = T'(§ (1)) to the represen-
tation, we obtain

f(g ?)(I);;(Sp(g ?)7j) = ao(j) + al(j)@(g %) +ot ap(j)sofg 0y
Herein f(g 0y as well as P(roy have g-coefficients divisible by p and, since
D' (p P(r 0)) has integral g-coefficients, the representation implies that the
q—coefﬁc1ents of ag(j) are divisible by p. Applying again the g-expansion
principle, we find that ao(j) € pZ[j]. O

Proof of Lemma 2.7.7: Writing

f[ X=e)

with the different isomorphisms o1, ..., 0, of k(¢)/k, we obtain
B(X) — B(p)\ 7" i
(B A
- X=pn

where J,,, denotes the Kronecker symbol. By summation over v this

becomes
[trm) M ( f‘Wﬂ =Y,

where the trace is applied to the coefficients of the polynomial f
Writing

X)=2(¢)
X—p

n

CI)(X) - XM — (pﬂ B n—(v+1) yv
’ © X
e Y

n—

Z<Z )
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we end up with the formula
n—1 n
> ( Y Butrioyn (st“(”“))) o’ = f ().
v=0 \p=v+1

This implies the assertion of the lemma because by separability ®’(¢) # 0.
]

2.8 Modular functions for I'(INV)

Let N a natural number,

_(oe2) o 1
x—(N,N>eN(Z><Z)\Z><Z

and

ey e ()

an N-th division value of Weber’s 7 function as defined in 2.4.7.
With these division values we have

Theorem 2.8.1 Cr(y) is Galois over Cr with Galois group
G(Crwy/Cr) ={ A | M €T, M mod T'(N)} =T'/T(N).

Cr(w) 1is generated over Cr by the set of functions

1
) € —(ZXI)\ZXZ.
Tz xeN( X Z)\ Z x

Proof We know that the N-th division values of the 7 function are
in Cr(y). Let K be the subfield generated by them. We consider the
corresponding subgroup of T',

U={MeT | \y|K = idg},

which contains I'(N). The assertion of Theorem 2.8.1 is proved by show-
ing that U = T'(N). For M € U we have

1
Te = TN = Tam forallgEN(ZxZ)\ZxZ.

This implies that M € I'(N) because, as we will show,

Ty =Ty <= 2 =42 mod Z x Z.
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To prove this equivalence, we look at the g-expansion of 7,. Using the
identity

me:tl e

_ nqan:I:n
e X

we obtain by modifying the series in Theorem 1.8.2:

12@ +12an Q"+Q -2

n,m=1

with ¢ = e?™ and Q = (Vg *

() =lg" -] |1+

(1-Q72

Herein, however, for reason of convergence, we have toassume that |qu <
1, which can be achieved by changing x modulo Z x Z. Further, the ¢-
coefficients of the factor [¢~! + ---] due to ¢/ are in Z. This formula
implies the above equivalence. So we have proved Theorem 2.8.1. O

According to the above formula, T(,0) has a rational g-expansion.
Further, an arbitrary N-th division value is conjugate to 72 o) over Qr
for a suitable a € Z. Therefore, by the extended g-expansion principle the
main-polynomial of an N-th division value is in Q(j)[X]. Analogously
to 2.7 we therefore consider the extension of Q(j) generated by all N-th
division values. However, for the later applications we should take the
N-th cyclotomic field Qn = Q((x) as a field of constants rather than Q.
To characterise these functions we define the modular function field
of level N,

Fy :={f € Cr(n) | f having g-coefficients in Qy in all cusps},
first introduced by Sohngen (1935). We have:

Theorem 2.8.2 Fy is generated over Qn(j) by all N-th division val-
ues of the T function .

Proof By the primitive element theorem we know there is a linear com-
bination

g= Zn@'@ Ng € Z,
T

of N-th division values generating Cp(y) over Cr. Observing now that
the g-coefficients of g are in Q, we can show as in the proof of Theorem
2.7.3 that:
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Hence, Fiy is contained in the field generated over Qu(j) by the N-th

division values. The opposite inclusion is trivial. |

Remark 2.8.3 In the proof of Theorem 2.8.2 we only used the functions
in Fy as having g-coefficients in Qp. Therefore, the proof shows that
a function in Cr(y) having g-coefficients in Qx necessarily also has g-
coefficients in Qu in ALL cusps.

By Theorems 2.8.1 and 2.8.2 the extension Fy/Qp(j) is Galois and
G(Fn/Qn(j)) =T/T(N).

To determine the Galois group of Fi/Qr, we have to extend the auto-
morphisms

Ao = (v = (N), a€(Z/NZ),

of Qn to Fi. For this purpose we set

o Aa %)
(Z aan%) =Y (ay)g¥

n=—o00 n=—oc0
S n 1
for a Laurent series . a,¢¥ in ¢~ with coeflicients in Qp, thereby
n=-—00

defining an automorphism of the field of Laurent series over Quy. The
action of A, on a division value 7, can also be described by

>\a_
Te® = Tyl 0y

In view of Theorem 2.8.2 this implies that the restriction of A\, to Fv
is an automorphism of Fy. Hence the Galois group Fi/Qr is generated
by the two subgroups

{Av | M eT}=T/T(N) and {\, | a € (Z/NZ)*} = (Z/NZ)*.

Further, the action of A\,,a € (Z/NZ)*, and Ay, M € T, on the N-th
division values shows that for every A € G(Fn/Qr) there is a matrix
A € Gly(Z/NZ) with

Gy = and 7 = 7y

for all N-th partial values 7,. A is a uniquely determined modulo N up to
a factor 1 and, since every matrix A € Gl2(Z/NZ) has a decomposition
of the form

A= M (}?)M; mod N with My, M, € T and a € Z prime to N,
it defines an element A € G(Fy/Qr).
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Theorem 2.8.4 Fy is Galois over Qr and

G(Fx/Qr) = Glo(Z/NZ)/{£1}.

The action of the automorphism Aa corresponding to a matriz A €
Glo(Z/NZ) on the generating elements (n and T, is given by

det(A

=y

For an arbitrary function f € Fy the action is calculated via a decom-
position of the above form of A:

A
) and Te™ = TzA.

fra = [[f/\Ml]’\}) 2)]>\M2,

observing that by definition )\ 1oy is the application of automorphism A,
of Qn to the q-coefficients of afunctzon i Fy. To simplify notation, we
often write the action of \a as

fod:= fr,

2.9 The field Q(vz2,~s)

In order to find a simple algebraic equation for modular functions, it is
sometimes useful to replace Q(j) as the base field by one of the extensions

Q(v2), Q(v3) or Q(y2,73)-
of Q(j). We set

Uz = {M €T | 55 =72},
Us:={M €T | 33" =3},
Ug =< Uy, U3z >

By the n-transformation formula, we see that I'(6) is a subgroup of Us.
Therefore, we have the inclusion

Cy, C CF(N)7 for 6|V.

In particular, the g-expansions of the functions in Cy, = C(v2,v3) are
power series of q%. We are now going to find a suitable generalisation of
Theorems 2.5.2 and 2.6.2.

Theorem 2.9.1 The ring of holomorphic functions in C(vya,7y3) is
given by Clvyz,v3].
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Theorem 2.9.2
(i) Let f = > anq® be in C(v2,73), and let A be a subfield of C.

n>ngo

Then:
feAy) <= feqcAlgd]

(ii) Let f = 3. anq® be in Clyz,v3] and let a be an additive sub-
n>ngo

group of C. Then

feahe vl <= feqdag]l.

Proof of Theorem 2.9.1 We show that in every H holomorphic function
f € C(~2,7v3) is a polynomial in - and 7s. For the functions in C(v2)
the proof is completely analogous to the proof of Theorem 2.5.8 because
C(72) is a rational function field and ~, takes every value in H.

C(72,73)/C(72) being of degree 2, every function in f € C(vs,v3) can
be written in the form

f=a(y2)+b(2)ys,  a(y2),b(r2) € C(72).

Therefore, for f holomorphic in H we have to show that a(v2) and b(v2)
are polynomials. Let \j; be the non-trivial automorphism of C(v2,73)/
C(72) then

f+ M =2a(y) and (f — f2)2 = (2b(12))% (s — 12°)

are holomorphic in H and thus polynomials in 75. X3 — 123 having only
simple zeros in C, this implies that a(y2) and also b(72) are polynomials
in 75. Hence f is in C[ys,v3]. O

Proof of Theorem 2.9.2 The g-expansions of v, and 73 are of the form

1 o
Yo=q" % {1+ > cnq”} ;

n=1
1 o0
et e S ]
n=1
with ¢,,d, € Z. The implication from the right to the left in the first
part of Theorem 2.9.2 is now proved analogously to the proof of the
first part of Theorem 2.5.9 by inserting the g-expansion of the functions
involved into the representation f = a(vy2) + b(v2)7ys. For f having ¢-
coefficients in A, this shows that the coefficients of a(X) and b(X) are
solutions to a system of linear equations with coefficients in A.
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To prove the second assertion we write
f= > VSV Py (5)
(1,v)€{0,1,2} x{0,1}

with polynomials p,, ,. Herein

Vngpu,V(j) = Z bnq%-
n=2u+3v mod 6

The g-expansions of different summands containing no common power
of ¢, we can conclude that the p, , (j) have g-coefficients in a if this is
true for the g-coefficients of f. By Theorem 2.5.9 we now obtain the
implication from the right to the left in the second part of Theorem
2.9.2. The converse implication is trivial. ]

By Theorems 2.9.1 and 2.9.2 we come analogously to Theorem 2.9.3:

Theorem 2.9.3 Let s be one of the numbers 2,5,6, and let U be a
subgroup of T' with [I" : U] < oo. Let f € Cy be holomorphic in H. Then,
in particular, f is a function in Cyny,. By m(X) we denote the minimal
polynomial of f over Cy,. Then:
(i) If ONE conjugate fA of f over Cy, has q-coefficients in the
field A, then
m(X) € A[X,vs] for  s=23,
m(X) € A[X,72,73] for s=6.
(ii) If ALL conjugates of f over Cy. have q have q-coefficients in a
subring a of C, then

m(X) € alX, 4] for s=23,
m(X) € a[X,7v2,73]  for s=6.

2.10 Lower powers of n-quotients

The lower powers of n-quotients considered in section 2.4.3 satisfy rather
simple algebraic equations over the field Q(v2,~3). Similarly to Weber
(1908), 8§72, for n € N we study the functions

n(nw)
(W) :==v/n :
! n(w)
In view of later applications we also consider the functions

n(pw)n(qw)
n(pqw)n(w)’

Np,q(W) 1=
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with odd primes p, g. More precisely, we will need the functions

) = T2 (2.3
and
Ip.g(w) = n(;)n(qu), (2.4)
n(2)nw)

which, up to a constant factor, are conjugate to 7, resp. to n,, over
C(~2,7v3). For instance, as can be derived from the next two theorems,

g% is conjugate over C(vs,73) to (—1)%17727
and for odd primes p, g

p—1g—

1
gy is conjugate over C(vyz2,7vs) to (—1) 2 "2 n,', with m = ged(pg, 3).

To compute the equations of some powers of 7,, and 7, , over Q(72,73)
we need explicit formulae for their conjugates, so let s again be one of
the numbers 2, 3,6. Then, if the natural number n is coprime to s, we
have

with the above definition of Uj. Setting QQ = Q(12),Q3 := Q(v3) and
Qs := Q(v2,73), this implies that isomorphisms of Qp(n o Qs over Qg

are obtained by determining the matrices M, in Theorem 2.6.1 in Us.
Therefore, we choose a system of representatives of primitive matrices
of determinant n of the form

R, = (g Z) with b = 0 mod s

and then matrices M,, € U, so that

n 0 a b
(6 3)w=m(5 )

with a matrix N, € I'. Expressing M,, by

a p
N“:<7 5)

aa  abtfd
M= ).
" ( ~ya b+ 5d>

yields
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Now we choose
a=d,
6=-b+va, veZ, sothat ged(a,f) =1
and then
v,0 € Z with ad — By = 1.

Thus, for a given primitive matrix R, = (8 Z) we have determined

unimodular matrices

1 v d —b+va
M - N =
g <7a Vb‘HSd)’ g (7 5 )

with (§ ?)Mu = N.(g Z) As mentioned above for n coprime to s we can
find a system of representatives R, such that

b=0mod 8 if s = 2,
b=0mod 3if s =3,
b =0 mod 24 if s = 6.

The above construction shows that in these cases also v and v can be
found divisible by 3, 8, 24 with v > 0. For M, and N,, we then have the
congruences

MME((l) 2) modtandNME<g 2) mod ¢t

with ¢ = 3,8, 24.
For 3 {n we know by section 2.4.3 that:

8 —1
nn,}/;l € QF no, "

'

According to Theorem 2.7.1 n24 is a generating element for Qp( no, OVer

01
Qr and it is also a generator for Qp(n 0)(@2 because Qp(n 0, NQ: = Qr.
01 01

The minimal polynomial of 78 over Qs is given by

[Tex =)

m

with the above system {M,}. Using the transformation formula of the
71 function as in 2.4.3 and, bearing in mind the congruences for M, and
N, we obtain explicit formulae for the conjugates. Similar results are
obtained for 78 and n% if n is prime to 2 resp. 6. This leads to:
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Theorem 2.10.1

(i)

(iii)

(iv)

Let n be a natural number not divisible by 3. Then 0% is a gen-
erating function for @p(n 0)@2 over Q, and the conjugates of n
01

over Qs are given by

where (§ Z) is a system of representatives of primitive matrices
of determinant n with b =0 mod 3.

Let n be a natural number not divisible by 2. Then 1S is a gen-
erating function for (@p(n 0)@3 over Q3 and the conjugates of n°
01

over Q3 are given by

B %ag n(aderb) 6
(1) (n(w) ) ,

where ( Z) is a system of representatives of primitive matrices
of determinant n with b =0 mod 4.

Let n be a natural number prime to 6. Then 02 is a generating
function for Qp(no)(@G over Qg, and the conjugates of n2 over
01

Qg are given by

where (§ Z) is a system of representatives of primitive matrices
of determinant n with b =0 mod 12.

Let n be an odd natural number which is a perfect square. We set

m = 1 if n is divisible by 3 and m = 3 otherwise. Then 0, is

a generating function of Qr(n o, Over Qr, and the conjugates of
01

Ny over Qr are given by
Ld—1 n(““T“’) "
()i T Va—4>]
( n(w)

where (g Z) 18 a system of representatives of primitive matrices

of determinant n with b =0 mod 24 and e = ged(a, d).
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Proof The results in the cases (i)—(iil) are obtained as described above.
To prove (iv), we use the transformation formula of the  function, which
yields the above formula with the Legendre symbol (%) instead of the
factor (g) In view of 1 = @d — 8y = —3y mod d and 8 = —b + va, the
symbol () becomes (2=¥%). Herein b — va for all possible choices of v
is running through the residue classes modulo d that are congruent to b
modulo a. The images ni\M“ only depend on the matrices ( Z), so the
Legendre symbols (2=#) are all equal, and the common value is (2).

|

A similar result can be derived for the functions 7, ,(w) with p,q € N
prime to 6.

Theorem 2.10.2 Let p,q be primes other than 2 and 3. Then ny, 4 is a
generating function of Qp(m O)QG over Qg, and the conjugates over Qg
01

are of the following form:

(i) In the case p = q:
n(pw)n(pw)
n(p*w)n(w)’

p1g=1 p(E)? _
(=)= 27—, b modp,b=0 mod 24,

n(ﬁ)n(w)’

\/ﬁ(%)ll%’(”(ﬂ b mod p,b =0 mod 24,p 1 b.

(B2 n(w)’

(ii) In the case p # q:
n(pw)n(qw)
n(pgw)n(w)’

wid
(B)nuw)n(%)
q

=ty 0 0 mod 4, =0 mod 24p,

b
w+q

(%)ﬁﬁfm, b mod p,b = 0 mod 24q,

1 g— wtb w+b
(—1)%%%, b mod pq,b = 0 mod 24.

Proof In the proof of Theorem 2.10.2 we use the same arguments as
in the proof of Theorem 2.10.1. In addition, we have to determine the
action of the M, on the cosets T'({ (1)) and I'({ (1)), where the M,, are
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defined by the relation

pqg O _ a b
(3 )= )
Therefore, we observe that an equation
ad 0 a f ab
(31)2= (5 5) (G
a0 (5 B ab
(01>M_(7 6d) (01
d0 ol g
01 ya
ad 0 [a B 10
(50) 2= (5 5) (oua)
a0 (9 B 16
(6) 2= (3 52) (o)

Using these relations, the conjugates are obtained by the transformation

implies that

and

)
)
)

N—
N
O =
Q, Qo

In the same way

implies that

formula of the n function. For the third formula in the case p = ¢ the
transformation formula of the 7 function first yields (1) instead of (%)
Then, using the congruence

b= —v(=b+vp) = -8 =ad —yF =1 mod p,

we find that the two factors are equal. Finally, by looking at their ¢-
expansions, the conjugates all turn out to be different, which proves
that 7, 4 is a generator for Qr (7 O)Qﬁ over Qg. |

Example 2.10.3 We are now able to determine the minimal polynomi-
als for the powers of g,, and for g, , by solving the system of equation
in the proof of Theorem 2.9.3 (see also Weber (1908), pp. 251, 253, for
the first five equations):

s(X)=X%— X +16

mge = X* +18X% — 53X — 27
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mga(X) = X° +10X% — 9, X +5

mge(X) = X5 +7-2X0 4 7-9X* 4 7-10X% — 13X — 7
97

mge = X2 —11-90X+11-4072 X * —11-1575 X* +11-295 X * — 7973 X —11
Mg, (X) = X4+ (—j + 708) X*7 + (355 + 171402) X 6
+ (=525 j + 15185504) X4° + (4340 j + 248865015) X *4
20825 j + 1763984952) X*3 + (52507 j + 6992359702) X 42
22260 j + 19325688804) X! + (—243035 j + 42055238451) X 1°
596085 j + 70108209360) X3 + (—272090 j + 108345969504) X 38
671132 5 + 121198179480) X 37 + (969290 j + 155029457048) X 36
1612065 j -+ 97918126080) X35 4 (2493785 j + 141722714700) X 34
647290 j — 1509796288) X33 + (—3217739 j + 108236157813) X2
3033590 7 — 93954247716) X3! + (5781615 j + 91135898154) X 30
1744085 j — 108382009680) X2 + (1645840 j + 66862445601) X 28
2260650 j — 66642524048) X 27 + (6807810 j + 38019611082) X 26
2737140 j — 28638526644) X 2° + (2182740 j + 17438539150) X 24
125335 j — 8820058716) X 23 4 (—1729889 j + 5404139562) X 22
1024275 j — 1967888032) X 2! + (—1121960 5 + 1183191681) X0
395675 j — 370697040) X ¥ 4+ (—54915 j 4+ 103145994) X '8
15582 j — 42145404) X7 + (347555 — 15703947) X 16
6475 j — 3186512) X *® + (1120 j — 4585140) X
176 j + 1313040) X3 + (52 — 1486 j — 38632) X '2
77+ 399000) X + (=195 4+ 211104) X0 + (-9 + 6771) X
87 — 6084) X7 4 (74 — 5258) X©
+(j—792) X5 —105 X" +16 X3 +42 X%+ 12X + 1
For higher p, q the coefficients of mg, , are growing very fast. Without

+(=
+ (=
+(
+ (=
+ (=
+(
+
+(
+ (=
+(=
+ (=
+
+(
+
+(=
+ (=
+(=
+

skipping most of the summands the following example would fill three
pages.

My, 1, (X) = X108 4 (—722]'2 + 1983 9% j — 703818 15%) X 107

+ (358985068495 j* — 309034473137475737745 j°
—17585251716130674348255782 j2 — 7911838808006536150814586061
+1572070145524394198501876301844) X 54
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+ (72252 — 1983722 + 728366 722) X°+14076 v, X*+(—5j — 21824) X3
+572 X +1



3

Basic facts from number theory

To investigate how singular values of elliptic and modular functions are
linked to class fields over quadratic imaginary number fields, we need
some facts about orders and ideals in quadratic number fields. Further-
more, we will collect the basic definitions and results from class field
theory. Here we will use the classical language because this marries well
with singular values of elliptic and modular functions that are essentially
dependent on ideals.

3.1 Ideal theory of suborders in a quadratic number field

3.1.1 Fractional ideals, integral ideals, proper ideals, regular
ideals

Let K be a quadratic imaginary number field. Let d denote the discrim-
inant and O g the maximal order of K. O is a free Z-module of rank
2, described by a basis

d++/d

Oy =|w, 1] with w= 5

where we are using the notation
[a,b] = Za +7Zb

for a lattice. An order in K is defined as a subring containing the unit
element 1 of K, which is also a rank two Z-module. Every order is a
subring of O and for every ¢ € N there exists a unique order £, with
Ok : O] =t, given by

O =9 = [tw, 1].

82
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With these notations O x = ;. The conductor of O = 9, is defined
as the greatest integral ideal of £ that is also an ideal of O;:

t={ccO |0, cO}.
The conductor of £, is given by
t=9t

Therefore, £, is also called the order of conductor t£; or "order of
conductor ¢".

Definition 3.1.1 Let O be an order in K and @ a free Z-module of
rank 2 in K. Then a is called
(i) an ideal of O if Da C a,
(ii) an integral ideal of O if Da Ca C O,
(iii) a proper ideal of O if O = {¢ € K | ¢a C a}.

The next theorem shows that every free Z-module of rank 2 in K is a
proper ideal of some order in K.

Theorem 3.1.2 Let a = [an, a2] be a free Z-module of rank 2 in K
and a = gL, Then:
(i) O:={¢€ K |tacCa}isan orderin K.
(i) Let AX?+BX+C =0, A, B,C€Z,A>0, and gcd(A, B,C) =
1, be the primitive quadratic equation satisfied by . Then
D = [AO(7 1] = Dt.
Denote by
D(a) := B? — 4AC

the discriminant of AX? + BX + C. Then the conductor t of
is obtained from the relation

D(a) = t%d

with the discriminant d of K. Thus, the proper ideals of £ are
exactly the free Z-modules of rank 2 in K, with a ratio of basis
satisfying a primitive quadratic equation of discriminant t2d.

Notation: Later we will consider the values of modular functions f
depending on the ratio a of basis of a proper ideal a of some order
$),. Since the assertions to be stated about f(«) mostly depend only
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on t, it will be convenient not only to define the discriminant D(«) of a
quadratic imaginary number a € H but also the conductor of « to be
the conductor of the order of [a, 1].

Proof Writing the elements £ € K as £ = ma + n with m,n € Q, we
find that

Ela, 1] C [, 1] <= {

= {Alng(mB’mC)} = { Alm } — ¢ € [Aa,]1].
m,n € 7 m,n € 7

ma? +na = na — Z(Ba+ C) € [a,1]
ma+n € o, 1]

This implies that £ = [Aa, 1]. In particular, £ is an order in K. Since
the conductor ¢ of £ is equal to the index

t=[D1:D}

it can also be expressed by the absolute value of the determinant of a ra-
tional matrix transforming a Z-basis of £, into a basis of ). Therefore,
in view of

_ —B+VB2—4AC -B+tJd

- 2 - 2

we find the conductor to be ¢. U

Aa

The product ab of two free Z-modules @, b of rank 2 in K is defined
as usual as the Z-module generated by the products ab of elements a € a
and b € b. The norm  N(a) of a proper D-ideal @ is defined as the
absolute value of a determinant of a rational matrix transforming a Z-
basis of £ into a Z-basis of .

Theorem 3.1.3 The set of proper ideals of O = O, is a group J,

under multiplication with ) as neutral element. For a € J, we have
aa” = N(a)O,

where T denotes the generating automorphism of K/Q.

Proof Clearly, it suffices to prove the equality of the product of @ and
a”. So let
. aq
a = [oq, 2] = asfa, 1] with @ = —.
a2

« satisfies a primitive quadratic equation

AX?2+BX +C=0.
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Denoting the trace of K/Q by tr(.), we find that

aa” = N(ag)[a,a™,N(«a),1] = [N(az)[a, tr(a), N(a), 1]
_ [a,i,iﬂ} - N(j”[Aa, ) = Naa)

Now

(2) == ()= (& 1) (V)

with the representing matrix D of ay. Thus

(¢ )5

which is the asserted identity. ]

N(a) =

Examples of proper ideals other than principal ideals are given by
regular ideals:

Definition 3.1.4 Let ) be the order of conductor t in K and let a be
an ideal of . Then @ is called a regular ideal of £ if there exists £ € O,
prime to t, such that

ca+t=9.
Theorem 3.1.5 Every reqular ideal of ) is a proper ideal of .

Proof Tt suffices to show that every ideal a of £ with
a+t=9

is invertible. So let @ := ;a the ideal of O, above a and Efl its
inverse. We set

a=9O+ta "
Clearly, this is an ideal of ), and we find that
ad =a©O+ta H=a+taOa H=a+taa '=a+t=9.

Hence, aa’ = . Now it is easy to see that @ is a proper ideal of . [
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3.1.2 Ideal groups
Theorem 3.1.6 Let O be the order of conductor t in K. Then the set
JEO) of reqular ideals of O is a subgroup of the group of proper ideals of

9. Let Qﬁ denote the group of fractional ideals of 1 prime to t. Then
the map

H:jgo) HQlt, a; — D10y,

defines a bijection. For a given 0 € Qlt the corresponding proper ideal 0
of O is obtained by:

at:aﬁSt,

where S; denotes the quotient ring of ) defined by the semi-group of
elements prime to t. For an integral ideal @ in A"~ we have

a,=any,
and

D/Cltggl/ﬂ.

Proof To start, let @ be an integral ideal of £; prime to t:
a+t=9;.
We contend that
anO+t=9, Di@anY)=a and O/(anY)=O/a. (3.1)

The first equality is immediate, since t C $. The second is obtained as
follows: We have

Di(anO)=(a+tH@n)=aant) +tanO),

and herein the second summand can be modified because t is an integral
ideal of O prime to a N O:

tn@nO)=tna)nO = (ta) N O = ta.
Therefore, we obtain
DianD)=a@nO)+ta=a@nO +t)=ad =a.
To prove the third assertion in (3.1) we derive from

D =a+tCa+ODCO,
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the equality 7 = a + £, which implies that
Oi/a=(O+a)/azO/(an).

Now we consider an integral regular ideal a of £, and we show analo-
gously to (3.1)

aO;, +t=9; and (aD;)NO =a.

Herein the first equality follows from @ + t = £ by multiplication with
$);. The second is obtained as the second equality in (3.1). We have

(@D N = (aOD,) N (a+t).
Recalling the inclusion a$; O @, the right-hand side can be modified:
ad, N =a+@O)Nt=a+@O)t=a+at=a.

This completes the proof of the asserted bijection for integral ideals in
JEO) and 2. For arbitrary ideals in ’JEO) resp. in A the assertions of

the theorem can be rteduced to the "integral case": therefore let d be an
arbitrary ideal in 2[". Then there exists some ¢ in £ prime to ¢ such
that

§Cl+f:D1.

Replacing £ by a power of £, we can further achieve that £ = 1 mod t so
that ¢ is in . € being a unit in Sy, we obtain by intersecting

D=0,N8=Ea+t)nS, =&@ns,) +t
and then
O.(ans;) = %Dl(gam S,) = %(gamj) . %ga _a
In the same way we can show that:
¢01a+t=9; and (aD;)NS; =a

for a regular ideal @ of O and a ¢ € O that is prime to ¢ with fa+t = O.
This completes the proof of Theorem 3.1.6. ]

The ring ideal class group of O = £, is defined by
t = jt/ i,

where

1 ={yO [veK,y#0}

denotes the subgroup of principal ideals in J;. We have:
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Theorem 3.1.7 Every ring ideal class in R, contains an integral reg-
ular ideal. In view of Theorem 3.1.6 this implies that

Q[t/ﬂt =R by ally— (an SN,

where, as above, A denotes the group of fractional ideals of O that are
prime to t. g denotes the subgroup

Qlt = {%Dl | OéiDt +t= Dt},
and Q(t/ﬂt is called the ring divisor class group modulo t.

In the later applications we will need a further isomorphism analogous
to that in Theorem 3.1.7. We fix an integral ideal { of O, that is not
necessarily a proper ideal of £, and define the subgroups

jtvf ={aed;|a= %,ai Gjt,ui+f:Dt},
6” ={a= %Dt | ;O 4+ =Dy, a1 = ay mod f}.
We call &, 5 the ray modulo f of O, and
muf = jt,f/gt,f

the ray class group modulo | of $,. In particular, for t = 1 we denote
by

Rf = jl,f/Gl,f

the ray class group modulo f. Then, analogously to Theorem 3.1.7 we
have:

Theorem 3.1.8 In every ray class modulo f of O; there exists an
integral reqular ideal. Thus, we have the isomorphism

AT/8 1 =T,1/6,5 by atly— (@ns)G,,

where, as above, Qltf denotes the group of fractional ideals of 1 that
are prime to tf, and by ut,f we denote the subgroup

Ups = {201 | O +tf = O4, a1 = oy mod f}.

Proof of Theorems 3.1.7 and 3.1.8 In view of Theorem 3.1.6 it suffices to
show that there exists a regular ideal in every ideal class of J; modulo
$); resp. of J, y modulo Gt,f' For the classes modulo $); this follows by
Theorem 3.1.10, as will be explained after this theorem. For the classes
modulo Gt’f we need some further facts about the ring ;: Let @ be in
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jﬁ. Adapting the conclusions after the proof of Theorem 3.1.10 we can
find an element A € K and an ideal b of O, prime to tf, such that

a=\b.
Herein we have by definition
a= g—; with integral ideals @; € jt,fa

and we can write

A _ a _ al(a2b)8_1.
Dt azb (azb)"

Choosing an exponent e € N so that (a20)¢ is principal, we obtain

As we will show, we can find two elements \; € ,, i = 1,2, prime to tf
such that

i = \; mod .

Then Ab and b’ := i—ib are in the same class modulo &, ;. Further, b’

is regular and is in the ray class of d. Multiplying b’ by a power of A\,
satisfying the congruence X = 1 mod f, we find that b” := \gb is a
regular ideal in the class of d.

To construct A, we observe that £; is a noetherian ring, in which
every ideal # (0) is maximal. This follows from the fact that every ideal
# (0) is a free rank two module over Z, which implies that O;/a is
finite. Hence, the two ideals f and ft have a decomposition as a product
of primary ideals:

f=dy-...-q, resp. ft=qi-...-q;,
where the radicals
b= \/‘TiresP pi= \/qj
are pairwise coprime.
pi+p, =D and p;+p; = O if i # j.

Since | divides ft, the p, must be some of the p’, which implies m < n.
Therefore, we may assume that

p,=p., i=1,...,m
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£, being noetherian we further have the inclusions
piCa, P cd;

with a suitable common exponent e. For A with A, + f= £, we pick
a solution of the system of simultaneous congruences

N =X mod §,
N=1modp,, i=m+1,...,n,

which is possible because the ideals involved are pairwise coprime. Such
a solution N satisfies

N =X mod fand AD, + ft = O,.
This finishes the proof. ]

By Theorems 3.1.7 and 3.1.8 we find the following formulae:

Theorem 3.1.9 The indices of R, and mt,f are given by:

o S e T (1 (5) )

Rt

Herein hy denotes the class number of K, and for an integral ideal a
of Oy we denote by wy(a) the number of roots of unity & € Oy with
£=1 mod a. &, is the Euler function of ;.

Proof In view of Theorem 3.1.7, to determine |R;|, we must find a

formula for [52[!L :3¢]. Let ﬁi denote the subgoup of principal ideals of
£, that are prime to t. Since every iilealtof 1 is equivalent to an ideal
prime to t, the groups J;/$; and 1" /$); are isomorphic, hence

t t
[Ql : .61] = hK
To compute [ﬁi : 14¢], we consider the epimorphism
K 51* X 51* — ﬁi/ﬂt
(P7 7) = (5)11{:

—
with the group of prime residues Dl of 91 modulo t. It is easy to see
that this map is well defined, its kernel consisting of all pairs

(7,v') with 7 = /e
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with some o € S, prime to t and some unit ¢ € ;. Now we have
S;/Sit = 9, /t. Therefore, the elements of the kernel of s can also be
characterised by

(v,V) with v = vae, @aeUeecW,

where U denotes the group of prime residues modulo t in ; and W the
subgroup of prime residue classes modulo t represented by units of ;.
Hence

[ker(k)| = . (H[UW].

Using [UW| = ngrl]v‘};‘l, this implies that

(I)l (t)q)t (t)wl (91)

|ker(k)| = ()

and the formula for |R;| is proved.

To prove the asserted formula for |9'{t,f|7 we consider the inclusions

jt7f 2 SjI 2 6t7f7
where
9= {20, |10+ =04

denotes the subgroup of principal ideals of jt,f' Since, as will be ex-
plained after Theorem 3.1.10, in every ring ideal class there exists an
integral ideal prime to ft, this implies that

[jt,f ﬁ{] = ht.

Therefore, it remains to be shown that

NI —
[gt : t,f} wt(Dt) t(f)
Therefore, we consider the epimorphism
K §t x9O, — ﬁI/Gt,f

(val) = (5}3t)61‘,,f7

where ﬁt* denotes the group of prime residues of £, modulo f. The
kernel consists of all pairs

(71, 73) with 75 = 1€
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for a unit € in O,. Hence
|ker (k)] = ®(Fwi (D),
and this implies the asserted formula for |%t,f" O
Theorem 3.1.10 (n-system) Let n be a natural number. Let ag € H
be the ratio of a basis of a proper ideal of Oy and let
Ao X? 4+ BoX +Cy =0 with ged(Ag,n) =1,Aq > 0.

be the primitive quadratic equation satisfied by ag. Then, in every ring
ideal class modulo t there exists an ideal @ = [aq, ], such that the ratio
of the basis o = z—; € H satisfies a primitive equation of the form

AX?+BX+C=0
with

ged(A,n) =1,A >0 and B = By mod n.

Choosing such an ideal in every ring ideal class, we call the system of
corresponding ratios of basis an n-system.

Remark 3.1.11 In particular, by choosing n =t in Theorem 3.1.10 it
follows that in every class there exists an ideal

—B+tV/d

a=Ale,1] = 5

A, with ged(A4,t) =1,

hence a regular ideal.

Theorem 3.1.12 Let n be a natural number, and let o € H be the
ratio of a basis of a proper ideal of O, satisfying a primitive equation

AX? 4+ BX +C =0 with ged(A,n)=1,4>0.

Then there exists a unimodular transformation M € T'(n), so that o/ :=
M(«) is a root of a primitive equation

AX?2+B'X+C"'=0
with

ged(A',nt) =1,A" >0 and B' = B mod n.
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Proof of Theorem 3.1.10 let « be the ratio of a basis of a proper ideal
a of 9, and let n be a natural number. Since the ratios of basis in H
of ideals equivalent to @ are exactly the images of o under unimodular
transformations, we have to determine M € T" such that M («) satisfies
an equation having the desired properties. We proceed by induction on
the number of primes dividing n. For n = 1 nothing is to be shown, so
we assume the assertion to be proved for n, and we let n’ = np*,s € N,
with a prime p not dividing n. To prove the assertion for n’, we consider,
for a given p € Z, the unimodular transformation

1 —pu 1 0
w17 we(0)

For the root w € H of a primitive quadratic equation
AX?+BX +C =0,
we find that M, (w) resp. N,(w) satisfy

AX? + (B +2uA)X + (C + uB + pu?A) = 0 resp.

(A+uB + p*C)X? + (B +2uC)X + C = 0.
Now we assume « to be a root of the primitive equation
AX% + BX 4+ C = 0 with ged(A,n) =1,A4 >0 and B = By mod n.

Then, transforming o by some product of M, and N, with © € N
divisible by n, these conditions will not be lost if the u’s are sufficiently
large. Note that B2 — 4AC < 0 and A > 0 imply C' > 0. In this way
we can further achieve the new A as prime to np. In the cases p # 2 or
(p=2and B = 0 mod 2) this becomes clear by writing A+ uB +u?C =
A+ u(B+uC). For p=2and B =1 mod 2 one has first to transform «
by a suitable M, so that C' = 0 mod 2. Hereafter, we obtain an equation
with A = 1 mod 2 by applying a suitable N,. In order for B to satisfy
the desired congruence modulo np®, we apply a suitable M,,. Thus, we
end up with an equation, in which B = By mod np®. If p # 2, this is
immediate. If p = 2, we have to observe that the coefficients of X of
two primitive quadratic equations having the same discriminant have
the same parity. |

Proof of Theorem 3.1.12 Proceeding as in the last proof, we can achieve
the new coefficient A to be also prime to t. |
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3.1.3 Primitive matrices and bases of ideals

In what follows we will consider the action of primitive matrices on
Z-basis of ideals. Therefore, we set up some notation: for aj,as € C,
linearly independent over R, we define

o= ﬂ7 o= (al) and [a] :=Zay + Zas.
(%) (&%)

For a rational 2 x 2-matrix S = (”CL Z) of determinant s # 0, the ratio of

aa+b

the basis Sa is then given by S(a) = ¢35

Theorem 3.1.13 Let S be a primitive matriz of determinant s and
[a] € J;. Then:
(i) [Sa) € Ty with t'|ts and t|t's.
(ii) If t' = st, then D4[Sa] = [a], and if S' is another primitive
matriz of determinant s with [S'a) € Jys, then S" ~ SD., where
D, is the matriz of a unit in O, with respect to the basis .
(iii) If s|t and t' = L, then SD%[Q] = [Sa]. In particular, the equiva-
lence class of S is um’quelg} determined by [Sa] € jé.

Proof (i) By changing the basis in [@] and [Sa] we can arrive at S =
(592). Assume AX2 + BX + C = 0 to be the primitive equation of a.
Then S(«) satisfies

s2AX?2 + sBX +C = 0.

The primitive equation for S(«) is then obtained by dividing by the
ged(s2A, sB, C). Recalling ged(A, B,C) = 1, it follows that

D(S(a))|s*D() and D(a)|s*D(S(a)).

The relation between D(«) and ¢ from Theorem 3.1.2 now proves (i) of
Theorem 3.1.13.

(ii) In the case of t’ = ts the above equation is necessarily primitive and
thus C prime to s. According to Theorem 3.1.2 we have ; = [Aa, 1]
and computation shows that

Dt[SQ] = a2[ACY, 1} [Oé, S] = OéQ[AOé2, a, S]
= w[Ba+C a,s]=[a,1] =asa, 1] = [a].
If S’ is a further primitive matrix of determinant s satisfying

[Sa] = €[Sa] (3-2)
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with an element € € K, then by multiplication with £; we obtain
[a] = €lal.
This implies € to be a unit in ; and, from (3.2) it follows that
MS = S'D,

with a unimodular matrix M and the matrix D, of ¢ with respect to a.
Hence, S is equivalent to S’D..

(iii) If [Sa] is in T, then

B c

AX? 4+ =X+ = =0
S

<2
s
is the primitive equation of S(a) = <. Hence B is divisible by s and C
by s2. A must be prime to s. Further, by Theorem 3.1.2

O. =42 1).
s s
Now we compute
2
O] = A 10, 1] = as[d 0,42 1]
s s s s
Ba+C « @ 1
= s 1] = as[—,1] = —[Sal.
s s s s
This completes the proof of 3. ]

The next theorem makes the statement of Theorem 3.1.13 more precise
if s is a prime.

Theorem 3.1.14 Let P be a primitive matriz, whose determinant is
a prime p, and we let [a] € Ty. Then:

(i) If p|t, there exists a primitive matriz Py of determinant p with
[Pa] € Ty, if P o Py,
[Pa) € Jypr if P~ Py.
(ii) In the case pit the result depends on the decomposition of p in K :
(a) If p=9p, then we always have [Pa) € Jy,.
b) If p = P2, then there exists a primitive matriz Py, such
( p=>y P b
that [Ppg] is a basis of [a]p, with p, = pNO;. And then
for P we have
[Pa] = [a]p, € Ty if P ~ Py,
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(c) If p=pp, then there exist two inequivalent primitive ma-
trices Py, Py, such that [Ppa] resp. [Pga] is a basis of [a]p,
resp. [a]p, with p, = p N Y. And then for P we have

[p, € T, if P~ Py,
= la]p, € J, if P ~ Py,
[Pa] € Ty if P o Py, Py

Proof (i) In view of Theorem 3.1.13 we only have to show that for p | ¢
there is no primitive matrix of determinant p with D(P(«)) = D(«).

As in the proof of Theorem 3.1.13 we may assume that P = ((1)2 . Let
AX? + BX + C = 0 be the primitive equation of a. If D(P(«)) = t2d,
then

pAX?+ BX + % =0
would be the primitive equation of P(a) and C' would be divisible by
p. Further, B would also be divisible by p, because of B? — 4AC = t2d.
This implies that p?{C' and pfA because of ged(4, B,C) = 1. For p # 2,
we conclude that B2 — 4AC # 0 mod p?, which is a contradiction to
B? — 4AC = t>d = 0 mod p?. For p = 2, it follows that B? — 4AC =
8,12 mod 16, which is a contradiction to t2>d = 0,4 mod 16.

(ii) (a) We may again assume that P = ((1)2) . Then [Pa] € J; would
imply p|C as in (i). and then t?d = D(«) = B? mod p. But p is inert
by assumption and p { t. Therefore, t2d cannot be a square modulo p.
Hence [Pa] is not in J; but in J.

To prove (b) we need:

Lemma 3.1.15 Let a be an integral reqular ideal of O;. Then for every
b €T, we have:

[b:ba] = N(a).

Proof of the lemma If b is an integral regular ideal of £, the assertion
follows from Theorem 3.1.6 and the fact that the norm of ideals of
is multiplicative. The general case can be reduced to this special case:
by Theorem 3.1.10 every ideal in J; is of the form ¢ with an element
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v € K\ {0} and an integral regular ideal ¢ of ;. Now we have y¢/yca =
¢/ca, because multiplication by v is an isomorphism. ]

Proof of (ii) (b) Let p be the prime ideal of 1 above p and p, = D NP
the corresponding regular ideal of ;. By Lemma 3.1.15 we then have
[[a] : [a]p,] = N(p,) = p. Hence, there exists a primitive matrix P,
with [Pp o] = [a]p,. We contend that, up to equivalence, Py is the only
primitive matrix P with [Pa] € J;. Therefore, we observe that [Pa] € J;
implies that [[a] : [PaJ] = p. Thus, the integral ideal a := [Pa][a] !
contains p, so it is regular. By Theorem 3.1.6 @ := ;a has norm p
and hence is equal to p. Thus, @ = p, and [Pa] = [a]p,. Since this
determines P up to equivalence we can conclude that P ~ Pp.

This proves part (b) of (ii), and (c) is obtained in the same way. [J

To finish, we use Theorems 3.1.13 and 3.1.14 to prove the next theorem
which will be needed later. Given a natural number ¢ and a prime p, we
consider the epimorphisms

Hljtpﬁjt, aHaDt,
K : i)‘{tp — %t, aﬁtp g H(a)ﬁt.

By the above theorem we will be able to determine explicitly x~1({b})
resp. &1 ({b$)¢}) for a given b € .

Theorem 3.1.16 Let [o] be in Ty, and let Py, p=1,...,p+1, run
through a system of representatives of primitive matrices of determinant

p. We assume that Pi,..., Py, are exactly all P, having the property
[P.a] € Jip. Then:

p_l Zf p:pﬁvp#ﬁJ)fty

mel P if p=p*pit,
p+1l if p=p,ptt,
p if plt.
Furthermore, [Pyal, i = 1,...,m, are exactly all ideals in J; that are

mapped to [a] by Kk, and we have the equivalence
P9y = [Pua]9Diy <= ([Pua] = €[Pra] with a unit e € O,).

Clearly, by the classes of [P,al,u = 1,...,m, in Ry, we are given all
classes that are mapped to [a]$); under iz. The number of different such
classes is ", where e denotes the index of the unit groups of Dtp in the
unit group of O¢. Therefore, we know that e = 1 except for t*d = —3, —4.
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For the remaining Ppy1, ..., Ppy1 we have:

P,a and Ppi1a are bases of [antp and [g}ﬁtp ifp= pﬁ,p #* ﬁ,p)(t,
Pyi1ais a basis of [a]p, if p=P°, ptt,

Pyi1a is a basis of an ideal Qy,—1 € jtpq if plt.

Moreover, for p|t the ideal class of [a] is mapped to the ideal class of
atp—d:_)tp—l by k : R, — %tp—l.

Proof The assertions follow immediately from Theorems 3.1.13 and
3.1.14. We have only to show that the pre-images of [a] under x are
of the form [Pa] with some primitive matrix P of determinant p. To see
this, we observe that for a pre-image a € Jy, we have the inclusions

pla] = pOsa C Dtpa =ac 9:a=al,

which are strict because the ideals on the left and the right are in J; and
that in the middle is in Jy,-1. Therefore, from [[a] : p[a]] = p* we obtain
[[a] : a] = p. Hence, there exists a primitive matrix P of determinant p,
such that Pa is a basis of d. O

3.1.4 Integral ideals that are not regular

As already mentioned, an integral ideal a of an order £, is a product
of primary ideals. If @ is regular, the primary ideals are powers of prime
ideals and the factorisation is unique. If @ is not regular we have unique-
ness only for the corresponding radicals. By the next two theorems all
non-regular prime ideals and primary ideals are determined.

Theorem 3.1.17 [Bettner| Non-regular prime ideals of y are given
by
‘pp = pg%v

where p is a divisor of t.

Proof First, given a prime p dividing ¢, the set defined by p,, := pO .
is an integral ideal of £ that is not regular because p | t. Further, we
find that
0. p,) -
t-+p _[D%:Dt]_ P =D
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Hence p,, is a prime ideal. Conversely, let p be a non-regular prime ideal
in ;. Then

p+t#9,,
and we have the inclusion
pCp+tS O,

Moreover, £,/ P being finite, P is even maximal. Therefore, in view of
the above inclusion we may conclude that p = p + t, hence

tep.
This implies that P contains a prime p dividing ¢ and we have the inclu-
sion
py=p"O: CpO, Cp,

which proves that p, C p, because p is a prime ideal by assumption.
The maximality of p,, now implies that p, = p. U

The primary ideals belonging to a given non-regular prime ideal p, of
), are explicitly described in the next theorem.

Theorem 3.1.18 Let p be a prime dividing t and t = p"to, p 1 to.
Then all p,,-primary ideals of D, are given by
q=p"[Qd

with some primitive matriz Q and a basis a of Oy,. The determinant of
Q is a p-power and the discriminant D(Q(«)) satisfies

D(Q()) | *dx.

The exponent v, v € Ngy, must be large enough to ensure the inclusion

qc 9.

Proof By Theorems 3.1.2 and 3.1.17 we can immediately see that the
ideals ¢ defined in the theorem are p -primary. Conversely, let  be an
arbitrary p -primary ideal of $),. Then, ), being noetherian, a power
of p,, is contained in q:

Therefore

Oy 1 q] =[Oy, : O[O : Q] | p",
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and it follows that ¢ is of the above form. The condition on D(Q(«)) is
implied by Theorem 3.1.2 because (] is an ideal of ;. U

3.2 Density theorems
Let K be an algebraic number field and

Cr(s) %N(lwb’ s> 1,

its ¢ function, where the summation is over all integral ideals g of K
(meaning ideals of the maximal order of K). From its product expansion

where p runs through all prime ideals of K, one deduces that

1
log(Cx(s)) = Z - +0(1) for s — 1t
N(p)
p
Together with the well-known fact that
. Cr(s)
5141>1Jr s—1 < R>07
we thus obtain the relation
—1 1
li =1 3.3
o1+ log(s — 1) Zp: Npy (3:3)

which motivates the following definition.

Definition 3.2.1 (Dirichlet density) Let A be a set of prime ideals
of K. Then the limit

-1 1
0(A) := li
(A) = Hm o —1)£N(p)s’

provided that it exists, is called the Dirichlet density of A.

The Dirichlet density of a set A of prime ideals is determined by the
prime ideals of degree 1 in A. To be precise, we have:

Remark 3.2.2 Let A and B be two sets of prime ideals in K differing
by
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e finitely many prime ideals of degree 1 and

e an arbitrary set of prime ideals of degree > 2.
Then the existence of §(A) implies the existence of §(B) and both are
equal.

Proof The proof is immediate by the inequality

1 1
K : —
2wy < KU <
deg(p)>2

where p runs through all rational primes. To derive the inequality, one
has to observe that given a prime p, there are at most [K : Q] many
prime ideals in K whose norm is a p-power. |

For a given extension L/K of number fields, we now consider the set
Py, k of prime ideals of K splitting completely in L.

Theorem 3.2.3 The Dirichlet density of Pr, i exists, and we have

1

6 P = =
(Pr/x) L:K]
where L denotes the Galois closure of L/K.

Proof First, we assume L/K to be Galois, so L = L. Let IP’(LU be the set
of prime ideals of degree 1 in L, and let IF’S/) x be the set of prime ideals
of degree 1 in K that split completely in L. Then, by (3.3) and Remark

3.2.2 we have
s(PV) =1 and s(P) ) = 6(P
( L ) an ( L/K> ( L/K)-
Therefore, to prove Theorem 3.2.3, it is sufficient to derive the relation

1= né(P(l)

L/K) with n=[L: K]. (3.4)

The proof of this equation follows from the fact that, except for a finite

number, every prime ideal p € P(Ll/) e Splits completely in L,

pDL:"Bl""'f’Bn’

with prime ideals ‘BZ of norm

N(B;) =N(p).

Conversely, every prime ideal *J3 of degree 1 in L occurs in such a de-

composition for exactly one p € ]P’(Ll/) - The relation (3.4) now follows
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directly from the definition of the Dirichlet density. This completes the
proof of Theorem 3.2.3 for a Galois extension L/K. The general case
can be reduced to this special case by showing that

5(Prx) = 3(PL ).
To prove this equation, observe that
L=Ly-...-L,

is a product of fields that are conjugate to L over K. First, every prime
ideal p of K that splits completely in L also splits completely in L. Con-
versely, every prime ideal that splits completely in L splits completely
in all conjugate fields L; and thus also in L up to a finite number of
exceptions, as will be proved by the next lemma. ]

Lemma 3.2.4 Let Ly, Ly be finite extensions of a number field K, and
let p be a prime ideal in K that splits completely in L1 and Lo. Then P
also splits completely in LiLo.

Proof In view of the above application it will suffice to give a proof
with finitely many P’s excluded. We choose an integral generator « for
Lo over L. Then we have the inclusion

DLle - éDLl [Ol]

with the discriminant d of the minimal polynomial of « over L;. Now,
let p be a prime ideal in K splitting completely in L; and in Ls. In
order to show that p also splits completely in L; Lo, we have to prove
the congruence

NP = ¢ mod p for all ¢ € Oy, 1,

for every prime ideal P of L Ly above Pp. Therefore, let B, = B N L; be
the prime ideals of L; under 3. Then

NP = ¢ mod 3, forall é € Oy, i=1,2,

because, by assumption, P splits completely in both L;. This implies
that

NP = ¢ mod 5 for all € € Oy, [a],

and by the above inclusion we see that this congruence also holds for all
¢€9Oy, 1, if pis prime to d. Therefore, every prime ideal 9 of L1 Lo over
P has relative degree 1, hence P splits completely in L1 Lo. This completes
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the proof for all prime ideals of K except for the finitely many p’s
dividing d. 0
For later applications of the above facts we will need the following

theorem:

Theorem 3.2.5 Let N/K and L/K be finite extensions of number
fields, and let N/K be Galois. Further, we assume that with a finite
number of exceptions the prime ideals of degree 1 in K splitting com-
pletely in N also split completely in L. Then we have L C N.

Proof By Lemma 3.2.4, up to a finite number of exceptions, all prime
ideals of degree 1 in K split completely in N if and only if they split
completely in NL, so by Theorem 3.2.3

[NL:K]=I[N:K],

which implies the asserted inclusion L C N. ]

3.3 Class field theory

Let L/K be an extension of number fields with Galois group G =
G(L/K). We fix two prime ideals 3 above p of L resp. K with residue
fields

The Galois group G(fsp /Kp) of f;p /Kp is generated by the Frobenius
map

p: Ly — Ly, @E+3) =P 4q

For ¢ unramified over K we have an isomorphism between G (fqg /Kp)
and the decomposition group

G.(B/K)={y € G| $¥ =9}
by
W ¢ with (& + 9P) := () + P for all € € O
Hence, there exists a unique automorphism o () € G, () with

5"@3) = fN(p) mod P for all £ € 7.
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In the following we assume G to be abelian. Then o () only depends
on p. Therefore, we can define the Frobenius automorphism

with some prime ideal I3 of L lying over p. Let m be an integral ideal of
K that is divisible by all prime ideals ramified in L, and let A™ be the
group fractional ideals of K that are prime to m. Then by multiplicative
extension of

o:p—oa(p)
we obtain an epimorphism
o: A" - @
called an Artin map. In particular, we have the isomorphism
A" /8 =~ G by all — o(a), (3.5)

where 4 denotes the kernel of o. By abuse of notation we denote this
map again by the symbol o:

o(all) :=o(a).

As an application we can determine the factorisation in L of a prime
ideal p € A"

pDL:;Bl"".mr’

with different prime ideals I3,

7

over K and f being the order of pil in ™ J4L:

of L having the same relative degree f

f= [Ty, /Kp]| = o(ph).

In particular, the prime ideals in ${ are, except for a finite number, exactly
the prime ideals of K splitting completely in L, and this also implies that
4l contains infinitely many prime ideals of degree 1. By class field theory
we even know this to be true for every coset modulo L.

By Theorem 3.2.5, L is uniquely determined by . Therefore, L is
called the class field of K corresponding to {f. As an application of this
fact we have the equivalence

LCL < Yo
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for two extensions L, L' of K unramified outside m and the correspond-
ing subgroups i1, 3 of A™. Further, for 4 D 4" we have

o)L =o(t) if EDF, (3.6)

for two ideal classes € € A™ /U, eA™ /il/, which follows directly from
the definition of the Artin map.
As an application of this relation we obtain:

Theorem 3.3.1 Let L C L' be abelian extensions of K, unramified
outside m, and let 4 O s be the corresponding subgroups of A™. Let s
be in Z\ 72 and \/s € L. Then for every integral ideal ¢ of O, prime
to 2sm, we have

\/EU(C) = (N?c)) \/gv

where (N(c)) denotes the Legendre symbol.

As o(c¢) only depends on the ideal class ¥ modulo 31’ of ¢, we can define
a character of le/il/ by

xs(E) = (ﬁ) with ¢ € ¥, ¢ integral and ¢ 1 2s.

Clearly, xs has order 2 if \/s is not in K and is equal to the principal
character for \/s in K.

In the case [L' : K] > 2 there always exists an ideal class € € A" /4’
with

4 # ' and ( (e )) =1 for all integral ideals ¢ € ¥ with ¢ f2s.

If /s € L' \ L, then every ideal class & € A™ /8 contains two ideal
classes €, € A™ /U with

E, C b oand (€)= £1.

Proof For the proof we may assume ¢ to be a prime ideal p. Then, by
definition of o(p), we have

\/’U(p) \[ N(p) mod p

and this implies that

NP1

\/Eg(p)_l =s 2  mod)p.
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The Euler criterion now tells us that
NP -1t

and this proves the first assertion of our theorem because P is prime to 2.
The next two assertions are now immediate. To prove the last assertion,

observe that the Frobenius map o () of L/K has two extensions ¢+ to
L’ with

S

VO ENE

because /s € L'\ L and by (3.6) we know that 1 = o(E,) with two
ideal classes E/i modulo 4" contained in €. This proves the last assertion
of our theorem. 0

In the same way we prove for later purposes:

Theorem 3.3.2 Let L be an abelian extension of K, unramified outside
m, and let Y be the corresponding subgroup of A™ . Let ¢ be an n-th root
of unity contained in L. Then

7€) = ¢N(©)
for every integral ideal ¢ of O prime to nm.
Proof 1t is again sufficient to give the proof for a prime ideal ¢ = P { nm.
First, (U(p) is again an n-th root of unity
P =¢ vez,
and by definition of o, we have
= CN(”) mod p.

If ¢V — (NP was not equal to zero, it must be a divisor of n, which
contradicts the above congruence. Hence, (¥ = (NP as asserted in the
theorem. Ul

The main theorem of class field theory determines all possible sub-
groups of A™ corresponding to abelian extensions of K. To be more
precise, we fix an integral ideal f and define the ray modulo f:

-2

If | is divisible by all prime ideals dividing m, then Gf is a subgroup

a; € O prime to f, a; = ap mod f}

of A™ and, according to class field theory, there exists a unique abelian
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extension Kj of K associated with Gf. It is called the ray class field
modulo f over K. For f = (N), N € N, we sometimes write Ky instead
of K(y) for simplicity.

For K totally imaginary, in particular for K imaginary quadratic, the
ray class fields including their subextensions of K represent all abelian
extensions of K, which means that, given an abelian extension L of K,
then L is a subfield of some ray class field Kj. In this situation L/K is

unramified outside m = f, and for the corresponding subgroup 44 of QU(
we have

A o U= 1(G(KG/L) 2 &,

where G(Kj/L) denotes the Galois group of Kj/L.

In complex multiplication the "natural" extensions are connected to
the modular invariant j and to Weber’s 7 function. The corresponding
subgroups are given by Ll and ‘ut,ﬁ defined in Theorems 3.1.7 and 3.1.8.
Let ; be the class field corresponding to ¢ (tD = t). Then, using the
Artin map, the Galois group of ;/K is isomorphic to Qlt /3. In view
of Theorem 3.1.7 we then also have an isomorphism between the ring
ideal class group of ; and the Galois group of €2; /K. We describe this
isomorphism in the following way because this will be suitable later for
the action on singular values of modular functions:

o:Jy— G(Q/K) with ker(c) = $;.

Again, by abuse of notation, we have used the same symbol o as for
the Artin map. o is characterised by the following property: given an
integral ideal ¢, prime to ¢, with corresponding ring ideal ¢; := ¢ N Dy,
then the image o(¢;) is by definition the Frobenius automorphism of
0,/ K associated with c:

o(cy) :==o(c).

Due to this description, £2; is called the ring class field modulo ¢ of
K. In particular,

Qizgl

is the maximal unramified abelian extension of K, which is called the
Hilbert class field of K. In this case A" is the ideal group of K and
the subgroup ; corresponding to 2 is the group of principal ideals of K.
Hence, the Galois group of /K is isomorphic to the ideal group of K.
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The class field corresponding to the subgroup iltf is called the ray
class field modulo f of ; and is denoted by Ky s. Its Galois group
over K is isomorphic to the ray class group modulo f of ;. In analogy
to the ring class fields, we have an epimorphism

0:J,5— G(Kys/K) with  ker(o) = 6, ,
defined by
o(c) == o(c)

for every integral of £, prime to ft with the Frobenius automorphism
O'(C) of Kt,f'

For t = 1 the group 9%1# is equal to the ray class group modulo f
defined above and Kj = Ky, s is the ray class field modulo f.

The inclusion ¢ O ;¢ implies that Q; C Ky, and we have the
following diagram for class fields of K and corresponding subgroups of
jt,f:

K jt,f

For an explicit description of the Galois groups of Q,/K and K tf /O
let

Ay,...,0, € jﬁf

be a system of coset representatives modulo $); N ’Jt’f which is also a
system of coset representatives for J; modulo $);, because in every class
of J; modulo $); there exist integral ideals coprime to ft. Therefore, the
restrictions of the corresponding Frobenius automorphisms o (@;) to €2
all yield different automorphisms of €,/ K:

G(/K) = {o(a)|, ..., o(an,)| ).

Now, choose A1, ..., A\ € Oy, prime to f, such that the residue classes
Ai + | form a system of coset representatives modulo the subgroup
of prime residue classes generated by roots of unity in ;. Then, by
o(X;),i=1,...m, we obtain the different automorphisms of K;/Q:

G(K/9) = {o(\),- - 0(m)}-
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Further, by Theorem 3.1.9 we obtain explicit formulae for the degrees:

o w (D)@ (1)
(e K] = hae D@, ()

R ot}

To compute the discriminant of Ky/K, we consider the characters of

Llf / Gf7 which in short we call "characters modulo {". Given an integral
ideal b of K, then via the epimorphism

KQ[bf/be—)Q[f/Gf, abeHaGf,

every character y modulo | induces a character y := x o x modulo bf.
Conversely, one may ask whether a given character modulo § is induced
by a character modulo a proper divisor f/ of f. If not, then we call y a
primitive character.

Theorem 3.3.3 (conductor of a character) For every character
x modulo | there exists a unique divisor § of § and a unique primitive
character x' modulo §', so that x is induced by ' fo = §' is called the
conductor of x.

Let L/K be a subextension of K;/K and let 1l denote the correspond-

ing subgroup of Q[f. Then, we have the inclusion
A SUD G

We define a character of L/K as a character x modulo f with ker x D 41.

Theorem 3.3.4 (conductor-discriminant-formula) Let d,x
denote the relative discriminant of L/K. Then

dr/x = fo’
X

where x runs through all characters of L/ K.

Applying this formula in the case of a quadratic imaginary base field
K, we obtain:
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Theorem 3.3.5 Let K be a quadratic imaginary number field, | an
integral ideal in K and Kj the ray class field modulo f over K. Let p
be a prime ideal dividing f. We write f = p"b with an integral ideal b,
ptb. Then the p-exponent of dKf/K is given by

op i /x0) = Ky = K] (7 + 1)2(0") — ),

Wo

where
w; == w(p'h)

is the number of roots of unity in K congruent to 1 modulo p'b, and c,
is defined by

i
i 3 (P
j=0
with Euler’s function ®.

Proof For 1 < i < r we have vp(fx) < 7 if and only if y is a character
of Kpp: /K. Hence, the number of x with vy(f,) =i is given by

Koy K]~ [Kupios K] = [+ 6] ( 2a(p) = “ta(pi)).
Therefore
w(G/K) = [y K)o 3 (i) — wa (')
r—1
= Ko rK]in (w@(pr) - Zw@(p"))

= (K K]wio (w (r + DBPT) — 1)

and the formula is proved. |
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Factorisation of singular values

Modular functions from Fy have the nice property that their values at a
quadratic imaginary number « are algebraic and generate an abelian ex-
tension of K = Q(«). Therefore these values are called singular values.
Some of these values can also be factorised explicitly, which is crucial
for determining the generated fields.

4.1 Singular values

In this section we show that singular values are algebraic, and we will also
provide some factorisation properties that will be needed later. First, we
consider the modular invariant j. Let a be a lattice and a1, as a Z-basis
of a with o := g—; € H. We set

whereby j(a) is well defined, because for an arbitrary basis o], o} the
ratio o/ = % € H is related to a by a unimodular transformation which
leaves j invariant. Further, j(a) only depends on the class of the lattice,
i.e. we have

ja) =j(ax) for A € C*.

Theorem 4.1.1 Let o € H be a quadratic imaginary number. Then
jla) is an algebraic integer.

Proof Let a = [a, 1] be the Z-module generated by v and 1, and let ¢ be
the conductor of the order of a in K = Q(«). We choose a prime ideal p
of degree 1 not dividing ¢ with the property that the corresponding ring
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ideal P, is principal. Then

jle) = j(a) = j(ap,)

because a and ap, are in the same class. In view of N(P,) = p with a
prime p there exists a primitive matrix P of determinant p, so that

1
1S a baSlS Of Clpt. vwe t}lell llaVe

J(P(a)) = j(ap,) = j(a) = j(a),
and it follows that

Ip(j(a),j(a)) = I,(j(P(a),j(e)) = 0

with the main-polynomial I,,(X, 7). Now, by Theorem 2.7.4, we know
that I,(X,X) is a normalised polynomial in Z[X]. Hence j(«) is an
algebraic integer and Theorem 4.1.1 is proved. ]

Theorem 4.1.1 implies:

Theorem 4.1.2 Let f be in Fy, N € N, and let o € H be a quadratic
imaginary with f(a) # oo. Then:
(i) f(«) is algebraic,
(ii) f(«) is an algebraic integer if [ is holomorphic in H and the
q-coefficients in all cusps are algebraic integers.

Proof For f holomorphic in H the assertions of our theorem follow
from the extended g-expansion principle of Theorem 2.6.2 together with
Theorem 4.1.1.

To prove the first assertion for f having poles in H, the following
lemma provides a representation of f as a rational function with alge-
braic coefficients of j and some division values 7,,2 € +(Z X Z)\Z x Z
such that the representation is also valid for the values at a unless « is
equivalent to i = v/—1 or p = 71%‘/?3 This proves the first assertion
for f and « ¢ i, p, because j and 7, are holomorphic in H. To prove the
assertion for a equivalent to i or p we write

w

f(a) = F(Nia) with f(w) = f (N)

where N7 is a natural number. Then f € Fyn,, and Nj« is not equiva-
lent to ¢ or p for a suitable Nj. 0
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Lemma 4.1.3 Let A be a subfield of C, and let f be in AFx having no
pole at o € H. Let oy, ..., s modulo T(N) be all points in H equivalent
to a modulo T, but different from o, where f has a pole. Let

Ti =Ty, t=1,...,m,

denote all different functions in the set {1, | © € (ZxZ)\Zx L} .
Then there exist i1, ...,is € {1,...,m} such that

Tik(a) # Tik(ak), k=1,...,s,

and we have a representation of f as

[C:0(V)]
> a,(f)mt Tk
f _ H1seees b =0
(I (i, = i () II  (ri —7y))"
R=1 1<i<j<m

with a natural exponent n and rational functions

au(j) € M7y (), ..., 7i, (as))(4),

having no pole at a.

Proof We consider the tower of fields
Lo = AQn(j), L1 = Lo(71), -+ s Lin = Lin—1(Tm) = AFy.

Applying Lemma 2.7.7 to the extension L,,/L,,—1, shows that f can be
written as
(:T(N)]

Im—1,uTh,
n=0

(T —7) ’

2

f=

where the 7; in the product are all conjugates of 7,,, over L,,_; different
from 7,,. The coefficients ¢,,_1,, are in L,,_;. First, we assume f to have
no pole at aq, .., as. Then the explicit formula in Lemma 2.7.7 shows that
the same is true for the g,,—1 ,. Now, applying the same arguments to
the gm—1,, and the extension L,,_1/L,,—2 and so on, we end up with a
representation of the form
[T:L (V)]
gou ()T - Tl

ECE

1<i<j<m
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where the coefficients a,,(j) := go,, € Lo = A(j) have no poles at «, and
n is some natural number.

For f having poles at ay,...,as,s > 1, we conclude as follows: the oy
can be written as Mya with My € I'\ T'(N). This implies the existence
of suitable z;, € +(Z x Z) with £z, # x;, My mod Z x Z. Hence

Tz, (@) — Tz, (o) = Tz, (@) — Tz, My, (o) #0.

Therefore, with an exponent n high enough, the function

fo= 1o = mie ()"

k=1
is without poles at a1, ..., as. Then, applying the above construction to
f, we obtain the asserted representation for f. O

In the next two sections we consider the singular values of ¢4 and
¢z, which are algebraic integers according to Theorem 4.1.2. Moreover,
they have no zero in H, which implies that the lowest coefficient of their
main-polynomial must be a constant. Using this fact, we will be able to
factorise the singular values of ¢4 and ;.

4.2 Factorisation of ¢4 (a)

Theorem 4.2.1 Let K be an imaginary quadratic number field, and
let o = (g;) be a basis of a proper ideal & of .. We assume that
a= g—; € H. Let p be a prime that splits in K,

p=pp,

and does not divide t. Then there exist two primitive matrices Pp,Pﬁ,
uniquely determined up to equivalence, such that

Ppa resp. ng

are bases of ap, resp. ap,. We then have

erp(a) ~ P and pp(a) ~ p'2.

Further, pp(a) is a unit for all primitive matrices P of determinant p
that are not equivalent to Py and Pﬁ.
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Proof By Theorem 4.1.2, we know that ¢p(«) is an algebraic integer
for every primitive matrix P of determinant p. Further, according to
Theorem 2.7.5, we have the formula

H‘PP(O‘) = p127
P

where P runs through a system of inequivalent matrices of determinant
p, 80 @p(a) must divide p'? = pmﬁl?. Now we choose an exponent
m € N, so that

pi* = ()
is principal. Then we have the identity
12 Aapy™) pA@p) A pPT iom
Aapp D) T A@ TP A oer TP
Writing
12A(ap,)

ppy(a) =p NOR

and recalling that these values are divisors of p'? = pmﬁu, it follows
that each factor in the product must be associated with 512. This proves
the first assertion of our theorem, which implies the second because the
product of all pp(a)’s is equal to p'2. O

By Theorem 4.2.1 we obtain:

Theorem 4.2.2 For a,b € J; we have

Aa)
m ~ bDl

Proof We choose a prime ideal P of degree 1 not dividing ¢, so that P,
is in the class of b:

b=¢p,, €K
Then, by homogeneity of A
A@) i A®)
A(ab) A(ap,)
Theorem 4.2.1 now implies that
A(a) 12 122=—12 12 _ pl2
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In particular, by Theorem 4.2.2 we find the following theorem used in
the sequel:
Theorem 4.2.3 Let aq, as be in Jys, s € N, with .0, = O,0y. Then:

A(Cll)

A(da) ~ 1.

To factorise the singular values of ¢4 for an arbitrary rational matrix
A of positive determinant, observe that

AZanQn

is a product of primitive matrices of prime determinant with a rational
factor a, and we can write

pa(w) = e, (w2) -+ - pq,. (wn)

with w, = w and w; = Q; - ... Qn(w),i > 2. Therefore, it suffices
to treat the case when det(A) is a prime. Following the exposition of
Deuring (1958) we prove:

Theorem 4.2.4 Let p be a prime, P a primitive matriz of determinant
p and o = (Z;) a basis of a proper ideal @ € Ty with o = g—; € H. Let
p° be the p-part of t. Then:

(i) If p splits in K, p=pp:
1, if  [Pa) € Jip,
ep(a) ~q p? if  [Pa] € Ty,
P’ i [Pa)=ap,
(i) If p is ramified in K, p = p?:
P, i [Pl €Ty,
pp(a) ~ S p!23F  if  [Pa] € Ty,
p2, if  [Pa]=ap,.
(i) If p is inert in K, p=p:
preI, if  [Pa] €Ty,

QOP(C() ~ { 12 12
p

ety if  [Pa) € Jypea.
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Proof As pp only depends on the equivalence class I'P, it suffices to
prove the assertions for a system of representatives P, ..., P,11 of prim-
itive matrices of determinant p. We proceed by induction on e starting
with e = 0.

(i) For p split in K, p = pp, we may assume P;a,i = 1,2, to be bases
of ap, and ap,. Then for i = 2,...,p+ 1 the P,a must be the basis of
ideals from J¢,. Keeping in mind that the product of all pp,(a) equals
p'2, the assertion follows from Theorem 4.2.1.

(ii) For p ramified in K, p = p?, we may assume Pia to be a basis
of ap,, and the other P;a must be the basis of ideals in Jy,. Moreover,
for the latter, the ¢p,(«) are associated with each other by Theorem
4.2.3. The assertion now follows as in (i).

(iii) For p inert in K, p = P, all Pia are bases of ideals in Jy,, and
again by Theorem 4.2.3 the pp, («) are associated with each other, which
proves the asserted factorisation.

Now we treat the case e > 0. Recalling Theorem 3.1.14, we may
assume that [Pia] € Jy, and [Pa] € Jyp-1 fori = 2,...,p+ 1. Theorem
4.2.3 and Theorem 3.1.16 imply again that ¢p, (), i =2,...,p+ 1, are
associate to each other, hence

o, (a)pp, (@) ~ p'2.

In this product the factorisation of the first factor is obtained from the
case e — 1. To see this we write the first factor as

(20) () -

Herein, prlmaps the basis Pia of an ideal in jtp—l on a basis of an
ideal from J;. Therefore, from the case e — 1 we know that the second
factor in the product is associated with

0, if p = pp,
pnc*l with ne_1 = p% lfp = p2a

12 .
This implies that

Ne_1

op, (@) ~p? 7" and p,(a) ~p P =pie,

which is the asserted factorisation. [
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4.3 Factorisation of ¢(¢ | £)

The factorisation of the singular values of Klein’s normalization of the o
function will be derived from Theorem 4.2.4 using the following formulae
of Theorem 1.9.3:

[T ec+ealb)> = oay=m,

aca/b

I wlor ~ (38)"

aea/b
agh

Herein a D b are proper ideals of some orders in K, £ € K \ @ and m a
natural number depending on £. The following theorem essentially goes
back to Ramachandra (1969) and Schertz (1989) for ¢ = 1 and was then
generalised by Bley (1994) for an arbitrary conductor t € N:

Theorem 4.3.1 For a; € jto and £ € S; \ a; the set
o, ap) ={ e K| e}

is an integral reqular ideal in J; and has therefore a unique factorisation
with prime ideal factors. We have

1 , o if o(&,a;) is composite,
1
p(lag) ~ pe@® if  o(§,a,) = Pp;i is the power of
a prime ideal P,.

p denotes the prime ideal p =P, 1 of O;.

Before proving the theorem we will first make some remarks and some
preparations. We use the notation

e(&lar) = p(&l50)

with a Z-basis aq,as of @;. This is an abuse of notation for the value
still depends on the basis, but since for different bases the values only
differ by a factor which is a root of unity, the factorisation is the same
for every choice of basis.

The results of Theorem 4.3.1 do not contain the factorisation of the
singular values p(&|a) for ¢ # 1 when the ideal a is not regular. However,
as Bley (1994) remarks, these cases can be derived from Theorem 4.3.1
by using the formula

pely=¢c J] ele—AtaDy), ¢2=1, (4.1)

Aea/taDy
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where @ is an integral ideal of ; and ¢ € O\ a. The formula shows that
the algebraic integer p(£|a) is a divisor of ta);. To be more precise, one
can easily derive from Theorem 4.3.1 the following result:

Theorem 4.3.2 [Bley] Let a be an integral ideal of O and & € D4\ a.
Then the algebraic integer p(€|a) is a divisor of ta,. Given a prime
divisor P of tuD1, we write

taD, = p"b  with an integral ideal b of D1 prime to P .

Then the ideal P occurs in the factorisation of p(&|a) with the following
exponent:

(i) In the case £ ¢ a+ (bNOy):
vp(p(la)) = 0.

(ii) In the case € € a+ (bNDy) let ig € {0,...,n — 1} be minimal
with

fea+(pbny), E¢a+(petbnO,)

Then

- 1 (lanb|l |anpb|
vp(p(€la)) = o (pm) ( brb]  [p"b] )

N 1 (|ampio—1b| B |ampi°b|)
P(pn—iotl) pb| lpm b
1 |anphb|

D(pm=io)  [pnb|

+

Recalling homogeneity, ¢(£[7!) = <p(’y§|m;), ~ € K*, it is easy to
see that it is sufficient to prove Theorem 4.3.1 for regular ideals a; and
€€ O\ a;. We need:

Theorem 4.3.3 Let a; be an integral reqular ideal of Oy, € € Oy \ ag,
and let v € Oy have the property v¢ & a,. Then

p(&lar)p(v¢|an).
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Proof Observing a; C %, the assertion follows from the product formula
of Theorem 1.9.3:

etrgla) = (¢]% )~ T w(e+ala,

a;
ac > /Clt

where p(€|a;) is a factor of the right-hand side. O

Proof of Theorem 4.3.1 We conclude as in Bley (1994). Let

a =Py - (P
be the factorisation of a,. For & € O, \a;and v =1,...,e; we then have

a; a;
\

of§,a)) = (p,)i = &€

Py ()t

Now by Theorem 1.9.3 we obtain

I ecar= ]I

e, /a, ce2_/a
o(€.a,) ()Y o7/ %

and it follows that

H p(Ela) ~ p;.

e, /a,
o¢.apn=P Y

In the last product all factors are associated with each other. This follows
from Theorem 4.3.3 because for £, ¢ € 9, with o(&, a;) = o(¢’, a;) there
are elements 7,7’ € £, such that

~¢ = ¢ mod a; and v'¢' = € mod a;.
Further, the number of factors in the product is equal to
1O:/(p))1 | = [O1/p7| = 2(p7).

This proves our assertion for o(, @1;) being the power of a prime ideal.
Otherwise p(&|a;) must be a unit. This follows from

12 A(D )
geg_[/u o(€lag) ~ \/ A(a:) ~ a0y,

£Z0y

recalling that the product of factors in which o(€, @) is the power of a
prime ideal, is also associated with ;8. ]
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4.4 A result of Dorman, Gross and Zagier

To factorise the singular values in the preceding sections it was essential
that the modular functions had no zero in the upper-half plane, so the
method does not apply to functions like j or 7,,. However, in a special case
the above-named authors obtained the following result on differences of
singular values of j.

Let dy, ds be relatively prime fundamental discriminants of quadratic
imaginary number fields K7, K5, we define the quantity

J(di,ds) = [ Gi(ar) = j(az) @,

where a1, 0o run through a system of representatives for the ideal classes
in K resp. Ko and wy,ws denote the number of roots of unity in K,
resp. Ky. We quote the following result from Gross and Zagier (1985):

Theorem 4.4.1
J(dy,dy)? = + 11 ne™).

z,n,n €7
n,n >0
22 +4nn’ = dids

To define the exponent ¢(n) note that for a prime ! dividing W

we have (dllﬂ) # —1. For such a prime, define

(%) if ged(l,dy) =1,
()= { (Cllf) if ged(l,dy) = 1

and then

e(n) := He(l)”l for n = Hl”’.

ln ln
In the same paper Gross and Zagier also derive the following result:
Theorem 4.4.2 Let d < —4 be the discriminant of an order Oy in a

quadratic imaginary number field K and | a prime satisfying (%) =1.
Then, for any proper ideal @ of Oy

N(j(a)N(j@) - 12%) # 0 mod L,
where N denotes the norm of K(j(a))/Q.
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The Reciprocity Law

In Chapter 4 we have shown that singular values of functions from Fy
generate algebraic number fields. Our aim now is to determine the action
of automorphisms on these values. The main result is the assertion of
Theorem 5.1.2, which tells us that the generated fields are abelian ex-
tensions of imaginary quadratic number fields. In the following section
we will discuss some applications which we will need later.

5.1 The Reciprocity Law of Weber, Hasse, S6hngen, Shimura

The "source" of the Reciprocity Law 5.1.2 is the following theorem:

Theorem 5.1.1 Let K be a quadratic imaginary number field and p
a prime that splits in K: p = pp. Let a be a proper ideal of Oy, a1,z
a basis of @ and o = 3—; € H. We assume ptt. Let Pg be a primitive
matriz of determinant p, so that Psais a basis of ap,.

Let A be an algebraic number field, P a primitive matriz of deter-
minant p and f = fp a function from AQr,, holomorphic in H. We
assume f to have integral q-coefficients in all cusps and f(g 0 to have
q-coefficients divisible by p. Then the algebraic integer fpﬁ(Oé) 18 divisible

by p.

Proof According to Theorem 2.7.6 we can write

frs(@) T1 (org(a) - wr()

PiPy

= ao(j(a)) +ar(j(@))pps (@) + - +ap(j(@))pps (@)?
with polynomials a,(j) satisfying

ao(j) € pOA[j] and a,,(j) € Oaljl,p=1,...,p.

122
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Herein j(«) is an algebraic integer by Theorem 4.1.1. gopﬁ(oz) is even

divisible by p according to Theorem 4.2.1 and the other values ¢p(«)
in the product are units for p. The assertion now follows from the above
representation of fpﬁ(a). O

To state the Reciprocity Law, we set up the following notation. Let
A € 7Z2*? with determinant a > 0 coprime to N € N and f € Fy. Then
we define a function f4 by

fAw) = [f o ad™](AWw)).
The following properties of f4 are immediate:

(i) fM = fforall M €T.
(i) fMA = fAforall M €T, ie. f4 only depends on I"A.
(iii) fAoM = (foM)* forall M €Ty =TNA'TA.

Theorem 5.1.2 (Weber, Hasse, S6hngen, Shimura) Let K
be a quadratic imaginary number field and @ = [o] € T, with basis

a= (al) and o = % € H. Let f be in Fy with f(«a) # co. Then

Qs

fla) € K.

Further, let ¢ be an integral ideal in K of norm ¢ > 0, coprime to tN,
and let ¢; denote the corresponding ideal in J;. There exists C € Z*>*?
of determinant ¢ such that

Ca is a basis of a¢;.

Let o(¢) denote the Frobenius automorphism of Ky /K belonging to ¢.
Then

f(0)7 ) = 1(a).

Proof First let ¢ = p be a prime ideal of degree 1 and norm p in K
with P # P, and let Pa be a basis of ap, with a primitive matrix P of
determinant p. The above properties of f¥ then imply the polynomial

Sp(X,w)i= ] X=((foM) (w)=(foM)P(w))

MET/T(N)
to have coefficients in (Qu)r,:

Sp(X,w) € (Qn)rp[X].
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We first treat the case of f being holomorphic in H with integral ¢-
coefficients for all fo M, M €T

(oo}
foM=> ang¥, an€Z[(n].
n=0

Then for Py = (¥ (1)) we have

00 IS »
(foM)Po —(foM)P = alrgiP — (Z aan%) :
n=0

n=0

where o, denotes the automorphism (¢x — (&) of Qu. Using ap’ =
a? mod p we obtain the following congruence that is to be understood
as a congruence for the g-coefficients:

(f o M)™ —(f o M)” =0 mod p,
and thus
Sp, (X, w) = XTI mod p.

Since P(«) is the ratio of a basis of ap, by assumption, it follows from
Theorem 5.1.1 that the X-coefficients of Sp(X, @) are contained in an
algebraic extension of K satisfying the congruence

Sp(X,a) = XTI mod p.
For every prime ideal 3 in L := K({f o M(a) | M mod I'(N)}), lying
above P, this implies that

ff(a) = f(a)? = 0 mod ‘B.

Now the Frobenius automorphism o (*J3) of I3 over K by definition sat-
isfies

F(@)”™®) = f(a)? mod B,

and we can conclude that

F(e)® = P(a) mod P. (5.1)

Following Sthngen (1935), we will use this congruence to show that
f(a) is contained in the ray class field K(y¢). Therefore, we contend
that f¥(a) = f(a) for p in the principal ray class modulo Nt. So let
p = (n) with m =14+tNg3, g€ Okg. Since

Pla) ()
(65) TO
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are bases of ap,, we have

() -w(:2)
(6%) T

with a unimodular matrix M. This implies that

P (g;) — M(E + NtDg) (Z;)

with the matrix Dg of § with respect to the basis a1, and the unit
matrix E. The last equality shows that P = M (E + tN Dg), hence

P =M mod tN.
Keeping in mind p = N(7) = 1 mod tN, it follows that
pP~' = M~ mod tN,
and then f7(a) = fM(a) = f(a), as was to be shown. Therefore, we have
fle) € K.
Now we contend that the congruence in (5.1) becomes equality
f(a)"™®) = (o)

for ¢ = p satisfying the assumption of our theorem. To show this, it
suffices to prove the congruence

F(@)"® = P (a) mod Q

for infinitely many prime ideals £ of K ¢t~y Therefore, in the ray class
modulo tN of P we choose infinitely many prime ideals ¢ of degree 1
with @ # q and for each a prime ideal 1 of K(,y) above . Then we
have

aq, = ap,3 with 5 =1 mod ¢N.
Let P resp. Q be the primitive matrix such that
P (al) resp. @ (al)
Q2 Q2
is a basis of ap, resp. aq,. Then we have
P =MQ mod tN

with a unimodular matrix M. This implies that f7(a) = f%(a), and
since the Frobenius automorphisms of 3 and £ are equal, we obtain

F(a)" P — £P(a) = f(2)° D — #2(a) = 0 mod Q.
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This congruence holding for infinitely many prime ideals £, we can
conclude that f(a)”PP) = fP(q). This implies the second assertion
for ¢ = p a prime ideal of degree 1, p # P, because o(P)|K(f(a)) =
a(B)|K(f(a)) by definition of o().

Now let f be an arbitrary function in Fn with f(«) # co. To prove
the assertions in this general case, we proceed as in the proof of Theorem
4.1.2 and write

=R, 11, Tm), (5.2)

with a rational function R € Q%(Xy,...,X,»)). Since j and 7; satisfy
the hypothesis made at the beginning of the proof, we can derive that
the coefficients of R are in the N-th cyclotomic field, hence in K ).
For a not equivalent to i = v/—1 or p modulo T, the representation is
also valid for the value at «, and it follows that

fla) € K-

Now let ‘B be a prime ideal in K(;y) above p and let o(*J3) be the
corresponding Frobenius automorphism of K yy/K. To compute the
action of o(*I3) on f(«) using the representation, we extend the action
of g = go(g53) to Kin)Fn by

(i anq}b) oo(P) = iai(m”)q%.
n=0 n=0

To be precise, this is even an automorphism of Ky Fn/Q(j), because
the generating functions 7,,u € %(Z X L)\ Z x 7, over Ky are per-
muted by this extension. Let A be one of function involved in the above
representation (5.2) of f or a coefficient of the rational function R, then
with the matrices M, My € T' in a decomposition pP~! = Ml((l) g)Mg
the action of o(J3) on h(«) is given by the formula
h(@)”® = [[[h o Mi) o o(PB)] o Ma] (P(a).
From the above representation of f we obtain

F@)7®) = [[[f o Mi) o o ()] o Mo](P())
= [[[f o Mi] o (5 )] 0 Ma](P(a)) = ¥ (a).
In the remaining cases, when « is equivalent to i = v/—1 or p modulo I’

we adopt the method applied in the proof of Theorem 4.1.2

@) = F(N'a),  f(w) = F(57)
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with a suitable power N! of N, such that N'« is not equivalent to i =
v —1 or p modulo I'. Since f is in Fyi+1, we have a representation

f=R(,m1,...,Tm) mit R € Knie1)(Xo, ..., Xm),

where now 71,. .., 7, are the different functions of 7, z € #rr(Zx Z)\
Z x Z.. Via the identity

f=R(jok,Tok,...,Tmok), k(w) =N,
gives

fla) € Ky

and in the same way we find the asserted formula for the action of the
Frobenius automorphisms of K, yi+1y/K. To show that f(«) is invariant
under the action of the automorphisms of K yi+1y/K (), We observe
that these automorphisms are given by o(3), with I3 above a prime
ideal p of degree 1 in K, generated by an element 7 = 1 mod tN. An
integral matrix P, transforming a basis of a into a basis of ap, then
satisfies the congruence

P = M mod tN

with a unimodular matrix M, and it follows that

F@)® = fP(a) = fM(a) = f(a).

Hence f(a) € K.

It still remains to prove that the asserted formula for the Galois action
holds for an arbitrary integral ideal ¢ coprime to tN. To show this, we
pick a prime ideal p of degree 1 and norm p in the ray class modulo Nt
of ¢. Then we have

)\1}3 = A\oC

with integral numbers \; € K, coprime to Nt, satisfying A\ = A2 mod ¢tN.
Here, by multiplying with a suitable power of A; we can achieve that

A1 = A2 =1 mod tN.

Two matrices P,C € Z>*? of positive determinant transforming a basis
of a; into a basis of P, resp. ¢; are related by

PDy = MCDs
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with a unimodular matrix M and the matrices D; of \; with respect to
the basis a von d;. In view of \; = 1 mod tN we here have

10
D;, = <01) mod N,

and it follows that
fopP™' = fopdet(Dy)(PD:)"' = fodet(CDy)(MCDy)™?
= foe(MC) ™' =focCTtML.
Recalling P(a) = MC(«) and o(p) = o(c), we finally obtain
F@© = f(a)"® = [fopP Y(P(a)) = f 0 cC~ M~ (MC(a))
[f 0 cC™H(C(a) = [9(a).

|

5.2 Applications of the Reciprocity Law

For many functions the first assertion of Theorem 5.1.2 is rather im-
precise, because the singular values turn out to be in a proper subfield
of K;n. Using the following theorem, the ray class field K;y can be
replaced by the smaller ring class field Q;y for certain functions.

Theorem 5.2.1 Let f be in Fy with f (%1) having rational q-coefficients,
and we assume that fo M = f for all unimodular matrices M with

ME(*O) mod N.
0 %

Then for a € H quadratic imaginary with conductor t we have
f(Oé) S QtN
if J(a) # oc.
Further, if Q¢ = [, 1] and o coprime to tN, then
— 1
o(@ — il
oy @ =7 ()

with the Frobenius automorphism o(a@) of Qun /K belonging to the ideal
av;.

Proof Since f(a) € Kin by Theorem 5.1.2, it remains to show that f(«)
is fixed under the automorphisms of K;n/Q:n. These automorphisms
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are given by o(r) = o(r1), r € Z, r coprime to tN. The matrix C in
Theorem 5.1.2 is then of the form

r 0
C= .
Since r is coprime to N, we can find a unimodular matrix M with

r?Cc~t = ((1) fz) M mod N,

r

and M = <O

B,) mod N,

where 7’ is a natural number satisfying 7’ = 1 mod N. Now we find

rorrct=po(yn) =

072
because f has rational g-coefficients, and by Theorem 5.1.2 it follows
that f(a)?(") = f(a). Hence f(a) € Q.
To prove the second assertion, observe ; = [a,1] = [a, 1], which
implies that af); = [, a] with a = a@. By Theorem 5.1.2 and the fact
that [f o ((1] 731 )] (2) = f (=) has rational g-coefficients, we then obtain

@@ =[fo (a0 () =[ro (T G (%8)] @)
=1 =1 (3,
which is our assertion. 1

Theorem 5.2.2 Let f beinQr r € N, with f (=) having rational

(a7) B
q-coefficients. Let « be a basis of an ideal in T, with ratio o € H. Let ((1] g)g
be a basis of an ideal in Fyr. Then, if f(a) # oo, we have:

fla) € Qv with t" = lem(t, t').

Proof First, we have f(a) € Ky, according to Theorem 5.1.2, and by
Theorem 3.1.13 we know t” | tr, hence Qv C Ky,.. Therefore, we have
to show that f(«) is left fixed by all automorphisms o(¢), where ¢ =
AO1, A € O, with norm ¢ coprime to tr. To compute f(a)?(®), observe
that

a:= [AO[,A] € jt and Dt = [AO&, 1],

where A is the leading coefficient of the primitive equation of a. Substi-
tuting o by « + p with some p € rZ we can further achieve

¢ =\, = [Aa, Ac] and ac; = [Aa, Ac].
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Since f has period r, this substitution does not change f(«), and the
assumptions about [a] and [({ ?)a] remain valid. Now, by Theorem
5.1.2 it follows that

Fl@y© = 1(2).

and herein we have ¢ = M(a) with a unimodular matrix M because
the ideals a and ac; are in the same class. To determine M we need the
primitive equation AX?2 4+ BX + C = 0 of a. We find that

X Aa [ u —vC Aa
Ac) \—-v u—vB A)
where u,v € Z are defined by the representation X = u + vAa € O, =
[Aa, 1]. Since

[Aa, Ac] = ac, = A\[Aa, A],
there exists a unimodular matrix M with
A« — (A« U —vC Aa
=M =M .
(o) = G (5)) = (2 T0) (B) 09

and by comparing coefficients we obtain

10 u —vC
=M .
<0 c> (—v u—vB )
Now we contend that r divides vC. This implies that

M= (2% modr,

hence M € F(}) 0y, and therefore

F@)© = f(2) = f(M(a)) = f().

To prove r|vC, we write t"/ = ts, where s is a divisor of r, according
to Theorem 3.1.13. Then we first have s|v, because O = [sAa,1].
Further, % is a root of the equation r?AX? +rBX + C = 0, and the
discriminant of the primitive equation of % divides t252d. Hence C must
be divisible by %, and we have proved that r divides vC'. This concludes

the proof of Theorem 5.2.1. 0

Now we apply Theorem 5.1.2 to the singular values of j and 7(¢).

Theorem 5.2.3 Let a be a proper ideal of O¢. Let ¢ be an integral
ideal of D1 coprime tot and ¢; = ¢ N, the corresponding ideal of ;.
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Then
J(@) € Q and j(a)”© = j(ac; ).
Further, let N be a natural number and § € %a\ a. Then
7(¢la) € Koy and 71 (¢|a)7© = 719 (¢lac; ),

where T = 7(¢) denotes the T function. (2e is the number of roots of unity

m Dt)

Proof Let a be a basis of a with ratio @« € H. Then by definition
j(a) = j(a), hence j(a) € Ky, because j is in F} and has rational ¢-
coefficients. Further, 7(¢|a) = 7,(a) with some z € +(Z x Z) \ (Z x Z),
and it follows that 7(¢£|a) € K;n because 7, is in Fiy.

To compute the Galois action of o(¢) let C' be an integer matrix such
that C'a is a basis of a¢;. Then, using Theorem 5.1.2; we find that

§(@)7(© = [j o cC7(C()) and 7(¢]a)7(© = [1, 0 cC71(C(a)).
Since j has rational g-coefficients, we have j o cC~! = j, hence

(@) © = j(C(a)).
Now ac; = cac; ', so C(a) is the ratio of a basis of ac; ! too, and the
asserted Galois action on j(a) follows.
Further, using the rule 7, 0 cC~! = Tgec-1, we find that
C C
T(g‘a)a(C) - 7 <£L‘CC_1 ( (a))‘ (a))
1 1

= 7(z a|;Ca)

= 7(ach),
keeping in mind that cC~'a is a basis of ac; *. O

For most of the modular functions f € Fj considered in the sequel
the value f (g—;), unlike the singular values of j and 7, depends on the
choice of basis oy, ay for the lattice [y, a]. To compute the conjugates
of such singular values, the following two theorems are useful.

Theorem 5.2.4 Let ay,..,ap, € H be a 2N-system, i.e. the ratios of
basis of a system of coset representatives for the ring ideal classes of
conductor t with primitive equations A; X% + B; X + C; = 0 normalised
by

ged(4;,N) =1,4; >0 and B; = By mod 2N
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with a natural number N.
For f € Fn we set

fiz=fo (?f ?)
Then, if f(A1a1) # oo, we have
filay) € Kyny i=1,... hy,
and there exist automorphisms o1,...,o0n, of Kin with
filan)? = filaw), i=1,... hy,

where the restrictions of o; to € are the different automorphisms of
0 /K.
If, in particular, f1(a1) € Q4, then

hi

[[X = filew)) € K[x].

i=1

Proof By Theorem 3.1.10 we know that there exist unimodular transfor-
mations M; € T'(N), so that the o) := M;(a;) have primitive equations
of the form

AX?*+ B +Cl =0
with
ged(AL, tN) =1, A, > 0 and B = B; mod N.
Since f(a;) = f(of), we may assume the A; to be coprime to Nt. Then
a; = [Ajaq, A

are integral regular ideals of £; and the corresponding ideals of 1,

C; = Dla,-
satify
a;=¢NY,.
Now we set o; := o(¢;). Then the restrictions to §2; are the different

automorphisms of €, /K. We define

—By +tVd

Qo = Aloq = D)
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which is the ratio of a basis of ; and, since f(ag) # oo by assumption,
we have

flao) € Kin

by Theorem 5.1.2. Herein

f(Olo) :f<73#+t\/3>7 1= la"'vhtv
because B; = B; mod 2N. By Theorem 5.1.2 we further obtain

ooy = |79 (3] (252) - 600,

which implies that
f1(al)gflg" = filay), i=1,... h.

The restrictions of oy Lo; to € constituting again all different automor-
phisms of /K, this completes the proof of Theorem 5.2.4. ]

Later we will apply Theorem 5.2.4 to compute the conjugates of the

singular values of y5 = ¢/j and 3 = {/j — 123. In particular, Theorem
5.2.4 will be useful, when we are dealing with functions of the type

flw)= Hn(Niw)ei with NV; € N, e; € Z and Zei =0.
i=1 i=1
All these functions have the poperty of f ( ) having rational g-coefficients,

which implies that f is invariant under the action of ( h 1). Hence the

conjugates of f(«q) in Theorem 5.2.4 are given by

flaa)” = flew).

In what follows, let f be one of the functions

w p(=51) w w W w
pzlg,) = VTTZ)’ p(zley) = 0" (21 5,) R/AG,)-

defined already in section 2.4. Unlike the 7 function they depend on the

choice of basis w1, ws. As in section 2.4 we use the following notation for
the values of f at torsion points of C/[w, 1]:

fo(w) = Fz(T)IT)

with z € % (Z x Z) \ (Z x Z). For a unimodular matrix M we then have
the transformation formulae

[f£0 M] - H(M)ng
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with

_ E(M)747 for f:pa
00 = { S, =

where e(M) denotes the root of unity from the n-transformation formula.
To determine the conjugates of the singular values of f, we need, apart
from Theorem 5.2.4:

Theorem 5.2.5 Let o € H be the ratio of a basis of an ideal [o] € Ty,
and let £ € %:[a] \ [a] with some N € N. Then

KGNta fO?” f =D,

J(Ela) € {K12N2t7 Jor [ =¢.

Further, let ¢ be an integral ideal of 1, coprime to 6Nt and ¢, the
corresponding ideal of O. Let C denote a rational matriz of determi-
nant ¢ > 0, such that Ca is a basis of [a]C;. With unimodular matrices
My, Ms, defined by the decomposition

cC™t = My(,Y)Ms mod 6N
resp.
cC™t = M;(}Y)Ms mod 12N?
we then have
F(€a)™© = w(M1) R(Mo) f (] ECa).
In particular, for ¢, = Ay with A € O, and
Ca = Aa,
we have LCa = %g and then
f(€la)™™ = w(M1) (M) f(E]).

If the leading coefficient A in the primitive equation of « is coprime
to 6N, the unimodular matrices My, My can be chosen such that the
congruences

My = (*estortbun =y nod 12, Mo = (") mod 12

are satisfied. Hereinn = Aaa, s = A(a+a), u and v are defined by the
representation A = uAa+v, and a and b are solutions of the congruence

uAa —vb =1 mod 12.
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Proof According to our notation we first have

f(€la) = fu(a) with some z € %(Z x Z)\ (Z x Z.).

Since f; is in Fgn resp. in Fion2, we can conclude by Theorem 5.1.2
that

fz(a) € Kgny resp. fz(a) € Kianz
and
Fo(@)7® = [fz 0 cCT(C ().

Herein f, 0 cC™% = f, o My(}°)Ms, because the matrices cC~! and
Ml((l) S)Mg are congruent modulo 6N resp. modulo 12N?2. The compu-
tation shows that

fz o My(o0)My = [[fz o Mi]o(y9)] 0 My = [[(Mi) fars,] 0 (5 2)] 0 M.

Looking at the g-expansion of fzas,, we find that the action of ((1) 2) is
given by

Junr, © ((1)8> = f§M1(é(Z,)'

Further, we have k(M) o ((1) S) = r(M)© for the constant x(Mj), hence

[5(M1) forr] © (50) = 6(MV) Fynr, (3 0)-
Now, applying Mo, it follows that
fzo cC—1 = H(Ml)cﬁ(MQ)ngl(é o)
and then, by homogeneity of f,
F(€la)(© = w(M) k(My) f (zeC (T )
= m(M) K(Ma) f(2( D) E(7) = w(M) K(M2) f (€] £ Ca).
In the case ¢; = AD; and Ca = Aa we further have by homogeneity of f
fE]5Ca) = f(€l5a) = f(ENQ).

Since o(¢) is depending on A only modulo 6N resp. modulo 12N?2, we can

= H(Ml)CH(MQ)fgcC*l

2

change u and v modulo 6N resp. modulo 12N? such that ged(u,v) = 1.
If, in addition, the leading coefficient A of the primitive equation of « is
coprime to 6N, we can further achieve that ged(Au,v) = 1. Hence there
exist a,b € Z with

uAa — vb = 1.
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Therefore, we can define unimodular matrices by

M, = (a(us+11))+bun —01)7 My = (ufz)

The computation now shows that

cC™1 = (“zjf‘” ).
Finally, verifying the identity
Mi(§ )My = cC~!

the last assertion of Theorem 5.2.5 is proved. ]

We now apply Theorem 5.2.5 to the function h.(z|L) defined in (1.14):

Theorem 5.2.6 Let b€ J;, N €N, and A,y € +b,A € b. Then
hy(AlD) € Kioino2,

and for every v € O, with
v=1mod —, v coprime to 12tN?,
gl

we have
By (AB)7) = e(v)h (Aw]b)
with e(v) defined in (1.17).

Proof Let (3 be a basis of b with ratio 3 € H. Then
36 (A7) € SR5Z

and so the exponential factor in the definition of k., is a 2N?-th root of

unity. Further,

P(A+716) = 02(8) and $(AJb) = o (5) with 2,2’ € - (Z x Z).
Therefore, by Theorem 5.2.5 we have

hy(N|b) € K1g¢no2.
Now, for v € 9, coprime to 12tN? it follows by Theorem 5.2.5

_1 A+qlbrh)
ho(AB)7W) — o~ 3lpAWIN(v) o(
AT AOVb )

Here, according to the rules for [, we have

L\ V)N (V) =l (A v)
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and hence by (1.17)
hy (N 6)7") = e(v)h, (A\v|b)

ifyzlmodg. O
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Generation of ring class fields and
ray class fields

The first two sections of this chapter are devoted to the classical con-
structions of ring class fields and ray class fields by singular values of j
and the 7 function. This is the analogue of the construction of cyclotomic
fields by roots of unity. However, the algebraic equation satisfied by the
singular values of j and the 7 function are far from being as simple as the
equations for roots of unity. Therefore, in the next sections we consider
elliptic and modular functions other than j and 7, whose singular values
have simpler equations. As an application we include Heegner’s solution
of the class number one problem for imaginary quadratic number fields
using Schléfli’s functions discussed in section 6.4. Section 6.6 also con-
tains the Principal Ideal Theorem relying on properties of the n function
and in section 6.9 we prove a generalization using the ¢ function.

6.1 Generation of ring class fields by singular values of j

In this section we will show that the ring class field £2; modulo t of a
quadratic imaginary number field K is generated over K by a singular
value of the modular invariant j. Therefore, we associate with every ring
ideal class € modulo ¢ a singular value of j by

§(8) = (@) = j(22) with @ =[ay,a0] € &, 2 € H,

and call it the modular invariant of €. Clearly, this value only depends
on £, because j is invariant by all unimodular transformations. j(£) is an
algebraic integer according to Theorem 4.1.1. More precisely, we have:

Theorem 6.1.1 For every ideal class € € R; we have
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There exists an isomorphism
o Ry — Gal(/K),
with the property that, given a prime ideal P of K coprime to t, then

a((pNO)$H)

1s the Frobenius automorphism associated with . Further,
o pra—1
j(&)7™) = j(eh )

for all b € fR;.

Proof By Theorem 5.2.3 we know j(£) € Q;. To prove that fR; is iso-
morphic to the Galois group of ;/K, observe that by Theorem 3.1.7
we have the relations

Q[t/ﬂt =R, by ally — (an Sy,
and
A /8l = Gal(K( /) by ably— o(a),

where o(a) denotes the Frobenius automorphism of /K associated
with @. The isomorphism R; — G(2/K), obtained by combination of
the two isomorphisms above, will also be denoted by o (there will be no
danger of confusion).

We still have to show that j(£) is a generator for the extension /K.
To do this we observe that the singular values j(£),€ € R;, are all
conjugate to each other. Hence, it suffices to prove that they are all
different, so let £,h € JR; with representatives a € €, b € b and ratios
of basis a = 41, 8 = 81 ¢ H. We assume that j(€) = j(b), which means
that j(«) = (). Since j is a modular function of order 1, this implies
that o = M with a unimodular matrix M, so we have

(21) =€eM ()

with some ¢ € K, and it follows that a = £b, hence £ = ). This com-
pletes the proof of Theorem 6.1.1. O

The following theorem gives a characterisation of the subfields

Q(](E))7 E c %b
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Theorem 6.1.2 The class polynomial

mi(X) =[] (X —j(#)

Eefﬁt
has coefficients in Z. Hence Q; is Galois over Q. We have

Gal(/Q) = Gal(Qy/K) U Gal(Q4/K)r,

where T denotes complex conjugation in . The action of T on the in-
variants j(€) is given by

For the principal class ¢ in Ry we have
Q(j(e)) =% NR

and

The fields Q(j(€)), € € Ry, are conjugate to each other over Q.

Proof The assertions of our theorem are immediate by Theorem 6.1.1.
The only thing to prove is the action of 7 on the invariants j(£). To see
this, we pick an ideal @ = [a1, az] in € with a = g—; € H. Now, j having
rational g-coefficients, it follows that

Herein —a” is the ratio of a basis of the ideal a”, which is in ¢!, This
completes the proof of Theorem 6.1.2. ]

Unfortunately it transpires that the generation of 2, by the modular
invariants j(€), € € Ry, is rather useless for numerical purposes, because
the coefficients of the class polynomial are excessively high:
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Example 6.1.3 Let K = Q(v/—47) and ¢ = 1. Then:

mi(X) = X" + 2257834125X* — 9987963828125 X
+  5115161850595703125X 2
—  14982472850828613281250 X
+ 6042929600623870849609375

Therefore sections 6.3 to 6.6 of this chapter will provide much simpler
generators for ring class fields.

Using the relation 7o o(€) = a(?fl) o7 of Theorem 6.1.2, the com-
mutator group of G = Gal(€;/Q) turns out to be

G ={ot) | tc R}

Hence the maximal subfield of €2; that is abelian over Q is a product of
quadratic fields. We quote the following result of Halter-Koch (1971):

Theorem 6.1.4 (Halter-Koch) Let d be the discriminant of K and
t € N. Let p1,...,pn be the odd primes dividing td. Further, let 2° resp.
2%t be the powers of 2 dividing d resp. t. We set p* := (—1)1)7_1]3 for an
odd prime p and

L§O) = Q<\/E7 cees \/Ig)

Then the mazimal subfield Ly of 2 that is abelian over Q is given by

Lio) if s=0,s <1,
LO(y=0) if s=0,8 =2
ors=2,8 <1,
Le=Y O/ if s=3.5 =0

and g = (—1)¢ mod 4,
L§°) (V—1,v/2) otherwise.

6.2 Generation of ray class fields by 7 and j

For the following we fix an order ), and a proper ideal a of ;. Let
7 = 7(¢) be the Weber 7 function for the lattice a. Then by Theorem
5.2.5 for £ € K \ a the singular value 7(&|a) is contained in a ray class
field of K. Our aim is to characterise the field generated over €, by 7(£|a)
as a class field over K and to find explicit formulae for the conjugates
over K. In view of homogeneity of the 7 function it will be sufficient to
treat the case & = 1.
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Proposition 6.2.1 Let f = an 9, and let ¢, ¢ integral ideals in ’Jtyf.
Then

S, =06, = r(ljac™) =7(l]ac"").
In particular, if ¢ € be’ then

r(1lac™!) = 7(1]a).

Proof For ¢ and ¢’ in the same ray class modulo f of ; we have
Ac = \¢
with A, \ € 9, coprime to f and
A=)\ mod f.
Multiplying the above equation by a power of A, we can achieve
A=) =1mod f.
The last congruence then implies that
A=1mod ac™! and ' =1 mod ac’~*
because ¢ and ¢’ are integral ideals and thus
f=(@nO)cacactandf=(@anO,)Cacact
Now, because of the periodicity of the 7 function we obtain

r(ljac™) = 7(\ac™!) =7(1ja(re)™)
= r(ljaN)H =7(Nac™h) = 7(1]ac’ ).

O

By proposition 6.2.1 the singular value 7(1|f¢~!) only depends on the
ray class € modulo f of ¢! in ;. Therefore, we define:

Definition 6.2.2 Let ¢ be an integral ideal in the ray class £ modulo
fz anY; in O;. Then we set

Ta(8) := 7(1]ac™h).

With this notation we have:
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Theorem 6.2.3 Let a be a proper ideal of O; and f = an Dy # O;.
Then for every ray class € € ‘ﬁt,f we have

Qu(ra(®)) = K, .

where K, 5 denotes the class field of K associated with the subgroup ﬂt’f.
There exists an isomorphism

o: Ry 5 — G(K,5/K),

with the property that, given a prime ideal P of K coprime to tf, then
a(pPNO)S, )
is the Frobenius automorphism associated with P. Further,
- -1

ra(6)°® = 7a(th ™)
for every b € 9‘{,571:.
Proof Let f be the smallest natural number in f. Then f-1€ fCa C
ac~! and hence by Theorem 5.2.3

Ta(€) = 7(1jac™h) € Ky

To prove that 74(€) is in the subfield K, 5 of Kis, we have to show that
7a(B) is left fixed under the relative automorphisms of K¢ /K, ;. The
latter are given by the Frobenius automorphisms o(¢) of integral ideals

ce ilt’f NAP) . Let ¢; = ¢N Yy be the ring ideal associated with such
an ideal ¢, then by Theorem 5.2.5 the action of o(¢) on 74(E) is given by

7a(£)7©) = 7(1]a)7(© = 7(1]ac; ).

Recalling ¢, € Gt)f, it follows that 7(1jac; ') = 7(1|a), hence 74(€) is
left fixed by o(¢), so 74(€) must be in K, 5.

To show that 7(£) is a generator for K, ; over {);, we observe that the
Galois group of K, ; /8 is the set of all Frobenius automorphisms

o(c) of principal ideals ¢ = (\),\D; + f = O;.
Given such an automorphism, we know by Theorem 5.2.3 that
r(1]a)’® = 7(A|a)
and, using the periodicity of the 7 function, we obtain

7(1]a)?® = 7(1]a) < A =emod |
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with a root of unity € € ;. This is, in turn, equivalent to ¢ € 61‘#‘
Therfore, 7(1[a) is a generator for K, ; over ;. The same holds for
the other values 74(), € € %t,ﬁ because they are conjugate to 7(1|a)
over K. U

6.3 The singular values of v5 and ~3

As we have seen, the ring class field modulo ¢ over an imaginary quadratic
number field K can be generated by a singular value j(a). However,
numerically this generation is not very suitable, because the minimal
polynomial of j(«) has astronomically high coefficients, as we have seen
above. One way to simpler generators is to take singular values of

72 =/ and 53 = Vj — 125,

defined in section 2.4.2. Namely, it transpires that in many cases the
singular values y2(«) and ~3(a) are already in K(j(«)). Moreover, the
singular values of 75 and 73 play a crucial role in the normalisation of
the Weierstrass g function in section 7.1 that leads to the construction
of integral bases in ray class fields.

Theorem 6.3.1 Let o € H be a root of the primitive quadratic equation
X2+ BX+C=0 with 3tA, B=0 mod 3

and discriminant D(a) = B? — 4AC = t3d.
Then

Qi (), if 31 D(«),
Q(I(B3)) if 3|D(a).

Herein Q(j(3a)) is conjugate to the mazimal real subfield of Qs and has
degree 3 over Q(j(a)) if 3|D(a) and D(«) # —3. In the case D(a)) = —3
we have Q(5(3a)) = Q.

Q) = {

In the case 31 D(«) we further have: let o € H run through a 3-system
of ratios of basis of representatives for the ring ideal classes modulo t,
where the a’s are roots of primitive equations normalised as above. Then
the vo(a)’s are a complete system of conjugate numbers over Q.

For the singular values of 3 we have:
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Theorem 6.3.2 Let o € H be a root of the primitive quadratic equation
AX? 4+ BX +C =0 with 21 A
and discriminant D(a) = B? — 4AC = t2d, and we assume that
[0 mod 4 if 2|D(c),
B= ;
1 mod 4 if 24 D(«).
Then

Q(Vdys(e) =Q(j()), if 21 D(a),
Q(ys(a)) =Q(i(20)) if 2[D(ev). -
Herein Q(j(2a)) is conjugate to the mazimal real subfield of Qo and has
degree 2 over Q(j(w)) if 2|D(«) and D(«) # —4. In the case D(a) = —4
we have Q(j(2c)) = Q.

In the case 2t D(«) we further have: let o« € H run through a 4-system
of ratios of basis of representatives for the ring ideal classes modulo t,
where the a’s are roots of primitive equations normalised as above. Then
the vs3(a)’s are a complete system of conjugate numbers over Q.

Proof of Theorem 6.3.1 Let M = (¢ Z) be a unimodular matrix. Then
by Theorem 1.10.1 we obtain

P2(M(w)) = ¢ 0)

27

with (3 = e™s . Keeping in mind that ~2 has rational g¢-coefficients,
this implies that 5 satisfies the hypothesis od Theorem 5.2.1. First, we
assume that

a:{ V—m  or

igm% V" _m =1 mod 4,
with a natural number m. Then, by Theorem 5.2.1 it follows that

Y2 (a) S Qgt.

For a = QJFT V=3 the assertion of our theorem is immediate, because
~v(a) = 0. In the remaining cases we have

3 ifm= 0mod 3,
[Qs: 0 Q] = 2 if m=-1mod 3,
4 ifm= 1mod3
and
<ola+1)> ifm 0 mod 3,
Gal(Q3:/Q) = <o(a+3)> ifm=-1mod 3,
<ola+1)> ifm= 1mod 3,
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where o(a+ ), = £1,3 denotes the Frobenius automorphism cor-
responding to the ideal (o + ). Observe that a + g is coprime to
3t because t|m. Further, the automorphisms listed above are different
from the identity and are all distinct for m = 1 mod 3 because then the
congruences

a+1=rmod 3t, a+ 3 =r mod 3t resp. « =+ 1 =r mod 3t
as well as
a+1=r(a—1)mod 3t

with a rational number 7 coprime to 3t are not solvable. Finally, they
are relative automorphisms of Q3;/€; because the numbers « + p are
congruent to a rational number modulo ¢. Now, the Galois action can
be computed by Theorem 5.2.1:

92(0)7 @ = (a(a+ p)h)7 O =y () .

Herein n,, is the norm of &+ g, and n,, is congruent to m + p? modulo
3. Using the transformation formula v,(=!) = y2(z), this becomes

o(atm) Cg(m+ﬂ2+1)'

Y2(a) = 72(a)

Further, recalling that v2(«) is real, it follows that
U NR=Q>()) if 31m,
Qo) = { Q3 NR = Q(j(3a)) if 3|m.
This completes the proof of Theorem 6.3.1 for the above special argu-
ments. Now let o’ be the ratio of a basis of an arbitrary proper ideal
of £, with a primitive equation A’X? 4+ B’X + ¢’ = 0 normalised

by 31 A’ and B’ = 0 mod 3. Then by Theorem 5.2.4 there exists an
automorphism o’ of €3; such that

Y2(e) = 72(a)? and j(3a') = j(32)° .
This implies the remaining assertions of Theorem 6.3.1. |
Proof of Theorem 6.3.2 The proof of this theorem is completely analo-
gous to the proof of 6.3.1. Again it suffices to consider arguments of the

form
—m+v/—m
2 b)

J=m

—m =1 mod 4, or
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ab

“ ;) we here

with a natural number m. For a unimodular matrix M = (
have the transformation formula

2
'YS(M(W)) — (_1)—ba—c(d(1—a )—a)—3(a—1)73(w).

This implies that 3 satisfies the hypothesis of Theorem 5.2.1 with N =2.
Hence

’)’3(0&) S QQt.

Here for D(«) # —4 we have

o1 [lors, if 21 D(a),
Qa2 : Q] = { 2 if 2|D(a).

When 2 1 D(«) we immediately have vs(a) € €, because the square of
y3(a) lies in ;. Further, in this case v/dyz(a) is real and thus

Q(Veys(@)) = Q(ji()) if 21 D().

When 2|D(«) the Galois group of s,/ is generated by o(a + 1) and,
using the identities y3(z + 1) = —7(2) and y3(=t) = —y3(2), we obtain
73(a)?@FD = —73(a). This implies that Q(73(a)) = Q2NR = Q(j(2ar))
because in this case y3(«) is real. The remaining part of the proof is now
analogous to the proof of Theorem 6.3.1. |

Examples 6.3.3 Let K = Q(y/—47). Then the Hilbert class field  is
of degree 5 over K and the above theorems tell us that

=3+ —47

Q=K(y(a), Q=K(pla) with a= 5

with smaller minimal equations than for j(«) in Example 6.1.3:

Mooy, = X° — 6893V —47X"* + 12355331 X° + 227234667 v —47X "
+99447994734 X — 338821592087 v/—47

Moy, x = X°+1320X* + 12100 X°
+1927375 X2 + 13571250 X + 252209375

Smaller generating equations for 2 will be provided by Schlifli’s function
f in Example 6.4.3 and by the double eta-quotients in Example 6.6.8.
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6.4 The singular values of Schlifli’s functions

Particularly simple generators for the ring class fields are obtained by
Schléfli’s functions first used by Weber (1908) for this purpose. We follow
the exposition in Schertz (2002). Schlafli’s functions are defined by

L) a6 e o

They are obviously related by modular transformations and satisfy

ffifs = V2.

The modular equations computed according to Theorem 2.10.1 can be
written as

N 16 fr16 0 f34+16
2 = = =
f8 I f5

Therefore, in view of Theorem 6.3.1, it will be sufficient to consider the

singular values of f3. By Theorem 1.10.1 we find the transformation
formula

fM(W))? = f(w)? for M= (*") e, M =(}?) mod 16.  (6.1)

Further, f having rational ¢-coefficients, we can apply Theorem 5.2.1
with N = 16, and we obtain:

Theorem 6.4.1 Let o € H be a root of the primitive quadratic equation
AX?+2BX +C =0 with2{ A, B=0 mod 16

and discriminant D(a) = B? — 4AC = —4m = t2d.
Then the following singular values g(«) are generators of Q(j (o)) over Q:

3
((%)%f a)2) if m=1modS8,
(a)? if  m=3modS8,
if m=5mod8,

((%)72]‘(0[))3 if m=7TmodS8,
((%)%ﬁ(ay)( if m=2 mod 4,
((%)ﬁfl (a)4)3 if  m =4 mod 8.
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Further, if a runs through a 16-system modulo t with B = 0 mod 16,
then the g(«) constitute a complete system of conjugate numbers over
Q. Hence the minimal polynomial over Q is given by

[[ &X-g()

{A,B,C}
and has coefficients in Z, because g(«) is an algebraic integer.
Remark 6.4.2 For D(«) not divisible by 3 the assertions of Theorem
6.4.1 hold without the exponent 3 if the primitive equation of « satisfies

the additional condition 3 1 A and 3|B. This is immediate by the relations
between 9 and f resp. fi.

Proof of Theorem 6.4.1 With m € N, as defined in the theorem, we set

3, = vV—m+2p if m =1 mod 2,
Bl V/=m+1+2u if m =0 mod 2.

By (6.1) and Theorem 5.2.1 we first have
F2(Bu) € Qe

Here [Q6¢ @ ] = 16 and, if we choose p € Z, p mod 8, then 3, is
coprime to ¢t and

Gal(Q16:/) =< {o(B,) : pmod 8} > .
Further, using f(w+2u) = () f(w), it follows from Theorem 5.2.1 that:

F3(Bo)7Br) = (f3(5u)<§‘)”@ _ (%) 1o (Bu)

Theorem 3.3.2 tells us that Cg ) Cg * with the complex norm n, of
B, Using the identity f(=1) = f(z) we then obtain

Py Pt = QO g pm,
and, using f$(z) = C16/3(z + 1), we further obtain
flﬁ( /7m)o(ﬁ)fl _ E(gm—&-2)(2u+1) 1f2|m

Finally, by Theorem 3.3.1 we find that

ﬁa@)—l _ ( 2 ) .

TL}L

Using these formulae, we can easily verify that the singular values g(«))
listed in Theorem 6.4.1 lie in K (j(«)) for @ = /—m and, since they are
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real, we can conclude that they are even in Q(j(«)). Moreover, g(a) is a
generator of Q(j(«)), because in all cases j(«) is a rational function of
g(a) with rational coefficients. This completes the proof for o = /—m.

The general case is settled as in the proof of Theorem 6.3.1 using
Theorem 5.2.4. Observe that for a root a of a primitive equation AX?2 +
2BX + C' = 0 normalised as in Theorem 6.4.1 we have

IO - (3)ve a-i

according to Theorem 3.3.1. ]

In contrast to the singular values of j the singular values from Theo-
rem 6.4.1 have minimal equations with remarkably small coefficients,
particularly for m not divisible by 3 because then the assertions of
Theorem 6.4.1 hold without the exponent 3.

Examples 6.4.3
(i) m=17,0 = %f(,/—m)2
m@7K(X) :X47X372X2 - X+1
(ii) m=11,0 = f(v/—m)
mex(X)=X3-2X24+2X -2
(ili) m =13,0 = 3 f(v/—m)*
m®7K(X) = X2 —-3X -1
(iv) m=23 ,© = %f(\/fm)
mex(X)=X3-X -1
(v) m=22, © = L f; (y=m)?
mex(X)=X?-2X—1
(vi) m=28, © = S1=fi(v=m)*
me x(X)(X)=X?—-6X +2
(vil) m=47, © = %f(\/—m)
mer(X)=X"-X3-2X2-2X -1
(vii)) m=407, © = = f(v/=m)
mex(X)=X10 10X 44 X" 33X +17X2 19X —
4X10 - 12X% —15X64+2X5 —9X4 - X3 -2X%2 - X —1

The following section deals with one of the nicest applications of sin-
gular values of Schlafli’s functions.



6.5 Heegner’s solution of the class number one problem 151

6.5 Heegner’s solution of the class number one problem

In his Disquisitiones Arithmeticae 1801 Gauss conjectured that there are
exactly nine quadratic imaginary number fields of class number 1, namely

K =Q(v/=m), m=1,23,7,11,19,43,67,163.

The first complete solution of the problem is due to Heegner (1952), who
crucially used Weber’s results on Schlafli’s functions.

We follow the the exposition of H.M. Stark, who explained Heegner’s
proof to the author in July 1969 during a boat trip on the River Rhein
near the Cathedral of Cologne. We start our exposition by some remarks
that reduce the problem to the non-trivial cases. Let d be the discrimi-
nant of a quadratic imaginary number field K of class number one. Then
by Theorem 6.1.4 we conclude that d must be a prime discriminant, i.e.

d=—4,—-8 or d=—p, paprime, p=3mod 4.

Further, we know that 2 splits in K for p = 7 mod 8, hence 2 is the
norm of a non-rational integer in K. Therefore, in this case the class
number can only be 1 for p = 7. Therefore, to prove Gauss’s conjecture,
it suffices to show that for a prime p = 3 mod 8:

hoy=p = 1 = p = 3,11, 19,43, 67, 163.

Heegner considers the function

F is related to Schlifli’s function f by

F(Z;?)) <f\(g>24. (6.2)

and its modular equation is given by

(F +16)° = jF. (6.3)

Now, for the following let p be a prime, p = 3 mod 8, with hq, /=5 = 1.
We set

o 3++v-p
=

which is the ratio of a basis of the maximal order of K = Q(,/—p), and
we study the 12-th root of —F(«):
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defined by (6.2). Then, according to Theorems 6.3.1 and 6.4.1, the pow-
ers h(a), h(a)? and h(a)?* as generators of the maximal real subfield of
Q5 are cubic irrationalities. The minimal equation of h(a)? is obtained
by (6.3):

X? 4 y2() X — 16 (6.4)

because we know that ~s(«) is in Z. On the other hand the mini-
mal equation of h(a)? can be derived from the minimal equation of
h(«). Let

mi(X) = X3+ A4 X2+ BX -22, 1=0,1,2,
be the minimal equations for h(a)zl over Q. They have coefficients in
Z, since h(«) is integral. The sign in —22" is determined by observing
that h(«) is real and positive and has two other non-real conjugates over

Q that are complex conjugates of each other. The coefficients of m;(X)
and my41(X) are related by

A1 = 2B — A B
By = oo [ =12 (6.5)

To see this, we write m;(X) =0 as
X34 BX = —(4, X2 —22).
Taking squares on both sides, this leads us to

21+1

X0+ (2B, — A)X* + (B2 + 22 TP 4) X2 - 2
1+1 1 2
Hence h(a)? = (h(oz)2 ) is a root of

X34 (2B — A)X? + (B2 +22 14X — 22"

Since this must be the minimal equation for the cubic irrationality
h(oz)zlJr1 it follows (6.5). Using (6.5) and (6.4), we then find a Diophan-
tine equation for Ay and By, by which all possible primes p = 3 mod 8
with hg(,/=5) = 1 can be determined: first, we have Ay = 0 by (6.4), and
by (6.5) we then obtain:

0= Ay =2B; — A? = 2(B2 +44,) — (2B — A%)?, (6.6)

vo(a) = By = B} +84; = (Bi + 4A0)* + 8(2By — A3). (6.7)
From (6.6) it follows that
By = 4b, Ag=2a with a,b€ Z,
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and, setting

y:=2(b—a*) and x:= —a,
(6.6) becomes the Heegner equation
y? = 2x(x —1). (6.8)

According to Heegner all solutions (z,y) € Z x Z of this equation are
given by

(z,y) = (0,0), (1,0), (-1,2), (-1,-2), (—2,6), (—=2,—6). (6.9)

By (6.7) this leads to six possible values for v2(a) and, because 72 («)
uniquely determines Q(y/—p), it follows that there exist at most six
quadratic imaginary number fields of discriminant d = —3 mod 8 and
class number one. Since on the other hand we know that six such fields
exist, the problem is solved. To be more precise, the solutions in (6.9)
are in bijection to the following values of vs:

£

0, —2°.3 —2°.3.11, —2°, —20.3.5.23.29, —26.3.5
and the latter to the discriminants d = —p,

p=3, 19, 67, 11, 163, 43.

Remark 6.5.1 The formulae (6.5) have already been used in 1908 in
Weber’s Algebra IIT (1908) on page 475 to compute the cubic equations
for f(v/—m), m = 11,19, 43, 163. However, it took 44 years before Heeg-
ner had the idea to use the relation to derive a Diophantine equation
leading to the solution of Gauss’s problem.

At first Heegner’s proof was believed to be invalid because it seemed
that he had used the result of Theorem 6.4.1 for m = 3 mod 8, which at
that time had not yet been proved. But in fact, as the above exposition
shows, he had only made use of the weaker statement about f©, which
had been proved by Weber (1908). A gap in this proof was rectified
later by Stark (1969) and, finally Birch (1969) and Meyer (1970) gave
a proof for special cases of Weber’s assertion about f2, including when
ho(y=m) = 1.

Before complete evidence was provided for the requisites of Heegner’s
solution, Stark (1967) published an independent proof of Gauss’s con-
jecture. Remarkably, the heart of this proof was again the singular value
of a modular function, and this is also true for the proof of Siegel (1968),
by which he intended to interpret Stark’s solution.
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6.6 Generation of ring class fields by n-quotients

In view of the results in Theorem 6.4.1, one may ask whether more
general n-quotients can supply simple generators of ring class fields. To
obtain such results we first prove:

Theorem 6.6.1 Let a,b be proper ideals of the orders Dy resp. O

in K. Then
iggi € Qp with t = lem(t',t").

The action of the Frobenius automorphism corresponding to a proper
ideal ¢ of Oy is given by

(w)”“) _ Aach)

A(b) T Abc )

Proof First, we assume @, b and ¢ to be of the form
a:pt/, b:qt”’ Cztt

with prime ideals P, q, v of degree 1 and norm p, g resp. r not dividing
t2d. Then, for some o € H

Oi =1, a=[s'a,p], b=[s"a,q],
ac = [s'a,rp], bt =[s"a,rq], s =—,s"=—
A(a) AC?)

O g(a) with g(w)= m

q

and we have

Since g satisfies the hypothesis of Theorem 5.2.1 with N = tpgq, it follows
that
A(a)

A(b) € Qt2pq

and then by Theorem 5.1.2
A(a)\ ™ © (o A@d)  Aac))
—_— = g = —_— = — = . 6.10
(3)  =o=s(}) = S0 = spemy ©10
For the last equation note that ¢ = N(c¢)c™! together with the homo-

A o(t)
geneity of A. By the last formula it is evident that the image <AEE;>
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only depends on the ring ideal class modulo ¢ of t;. Hence
A@\Y Aa)
— =——= fort; € 9,
(5®) 5@ ome

and therefore igg; € Qy, because all automorphisms of €2,/ are

given by o(t) with some prime ideal t of degree 1 not dividing t2dpq.
The same argument applies to the Galois action because in every ring
ideal class there exists an integral regular ideal coprime to t2>dpgq. This
completes the proof of our theorem for @ and b of the special form above.
In general, we have

a= glpt/v b = gllqt”a §I7£N S K \ {0}7

with prime ideals P, ¢ of degree 1 not dividing ¢ because there exists some
prime ideal of degree 1 in every ideal class modulo ;. We then have

Aa) (f) A(p,)
Ab)  \¢) Agu)

whereby the assertion of our theorem is reduced to the special cases
considered earlier. |

Our aim now is to prove that ring class fields can be generated by
the A-quotients of Theorem 6.6.1. By Theorem 6.4.1 we already know
that Schléfli’s functions have this property. However, the proof does not
extend to most cases because, unlike Schléfli’s functions, the modular
invariant is in general not a rational function of the function ¢ in the
proof of Theorem 6.6.1. Therefore, following Schertz (1978), we will use
the results from Chapter 11, which imply that the L-function s of the
extension /K does not vanish at s = 1.

Theorem 6.6.2 Let a,b € J;, and O = O;. Then for every interme-
diate field K C L C Q; and every natural exponent e we have

L-K (st,,/L ((252;))) i atl# b,

L:K(NWL ((W)e» if  ag¢iland b ¢4l

where L is the subgroup of R; corresponding to L.

For the proof of Theorem 6.6.2 we need:
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Lemma 6.6.3 Let G be a finite abelian group. Then:

(i) Given two elements a,b € G\ {1} there exists a character x of G
with x(a), x(b) # 1.

(ii) Given three elements a,b,c € G\ {1} with ¢® # 1 then there exists
a character x with x(a), x(b), x(c) # 1.

Proof For the first assertion we have to distinguish the cases "b €< a >"
and "b €< a >". In the first case a generating character yg of < a >
has the property xo(a), xo(b) # 1, and y is obtained by extension of xg
to G. In the second case there exists an extension x; of xg to < a,b >
with x1(b) # 1. Any extension of x; to G then has the desired property.

To prove the second assertion we may assume the orders of a and b
to be primes p,, pp and the order of ¢ to be the power of a prime p,.. If
not all of these primes are equal, p. # pq, pp say, then ¢ €< a,b > and
the character we want is obtained as in the first part by extension of a
character xq of < a,b > with xo(a), xo(b) # 1, so for the following we
assume all three primes to be equal to p. Then for < a >=< b > we can
conclude as in the first part. Otherwise we have

<a,b>=<a>x<b>.

For ¢ not in < a,b > we proceed again by extending a character of
< a,b >. In the remaining case we have

c= aHbV7 (Ma V) $é (05 O) mod p,

the order of ¢ is equal to p and p must be different from 2 because by
assumption ¢ # 1. Now, because of < a,b >=< a > x < b > we can
find characters x,, x» of < a,b > with

Xa(@) = xp(b) = ¢ and Xa(b) = xs(a) = 1,
where ( is a primitive p-th root of unity. We set
X = X0'Xy, m,n € Z.
Then we have
x(a) = ¢, x(b) = ¢, x(c) = ¢,

and, noting that p # 2, we see that the exponents m,n can be chosen
such that x(a), x(b) # 1. Now any extension of y to G has the desired
property. |
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Proof of Theorem 6.6.2 From homogeneity of A it follows that for ¢ € J,
5(¢) := N(©)*?|A(0)]?, ceT,,

only depends on the ideal class of ¢, and for any character x # 1 of R;
we know by Theorem 11.1.1

> x(0)log(8(c)) # 0,
¢ mod $;

where for simplicity we have written x(¢) instead of x(c$);).

Now, assume the first assertion of our theorem to be false. Then

oo ((36))

is contained in a proper subfield L', K C L’ C L. For the corresponding
subgroup 3 of R, we then have

Ao U 4
Therefore, by Lemma 6.6.3 there exists a character y of R; /4 with
YW £1 and y(ab™ ') #1.

Since O lies in L' by assumption, it follows that

) > X(c2) |logle @) =0 (6.11)

comod U | €€ 1§
¢o mod by

using the relation

S X)) =o.
(SR=D) ¢
¢, mod L

On the other hand by Theorem 6.6.1 we have

2 ) x(0)log|e ©)] =
¢ mod U
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., e N(b)\ "™ §(ad ')
: cn%uX(c)lg asl_e[u (N(“>> 5(b0~ e ) |
0s modilt

Using the above character relation and the rule §(a) = §(a), we further
obtain

2 Y X(O)log|e W =2e(x(a) —x(b)) Y x(c)log(s(c)).

¢ mod ¢ mod b,

Herein the right-hand side is different from zero because x(abfl) £ 1.
This contradiction to (6.11) then proves the first assertion of Theorem
6.6.2.

To prove the second assertion, we set

A(a)A(b) >e>
O = N, —_— .
ot ((A(ab)A(D)
The assumption of © lying in a proper subfield L’ of L then leads to the
equation

0=2 X x(¢)log|07]
¢ mod i

=2e(x(a) —D(x(b) —1) X X(c)log(é(c)),

¢ mod b,

which is contradictory if, according to Lemma 6.6.3, the character y is
chosen such that

XU =1, x&' #1, x(a)#1, x(b)#1.

|

For many constructions in complex multiplication it is necessary to
prove similar results for certain roots of the singular values in Theorem
6.6.1. This is in fact possible since A is the 24-th root of a modular form
of "weight %”:

A(%) = (2m) (@),
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As in section 2.4.3 we consider the following functions g:

@)\ 8
(71;((2)))672(“))”_1 for 3t n,
(Ziﬁ;)m%(w =R for 24 n,
(Z((E))) , m = ged(3,n) forn =12 teNand 2{n, (6.12)
%(72(0))73(“))%’1@7;1 fOI‘ n=mpq, p,q c N’
ged(6,n) = 1.

From section 2.4.3 we know that these functions are in Qr , , . The next

0n
theorem tells us that their singular values lie in ring class fields and in
combination with Theorems 6.3.1 and 6.3.2 we will obtain information
about roots of the numbers in Theorem 6.6.1.

Theorem 6.6.4 Let g be one of the functions in (6.12). Let o € H be
the ratio of a basis of a proper ideal of Oy, and > the ratio of a basis of
a proper ideal of O with a divisor t' of t. Then

g(a) € Q.

Further, let o« = o, ..., a4 be an n-system modulo t, then the numbers
g(«;) are the images of g(«) under the distinct automorphisms of Q; /K.

The proof of Theorem 6.6.4 follows immediately from Theorem 5.2.2
and the theorems about singular values of v and 73. In particular, under
the hypothesis of Theorem 6.6.4 it follows that

ht

[T (X —g(ai) € K[x],

i=1
where h; denotes the ring class number modulo ¢.
In particular, by Theorem 5.2.4 we obtain the following results for the
functions

p.q(w) ==
defined already in (2.4).

Theorem 6.6.5 Let p,q € N be prime to 6 and let o = ay, ..., ap, as
in Theorem 6.6./4 have the property that ﬁ is the ratio of a basis of a
proper ideal of Oy with t' | t. Further, we assume that

p—1g—1

(ra(@)ys(e)) = 2 € Q.
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Then
h

Mp,q(X) = H (X — gpq()) € Q[X]

i=1
if we assume (a little stronger than in Theorem 6.0.4) that the o; are a

12pq-system modulo t. Of course, for g, ,(a) integral, it follows that the
coefficients of my (X)) are in Z.

Proof By Theorems 6.3.1, 6.3.2 and 6.6.4 we know that for two elements
8,0 of a 12pg-system the singular values g, () and g, ,(3’) are con-
jugate over K. We choose an element § € HN K satisfying a primitive
equation

AX? 4+ BX +pg with ged(6pg, A) =1,A >0 and B = B; mod 12pq.

It follows easily from the hypothesis on % that such a choice is possible.
From the theorems quoted above, we can then conclude that g, 4(8) is
conjugate over K to any of the numbers g, ,(c;), hence is equal to one
of them. The same holds for g, , (A3), and we show that

Ip.q(B)" = gp.o(AD) (6.13)

with 7 denoting complex conjugation. By (6.13) it follows that the con-
jugates of g, 4(a) are permuted under 7. Hence the polynomial m, 4(X)
must have coefficients in K NR = Q. To prove (6.13), we use the identity

g0 (~22) = gpa@)
p.q w p.q

and we find that

9p.a(B)" = 9p.o(=B") = gp.q (_5?) = 9p,q (_Zqﬂ) = Gp,a(AB).

This completes the proof. |
By Theorem 6.6.4 we can further prove:

Theorem 6.6.6 We assume that Ry ¥ Z/27 resp. ¥ 7/27 x 7)27

depending on whether one resp. two of the roots /—1,1/—3 are in ;.

Then there exists a primitive ideal ¢ of 1 prime to t so that the 24-th
root defined in the proof below,

24 A(ct)A(ct)
A(H)A(D)

is a generator of Q; over K.
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Proof The case Q; = K being trivial, we may assume that [Qlt ) =
IR;| # 1. Let ¢ be an integral ideal of £ of norm ¢ prime to 6t, satisfying
the congruence
c—1lc—1
2 2
In O, we choose a basis o, 1 with a € H, such that a,c and «, ¢ are
bases of ¢; and ¢7. Then by Theorem 5.2.2

= 0 mod 6.

n(%)n(% esle-1
EE) (o) T e 0,
Ui (?2) n (@)
and since the exponent %% is divisible by 6 and ~2(«)y3(«) being
non-zero because of Q; # K it follows that

o [e3

”(z)”(z)
a(3) () <

Now

o o\ 24
A(c)A(cy) _(n (2)n(2)
A(F)A(Dy) n(E)n(@) )
and, according to Theorem 6.6.2, the left-hand side is a generator for
/K if ¢ ¢ ;. Note that for ¢ ~ )\ € ; we have

ACDA(S) _ o ( A(c) )
A(cF)A (D) A(D:)

so that in this case we can apply the first assertion of Theorem 6.6.2.
Now we are going to prove the existence of an ideal ¢ with the above
properties that is not in ;. We distinguish the following cases:

(i) "V-1L V=3¢ Q"

(i) "vV—1€ Q=3 ¢& Q"

(iii) "v—1¢& Q=3 € ",

(iv) "V=T,v=3 € Q,".
(i) We chose £ € A /3¢ different from l¢. Then, according to Theorem
3.3.1 we can find an ideal ¢ of norm c in £ such that

()= -1

Further, we may assume ¢ to be primitive, because an integer divisor of

¢ lies in $l; and its norm is a square. Then, for ¢ we have the congruence
c=1mod 4 and ¢ =1 mod 3.

Hence, the above congruence modulo 6 is satisfied.
(i) In this case we have R; % Z/2Z by assumption, so by Lemma 6.6.3
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there exists £ € Qlt/ﬂt, E £ 4 with x_1(€) = 1. Now, let ' be the
subgroup of U3 associated with 0:(v/—3). Then by Lemma 6.6.3 there
exists a class €, modulo 4’ in € with x_3(&) = 1. In €, we choose an

integral primitive ideal ¢ prime to 6. Its norm ¢ must satisfy the congru-

—le—1 _
55 =
(iii) is settled analogously to (ii).

(iv) Here, by assumption R, % Z/27Z,7/27 x 7/27. Therefore, by
Lemma 6.6.3 there exists € # 4l in Qlt/ilt with x_1(8) = x_3(€) = 1.
Any primitive ideal ¢ € £ prime to 6 then has the desired property. [

ence 0 mod 6, and then we proceed as in case (i).

Remark 6.6.7 In the case ged(6,t2d) = 1, one may pick any primitive
ideal ¢ € ¢ prime to 6t for the construction of the 24-th root in Theorem
6.6.6 because then v2(a) and y3(a) lie in Q; if the trace of « is divisible
by 3.

Examples 6.6.8
(i) Let dx = —47. Then

2
n(%) oy 29+ VAT
1 (55) 0 ()’ 2
is a generator of /K. Its minimal equation over K,
X5 42X442X3 4 X2 1,

has quite small coefficients, compared to Example 6.1.3.

(i) Let dg = —4447. Then

n(g)”
n (%) n(a)’

is a generator of Q/K. Its minimal equation over K is

o 2397 + /44T
==

X' 4 4356 X0 4 4469408 X '° — 577415049 X
63837613820 X 13 + 422739382392 X 12
73026311344680 X! + 657942992235294 X 1°
2422818074079732 X + 3631848712112989 X ®
2571388650262763 X7 + 887568818022539 X ©
608523191355758 X° + 51489792551504 X *
2122601876446 X3 + 66143066 X2 + 2765955 X + 1

+ o+ + o+ o+ o+
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The corresponding equation for j(a) would fill too much space,
so we only note its constant term:

20272567931766198588472937969480337626528405329206
02558316192477534932908960275948044832593305408383
89158022069642113705761463462559908613300086014816
54261402680638546232805631330586254700272424306947
30086149371346231356084022183692316032172589155546
6470127233602482874630368314683437347412109375

Using the same arguments as in the proof of Theorem 6.6.6, we obtain
the following result that will be needed later for a suitable normalisation
of the p function:

Theorem 6.6.9 Ford < —4 and t € N there exist primitive ideals P, (
of D1 of norm p and q prime to 6t satisfying

p=qg=-1modd if 2|td and 31td,
p=q=-1mod3 if 24td and 3|td,
p=q=-1mod12 if 2|td and 3|td.
Given two such ideals P, q with Pq being primitive too and any ideal
a € Jy, we can choose the ratio o € H of a basis of @ so that

[e]3

,% resp. oo are ratios of basis of ap,, aq, resp. ap,q,.

TR

Further, we can achieve the coefficients A, B of the primitive equation
X2 4+ BX +C =0 of a to satisfy

B=0mod3 for 3f{td,

ged(A,6) =1 and {B =1mod4 for 2ftd.

Then we have

:77(())7;((;))72 (a)ys(a) € Q.

<R

Ele

Proof The existence of primitive ideals P, q with norms satisfying the
above congruences follows from Theorem 3.3.1, bearing in mind that for
d # —3, —4 the roots v/—3,1/—4 are not in K. Now by Theorem 6.6.4 it
follows that

n(e)

n p—1lg—1
Ezggjﬁzaj(72(a)73(a)) €y

S
oI
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Since t2d # — 3, —4, we know that v2(a)y3(a) # 0. Further, in view of the
congruences satisfied by A, B, p, g, Theorems 6.3.1 and 6.3.2 tell us that

p—1lg—1

(r2(a)ys(a)) = =
Y2(a)ys(a)
thereby proving the assertion of our theorem. |

€ Qy,

A consequence of Theorem 6.6.9 is the following result first obtained
by Fueter in a different way.

Theorem 6.6.10 We assume that d < —4 andt € N or d = —3,—4
and t = 1. Let o € H be the ratio of a basis of & € J;. Then there exist
algebraic units es(a), e3(a) such that

Y2(@)  y3(a)
e2(a)’ e3(a)

t-

Proof For d # —3,—4 the assertion is immediate by Theorem 6.6.9,
because the n-product there is a unit according to Theorem 4.2.1. For
d = —3 we have y3(a) = 0 and y3(a) € ©Q; by Theorem 6.3.2, hence the
assertion is trivial. For d = —4 we have y3(«) = 0 and (y2(«) € ©p with
a third root of unity ¢ by Theorem 6.3.1. Since in this case ( € K = ()
Theorem 6.6.10 again implies our assertion. |

For some later applications we also need the following result obtained,
like Theorem 6.6.9, by using the fact that

wy)\ 6 o
<Zi:};> v3(w) 7, for 24 n,
known from (6.12):

Theorem 6.6.11 For d # —4 and t € N there exists a primitive ideal
p of D1 of norm p prime to 2t satisfying

p=—1 mod 4.

Given such an ideal P and any ideal 0 € Ty, we can choose the ratio
a € H of a basis of a so that

% is the ratio of a basis of ap,.

o 6
(ZEZ;) v3(a) € Q.

A further application of Theorem 6.6.4 is:

Then we have
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Theorem 6.6.12 (principal ideal theorem) Let a be any ideal
of O1. Then in the Hilbert class field Q the ideal Oqa is principal.

Proof First let a=} be a primitive ideal of norm p { 6 with p? be-
ing primitive, too. Then there exists a basis o, 1 of 91 with a € H,
such that «, p resp. a, p? are basis of P resp. ﬁQ. Therefore, according to
Theorem 6.6.4,

(&)

()
is in 2, and is associated with P by Theorem 4.2.2. This proves the as-

sertion of the principal ideal theorem for primitive ideals p # P of norm
p 1 6. To prove the assertion for an arbitrary ideal, observe that in every
ideal class there exists a prime ideal p # P of norm p { 6. Our assertion
then becomes immediate. O

6.7 Double n-quotients in the ramified case

The content of this section forms part of work done jointly with Andreas
Enge. Let K be a quadratic imaginary number field of discriminant d.
Then

D =t%d

is the discriminant of ;. Further, let p, ¢ be two primes not dividing 2t
that are ramified in K. Let P, q be the prime ideals in K above p resp.
q and P,,q, the corresponding proper ideals of 9.
We consider again the function
w w
n(3)n(3)

Ipg(w) = ; (ﬁ) n (@) .

From Theorem 6.6.4 we know that the singular values of g, 4 at ratios of
basis of proper ideals of £, sometimes lie in ;. In what follows we will
show that in many cases these values even lie in a proper subfield of €2;.
As we will see later in section 10.2.3, this fact is very useful for the deter-
mination of cryptographically relevant elliptic curves over finite fields.

Theorem 6.7.1 We assume the above two primes p,q to satisfy one
of the conditions (a)—(c) and further, to satisfy (d):

(a) p=3, ¢ =1 mod 3,

(b) p,qg# 3 and 3 /D,
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(c) (p—1)(g—1)=0 mod 3 and 3|D,
(d) (p—1)(g—1)=0 mod 8 if 2|D.
We set o := M. Then
(i) gpqla) € Q,
(i) gpyq(a)g(p) = (%) mv gp,q(a)a(q) = (%) gp,ql(a)’

(i) gpa(@)7®D = (=1)5F" g, ().

According to Theorem 3.1.10 we can choose a 6pg-system
a=aq,...,a, mod t. Then by Theorem 6.6.5

m(X) = H (X = gp,q(ai))

=1

has coeflicients in Z:
m(X) € Z[X].

Further, by the above theorem m(X) has the following properties: for
(pq): not principal o(Pq) is of order 2, hence €, is of degree 2 over the
fixed field L of o(pq). For the following, we assume that

o([eg, 1]),e=1,.

~~727

to induce the different automorphisms of L/K.

Case 1: %1% =0 mod 2:
Then
h/2
m(X) =m(X)? with m(X) = [[(X — gpq()) € Z[X],
i=1

and m(X) is a product of factors

X2+ uX + (%) with integral numbers u € L.

Case 2: %q;—l =1 mod 2:
Then
h/2
m(X) = m(X?) with m(Y) := H (Y = gpq(ai)?) € Z[Y],

=1

and m(Y) is a product of factors
Y2 +uY + 1 with integral numbers u € L.
The determination of the "half-system" o, ..., ay s is easy for Q;/L
being generated by the square root of a rational number. According to
Theorem 6.1.4 such numbers are given by the divisors

s|D with s =1 mod 4
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satisfying

VY — (6.14)

Clearly, in such a case we can find s with |s| being a prime or equal to 1.
Then the "half-system" is obtained by taking all «; having a primitive
equation

A X2+ BX+C =0
with
(4)=1vifs fa,
(&) =1its fc.
Note that for such a divisor s of D we always have s fA; or s JC;.

Verification of (6.14) is done by the formula

P (5) Vs, for ged(s,p) =1

and the analogous formula for ¢ instead of p, following from the Frobe-
nius congruence. For s = +p, +q we can prove the relation

v = () v = ()T,

and analogously for \/¢* U(q), where m is the natural number defined by
D = —pgm.

Proof of Theorem 6.7.1 To prove the first assertion, we observe that by
2.4.3

U(%)U(%) p—1g—1

T () 2@ T

Further, by the results on the singular values of 7, and 73, we know

€ QFO(pq)'

p—1g—1

(r2(a)y3(@)) = =
to be in Q. For (p — 1)(¢ — 1) = 0 mod 24 we even have
n()n(2)
4427444476(@ 0 .
NG ~ Y

Therefore, in this case assumption (i) is immediate by Theorem 6.6.4,
and the above consequence holds for any pg-system modulo t. Further,
in this case the factor 3 in the definition of a can be omitted.

To prove the remaining assertions, we consider the function
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n(w)
defined already in (2.3), where n is an odd natural number. The trans-
formation formula of the 7 function then yields

a 1-n %a—c d(1—a?)—a)—3(a—1)c
gnOM:<g) 2(4 ) (d( )—a)=3( )1}gn

for M = (“2) € I'(n) with ¢ > 0 and d > 0 if ¢ = 0,

C

where ¢; denotes the odd part of ¢ = 2*¢; for ¢ # 0 and is set to be
c¢1 = 1 for ¢ = 0. The transformation formula now shows that

24n? if m=1mod 2,

gn € Fiv with N{8n2 if m=1mod 6.

(6.15)

Using the Reciprocity Law, we obtain

Ip.q(a) = (%) gp(a)t=o(@ = (%) gg(@)1=o®

and further, in view of o(p)? = o(p),

gp,q(a)g(p) = (%) gq(a)(l—U(P))J(p) — 1(a)gq(a)1—g(p).

9p.q

Again by the Reciprocity Law we have
9a()7®) = [g,0cC™1] (C(a)), ¢ = det(C), with C = (gg) .
To determine g, o cC~! we decompose
C = (é 02) M mod N
P
with a unimodular matrix

M= (gﬁ,) mod N,

where N is defined in (6.15). The n transformation formula then yields
ggocC™l =g 0 ((1)1?2) M=g,0M = (%) 9q-

This proves the first assertion in (ii). The second is obtained analogously.
Finally (iii) follows from (ii). O

Examples 6.7.2 Suitable p, g-pairs are, for instance,
(3,q9), ¢ =13,37,61,

(5,q9), ¢="7,11,13,17,19,

(7,q), ¢ =13,17,29,37,

(11,q), ¢ = 13,29,37,
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(13,q), ¢ =17,19,23,
on condition that 3 + D for (p —1)(¢ — 1) # 0 mod 3 and 2 { D for
(p—1)(¢g—1)# 0mod 8.

Remark 6.7.3 If the discriminant d is divisible by a further prime
r # 2,p,q, coprime to 2¢, the construction of the theorem can of course
be continued by

Ip.qr(@) == 9p7q(a)(1_a(t)) = gpw(a)(l_a(q)) = gp,q(a)gp,q(%)_l-

The number obtained in this way is fixed under o(pq) and o(pt) if (a)-
(c) are satisfied for two of the primes p, ¢, r. A sufficient condition is, for
example, the congruence

(p—1(g—1)(r—1) =0 mod 3.

Furthermore, iftheringideals (§q):, (pt); and (pqt); are not principal, this
implies that g, 4 -(c) lies in a subfield L of ;, with [, : L] =4. The gener-
alisation of this construction using more primes now becomes obvious.

6.8 Generation of ray class fields by <p(z|:;)

The results in this section are mainly based on Bettner and Schertz
(2001) and Schertz (2005). Given a lattice £ = Zw; + Zwa, the relation

ezl o))" = 0" (2| £)2A(L)

shows that the 12-th power ¢(z| i;) is independent of the choice of basis.
We therefore write

o(z]£)¢ == p(z|o1)¢ if e € 12N,

For £ = a a proper ideal of the order of conductor t in a quadratic
imaginary number field K and ¢ € K\ a the number ¢(¢|a)'? is algebraic
according to Theorem 4.1.2. In view of homogeneity we may assume that
¢ € ,. For these values we have:

Proposition 6.8.1 Let a € J;, f :== an; and f := min(fNN). We
set ey == lem(12, f). Then

p(Ela)r € Ky if ¢e O,
and for £,& € Oy we have
p(Ela)er = pEla)r if & =ef mod f,
with a unit € € ;.



170 Generation of ring class fields and ray class fields

Let, further, ¢ be an integral ideal in € € 9‘{”. Then the action of the
Frobenius automorphism o(€) is given by

p(gla) 7 = p(elach)s.

Proof First we prove the second assertion. Let ¢ € £, and
¢ =ef+awith a € f.

Then, using the transformation formula from Theorem 1.2.4 for ¢*, we
find that

p(€|a)er = () elalemesp(et|a)™.
Herein we have
la(e€,a)er = lg(esel, o) € 2miZ

because eyef and «vare in a. Further, ey is divisible by 2, hence ()¢ =
1. It follows that

p(Ea) = p(e€la) = p(Ele ) = p(Ela).

This proves the second assertion.

For ¢ € a we know ¢(&|a)¢f = 0, so the first and third assertions are
obvious. For £ € 9, \ @ Theorem 5.2.5 tells us that

pE|a) € Kigp

because ¢ € %a. Now let b be an integral ideal of £, coprime to
12t f and o(b) the corresponding Frobenius automorphism of Ko 42 /K.
Then, again by Theorem 5.2.5

p(€la)= ™) = p(¢lab, e with by = b O,
The right side of this equation can be rewritten as

p(€lab; e = p(Elachyer,

where ¢ denotes an arbitrary integral ideal from b;&, . This implies the
first and last assertions of our proposition because in every class of %t’f,
there exists an integral regular ideal. Therefore, let ¢ be an integral ideal
in b;&, ;. Then there are integers A, \' € ), coprime to f, such that

Ac = Xb; and A = e\ mod |



6.8 Generation of ray class fields by (2|} ) 171

with a unit e € ;. Multiplying this equation by a suitable power of \’
we can further achieve that

A=emod fand ' =€ mod |
with two units €, ¢ from ;. Then
EX=E&emod | and EN = &€’ mod T,
hence, in particular,
Ex=Eemod ac ' N O, and N = &€ mod ab; ' N O,.

Applying the second assertion of our proposition for the ideals ac—!
and ab;l, we obtain

p(Elac™) = p(Er[ac™)es
= p(gla(Ae) ™) = p(Ela(Nby) )

—1\e —1\e
= p(gNab, ) = p(¢lab, ),
and this finishes the proof. ]

By the third assertion of proposition 6.8.1 we see that ¢(1|ac—1)¢f
only depends on the ray class € = CGt,f. Therefore, similarly to the
singular values of the 7 function, we set

Do () := p(1jac™h)s

with an integral ideal ¢ € g Immediately from Proposition 6.8.1 we
then obtain:

Theorem 6.8.2 Let a € J; and f:= an ;. Then for all £,h € %t’f
we have

Do) € K, and  Da(8)" D) = aq(en7").

As we will explain later in Chapter 11, Meyer (1957) has shown that for
t = 1 the above numbers act similarly in the values of certain L-function
s at s = 1 as the A quotients considered in 6.6. In the following, we let
a be an integral ideal of Dl, different from ;. Then in Theorem 6.8.2
f=an ), = a. In view of the analogy to A quotients, we may now
conjecture as follows:
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Conjecture 6.8.3 Let f be an integral ideal of 1, different from O1,
and let £, € ﬁf. Then for every intermediate field K C L C Kj and
for every natural exponent e

L=K (N n (B4(8))).

o)\ )\
o (55)) s

where I, denotes the subgroup of ﬁf corresponding to L.

Following the exposition in Bettner and Schertz (2001), we will now
prove this conjecture for certain cases — roughly speaking for § not di-
visible by "too small" prime ideal factors. Given a character x of ﬁf, we
consider the expression

As(x) ==Y X(E) log |[4(E)].

Ee.ﬁf

Unlike the sum in the proof of Theorem 6.6.2, this sum may be zero for
some character y # 1, because Theorem 11.2.1 only tells us that

A5 (x) #0

for any character x # 1 of K with f, # (1). The relation between Ag(x)
and Afx (x) is given by

T 0= X | 4700,

p

I
fX
where wjy resp. ws denote the number of roots of unity in K that are
congruent to 1 modulo | resp. modulo ](X. X’ denotes the primitive char-
acter modulo f, belonging to x. This explains why the proof of Theorem
6.6.2 does not carry over to this case. However, under certain conditions
on { it will be possible to construct sufficient characters y of ﬁf satisfying

Af(X)?éO.Let
F=pp e pl

therefore, be the decomposition of f into a product of powers of prime
ideals. We let e; be the exponent of the prime residue class, (1 /p}"*)*,
and we note the following two conditions:

(i) Let f = p™ # (1) be a power of a prime ideal and also the conductor of
K;/K.
f
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(ii) With the above notation let

61':2, i:l,.‘.,SO,
€12, i=s0o+1,...,s,
65*47

Pe 1 ged(6, w),
where w denotes the number of roots of unity in K. Further, we assume the

existence of classes €; € ﬁfpfmi ,i=1,...,50, with P, € ., such that the

orders of &; in ﬁfpv_mi are divisible by a prime q; > so + 2.

i

We can now prove the following special case of the above conjecture:
Theorem 6.8.4 Let f # (1) be an integral ideal satisfying (i) or (ii).

Then for € € ﬁf and e € N
K; = K(<I>f(E)e).

Further, for b € .ﬁf not having order 1 or 3 and any e € N

oe(Eh) |
K*K<< qff@) )

if in addition to (i) [Ky : Q] # 2 for b having order 2.

Proof We conclude as in the proof of Theorem 6.6.2. The assertion of
Theorem 6.8.4 is then immediate by the following lemma. |

Lemma 6.8.5 We assume the conditions of Theorem (.8./ to be sat-
isfied. Then, for every £ € ﬁf different from the main class, there exists
a character x of ﬁf with

As(x) # 0 und x(B) # 1.

Further, for €, € ﬁf different from the main class and § having an
order other than 3 there exists a character x of ﬁf with

As(x) #0, x(8) # 1 and x(h) # 1.

For the proof of Lemma 6.8.5 we need the following analogon of
Lemma 6.6.3.

Lemma 6.8.6 Let g1, ..,9, be elements of a finite abelian group G of
order o(g;) # 1. Further, for every prime number p we assume that

#{9: | plo(gi)} < p.
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Then, there exists a character x of G with

x(gi) #1 fori=1,...,n.

Proof of Lemma 6.8.6 In view of the main theorem on finite abelian
groups, it is sufficient to prove the lemma for all elements of G \ {1}
having order p with a fixed prime p and when n = p. Therefore, we may
assume that

G=<g1>X...X < gp >,

where k > 2 because of n = p. The remaining gy1, .., g, are products of
powers of ¢1,..., gk:

gi=0"" g
with at least one exponent not divisible by p. For ¢ = 1,..., k we denote

by x; the character of G uniquely defined by
Xi(95) = Cpdij

with a fixed primitive p-th root of unity ¢, and the Kronecker symbol
dij- Then, by

X=Xx7" Xy, vi=1,...,p—1,
(p — 1)¥ characters of G with x(g;) # 1,i = 1,...,k, are defined. The
condition x(g;) # 1 for some j > k+1 is satisfied if exactly one exponent
{455 is not divisible by p. Otherwise, we have to exclude a certain number
of x’s. Therefore, noting that

Xlgj) = Gt

)

we consider the matrix
M= <,uk+1,1 S Uk+1,k> .
Hp1  --- Hpk

If M has rank 1, all x(g;), j > k + 1, are powers of x(gx+1), and to
satisfy the condition x(g;) # 1 for all j > k + 1, it suffices to exclude

pF~1 — 1 characters . The number of characters left is then
|
(1)~ nzwlc—)—-u
1\** -1 1
> pF (1—) - = +1>pk[1 b —]+1>1
p p p p
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If M has rank > 2, then for each x(g;) # 1, j > k+1, we have to exclude

k—2

at most p — 1. Therefore, the remaining number of characters is

. B N\" 1
(-1~ (o~ K)o —1>—pkl(1—p) -2

p—1
> pk (1_1> _1
p p

-1 1
> ph {lppp}wp“ﬂpk)zl.

This proves Lemma 6.8.6. |

+kp* 2+ (p—k)

+kp" 2+ (p— k)

Proof of Lemma 6.8.5 It is sufficient, to prove Lemma 6.8.5 for £ and b
having prime order:

o) =p, o(h)=q#3.

According to the remark following Theorem 6.8.4, the number s is at
most equal to 4 and €;,i =1,..., 50, have an order divisible by a prime
g; > 7. We chose classes E; € ﬁf with E; C &;. Their orders are then also
divisible by ¢;. Applying Lemma 6.8.4 to the elements €, b and E;,i =
1,...,80, 0of G = ﬁf and noting that sy < 4 and ¢; > 7, we can find a
character y of ﬁf with

X(€) # 1, x(h) # 1 and x(&) # 1,i =1,..., 5. (6.16)
The properties in (6.16) imply that

Xl(pl)#llfpzj[fx fori:l?"'?‘SOa

where y/ denotes the primitive character belonging to y. We will now

modify x without changing (6.16) such that fx is divisible by all p,,i =

so+1,...,s. The modified x then has the properties of Lemma 6.8.5. As-

suming P, to be no divisor of fx for some i = sg+1,...,s—1, we have to

construct a character ¢ of K5 with p,|f, |[pi" pi*s. Then p,f P [f,.,

Further, ¢ will be constructed in such a way that \ := y satisfies (6.16).
To find v we consider the homomorphism

k(D) — Ry, at+fe(a)e,

where ¢ denotes the main class of ﬁf. We have

kers = (W +f)/F,
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where W denotes the group of roots of unity in K. By restriction to
the image of x, every character x of ﬁf defines a character ¥ of (£ /f)*
that is trivial on (W + f)/f. To determine the prime ideals dividing the
conductor of x we have to write y according to the isomorphism

(O/F)" = (O/p"™)" x ... x (O/p)”
as a product
X=X1"---"Xs
of characters x; of (O/p/")*. Then
To construct 1) we now choose a character v; of (O/p7*")* with o(¢);) =
e; and a character 15 of (O/p™)* with o(s) = e that, in addition,
satisfies

P((W +p)/p)") = W.

Such a choice of 1), is possible because of the assumption p7*s t gcd (6, w).
Due to the last condition we can now find k € N such that

Gi(C+ P (C+ T ) =1
for all ( € W. Hence
Q/J = w’b 57

the product being understood in the sence of the above isomorphism as
a character of (/f)*, is trivial on (W + f)/f. Therefore, ¢ defines a
character on the image of x that can be continued to a character of .ﬁf.
For this continuation that we also denote by 1, we then have

pi|f¢2u‘p;nip;ns for ;1 € Z with e; t 2p.
We now define
X o= x¥*, et 2u,
and we will show that g can be chosen such that y also satisfies (6.16), i.e.
VHRE) A X, r=8D, 8 =15

If a class ¥ has order 2, then 1?*(r) = 1 and condition ¥?*(x) # x~1(x)
is satisfied. But order 2 can only occur for ¢ = €, f) because of the above
assuptions on the {?2. For the following, we may assume that all ¥ have an
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order divisible by a prime > 3. More precisely, by hypothesis of Lemma
6.8.6, the E; have orders divisible by a prime ¢; > 59 + 3. We set

p if r=¢
q=1{4q¢ if r=bh,
q; it r=%,j7=1,...,s0.
Now, p € Z satisfies the above conditions if it is a solution of the follow-
ing congruences

w # 0modl,
= 0 modliqu:l7
for all odd primes [ with

lleipgqr - ... - s,

and ¥ = E,[’),?;,j =1,...,s0. For | > sg + 3 the existence of such a
solution is immediate. For [ = 3 we have a = | at most for one class
I and in the case 5 < [ < sg + 3 there are at most two classes ¥ with
a = [, hence the congruences can also be solved in these cases.

In this way we obtain a modification of x such that p, y,..., P,
become divisors of fX, thereby maintaining property (6.16). If, in addi-
tion, P, is a divisor of fx? we have done. Otherwise we multiply x by a
character whose conductor is a power of .. We can find such a charac-
ter as follows: first, ¢ is obviously trivial on (W + f)/f, hence defines a
character of the image of x that we continue to a character v of ﬁf. Then
the conductor of ¢? is a P, -power, which is different from (1) because
our assumption e, {4 implies that the conductor of /2% cannot be (1).
Then, as for so < i < s, we end up with a character x satisfying (6.16)

and whose conductor is divisible by p. . ;,...,p,. This implies that
wy S0 ,
As(x) = w; [T =Xy ] 45 00 #0,
j=1

thereby proving the second assertion of Lemma 6.8.5 under the second
condition in Theorem 6.8.4. The proof of the first assertion is analogous.

Now we prove the second assertion of Lemma 6.8.5 under the assump-
tion (i). If f = p7* # (1) is the power of a prime ideal and also the
conductor of Kf/K7 then K # (2. Let U be the subgroup of .ﬁf corre-
sponding to 2. Then the characters of ﬁf with conductor divisible by p
are exactly those who are non-trivial on {l. We chose a class u € l\ {e}.
Then, by Lemma 6.8.6, there exists a character x of ﬁf with

x(®) #1, x(h) #1 and x(u) #1
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if not all three elements €, fj, 1t have order 2. If one can find an element
u € Y of order o(ut) > 2, then Lemma 6.8.5 is proved. Otherwise Ll is the
direct product of cyclic groups of order 2 and not cyclic because in this
case [Kf : Q] # 2 by assumption. Hence, there are two classes uq,us € 44
of order 2. If, then, fj ¢< €,1; >, we chose a character y of < €1y >
with x(€) # 1 and x(14;) # 1, which we continue to a character of .ﬁf
with x(h) # 1. However, if ) is in both < €,u; > and < €, U, >, then b
must be equal to €, 11; or to Us. For h = € or ) = uy, the character x from
Lemma 6.8.6 with y(€) # 1 and x(11) # 1 has the desired properties.
This proves the second assertion of Lemma 6.8.5. The first assertion
is obtained analogously. |

The class invariants ®4 (), € € ﬁ”, are by definition high powers of
singular values of the Klein functions ¢, :

Ba(l) = p(1lfc ).

In particular, for the numerical construction of class fields it is interesting
to know whether lower powers of p(1|f¢ 1) are already in K, ;. To answer
this question one has to apply Theorem 5.2.5 to obtain the Galois action
of K195/ K, 5 on these singular values. It then transpires that mostly
o(1]fc™1) generates an extension of K, s that under certain conditions
is even of degree ey. However, we will show that simple products of
different values @(1[f¢™") are in K, g, thus providing simple generators
for K, ; /K, similar to those given by Theorem 6.6.6 for ring class fields.
Such products are given by the following theorem, where for simplicity
we consider only the case of ¢t = 1.

Theorem 6.8.7 Let | # (1) be an integral ideal of Oy and &1,...,& €
%\91 Then

(&) = % = ,%7 ged (€, ti) =1,

with integral ideals C;, C; and divisors t; # (1) of](. We choose a basis o, 1 for
O, with o € H and

0 mod 4 if 2|d,

tr(a) =0 mod 3, tT(a)E{lmod4if2)(d,

which is always possible. By Eé_ we denote the ray class modulo t; that contains
¢;'. Then

g (b)) = oGl i=1,....s
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We write | = f1f, with a natural number fi and a primitive ideal f,. In f, we
choose a canonical basis

f, = &, f2] with fo = N(f,) and & € H.

f = fifa is the smallest natural number in f Further, we decompose fo =
f> f>", where f5 denotes the ramified and f3* the split part of fo. According
to Theorem 5.2.5 we then have

50(£1|?)€K12f2, ’L:1,,5
Further, let
vi = win0(0i1) + -+ 2is,0(0is,) € Z[Gal(Kypp2 /K)], i=1,...,s,

with integral ideals b” prime to 6 f and corresponding automorphisms U(bi,j) €
Gal(K,5p2 /K). We set

N(vi) = 2i1N(bi1) + - + 215, N(bis,),
and we assume that the following conditions are satisfied:

N(vi)=0mod 2, i=1,...,s,
N(y1) 4+ N(vs) =0 mod 4 if 2|d and 21T,
N(y1) + -+ N(vs) =0 mod 3 if 3|d and 317,

N(C1)N(y1) + -+ N(¢s)N(vs) = 0 mod f,;,“*gciil(;,f;*)'
As the trace of & is coprime to f3*, there exists a solution v of the congruence
j it (@) — (N () + -+ N(7)) = 0 mod 21,

where p = 1 resp. p = 2 for f3* even resp. odd. Then, with the root of unity
2mipy

¢ = exp( o f ), we have
C[Iet&l) e K.
i—1

The action of the Galois group of Kf/K on these values can be computed by

Theorem 5.2.5.

In view of Theorems 6.8.3 and 6.8.4 we note two special cases that are
useful for numerical constructions of K. f-
Theorem 6.8.8 With the notation of Theorem 6.5.7 we have
(i) Col€]§)2ed®12 e Ky if ged(f,f) = 1.

el ) ® .
(i) waéi‘?) € K; if N(b) =1 mod }j{,

for any integral ideal b of O1 coprime to 6f.
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Proof of Theorem 0.8.7 By definition of &y (€z.) and by homogeneity of

i

¢ we obtain, using Theorem 5.2.5,

D¢ (6z) = (&l )
and then

0(&l7) € Kigp2.
To prove the remaining assertions, we fix 7, and we write £ = §;, ¢ = ¢;,
v = ;. To compute the action of the automorphisms of Kiop2/K § on
©(&]7) we note that the relative automorphisms are of the form
a(A), A coprime to 12f with A =1 mod §.
Using Theorem 5.2.5, we find that

P(El 5TV = (X a)p(€A)
with
e\, a) = (M) e(My)?, 1= N(N),

where €(M;) denotes the 24-th root of unity in the transformation for-
mula of the 7 function with unimodular matrices

M, = (a(us+1{)+bun —01) mod 127 M, = (7;2) mod 12.

Herein, s and n denote trace and norm of «, and u,v € 7Z are the
coordinates in the representation

A =ua+v.
The numbers a,b € Z are chosen in such a way that
det(y ") =1 mod 12.

Modifying A modulo f, one can further achieve u # 0 and b > 0. Then,
observing [ = u?n + uvs + v%, we obtain by Theorem 1.10.1:
(—uvn+1)l—uv—v .
if 21w,
6()‘3&)3 = 4 sl+l—u+1 )[
¢ if 2|v,
—uv(nl+1) if
e\ a)t = G L. i3 1o,
¢5'if 3|v.
Keeping in mind the congruence conditions on s and n, these formulae
lead us to
eNa)b =1 if 24d or 2|(\—1),
eAa)t =1 if 31d or 3|(A—1).
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Writing
A=1+wmitw € f,
the transformation formula of the ¢* function yields
L~ (6,6(0—1 ol
PENS) = w(gw)e "D CEN () 9) = y(gw)e V9D (g ),

To evaluate [ (1,w), we note that f = fi[@, fo]. Hence, w can be
written as

w=wf+yfiad with w,y € Z.
From & = o mod Z it follows that
lo,(1,w) = —2mif1y.
Further, by definition of &,

_ N(¢) _ N(q)
N fife

Finally, we have
e(€l7)7 M-t = e(>\,04)1/;(@,)6—zg’jf'N(C)y7
and this implies the Galois action as asserted:
(0(6]9)) 7O = e(h, )N O () VD FHNONDY,

Further, we find that
Cu(a(/\) 1 _ CH(N(/\) 1 _ ngfltr(d)y

with (o = ewp(Q’”) The hypothesis on N(v;), together with the prop-
erties of €(\, «) that we have deduced, now show us that ¢ H (&l 7)Y
is fixed by all automorphisms of Kisp2 /K i, thereby ﬁnlshlng the proof
of Theorem 6.8.7. |

Remark 6.8.9 From the last part of the proof we see that the condition
"N(v;) =0 mod 2" can be weakened according to the individual choice
of &. Namely, it suffices to have

H P(uw)NO) =1
=1

for all w € f.
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Examples 6.8.10 By the following examples it is shown on the one
hand, that the minimal polynomials of the numbers constructed in The-
orem 6.8.7 mostly have rather small coefficients. On the other hand all

Generation of ring class fields and ray class fields

numbers considered in the following are generators for K f /K.

In the following, mg, x denotes the minimal polynomial of § over K. Fur-

ther, we denote by Py, 05, P, P, prime ideals dividing 2,3,5,7 and the
ut+vd
2

number « is assumed to be of the form o =
dof K and u = tr(«a) € Z.

(i) Let d = —7, f=(9) and

990(5

where tr(a) = 189, £ =

X36
—81X2%7 4 54X726
+135X22 —
+1269X'8 +108X17 —

me,.K =

i
[)els
%.Then(:land

—6X33 +15X32 4 27X30 —
54X20 4+ 414X2%* +117X23
TATX? +162X20 + 351X 19

387X16 —

7
1
45X 1+ 63X728

576X 15

+450X 14 + 1638 X 13 + 1683X 12 4+ 891X 11

—171X19 —1002X° — 1044 X8

—351X7

+531X6 +729X° 4+ 531X* +297X3 + 117X?

+27X + 3.

(ii) Let d = —24, = (2)psp; and

@so(fﬁ‘)so(g

[e3
59
1

where tr(a) = 624, £ = % V=24 Then ( =1 and

mex = X+ (2-2V/=6)XY+ (17—

Vo)X

+(—=6 +22y/=6) X3 + (98 + 4/—6) X 12

+(—16 — 57/=6)X 11 +
+(62+56F )XO +
(—112 — 26v/=6) X7 +
(2 + 27v/—=6) X5 +
(~24 — 17y/—6) X3 +
(

+
+
+(—24
+(243vV=6)X + 1.

+ (—159 + 24y/—=6) X 1°
+ (41 — 37/—6) X8

+ (—87 4 15y/—6) X
+ (35 — 5y/—6) X*
+ (—26 + 2¢/—6) X?

with the discriminant
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(iii) Let d = —11, f = (9) and

90(5
0=

7)o Ct)
#(<7)

where tr(a) =417, ¢ = §. Then ( = 1 and

mex = X +9XY 436X + (95 —4/-11)X*
+(189 — 39/ —11) X ™ + (192 — 147/—11) X 13
+(—233 — 2461/—11) X2 + (—960 — 60/—11) X !
+ (=735 4 408/ —11) X 10 + (935 + 534y/—11) X*
+(1716 — 9y/—11) X5 + (84 — 441/—11) X"
+(—1379 — 144y/=11) X + (=603 + 258/—11) X"
+(345 + 195/ —11) X* + (218 + /—11) X3
+(=12 = 3V/=11) X2 + (12 + 3/—11)X + 1.

(iv) Let d = =31, f = p3 and

T jan?
14 ("C ‘ 1 )
where tr(a) =93, £ = 15+V . Then ( =1 and
mee x = XO+8X°+ (18 —2¢/—31)X* 4 24X3
+(66 — 2/=31) X2 + (40 — 8y/—31)X
+(4 — 4y/=31).

The denominator of © can be obtained by the known factorisation
of the singular values of ¢.

6.9 Generalised principal ideal theorem

In this section we will essentially follow the exposition presented in
Schertz (2006). Let p™ be a power of a prime ideal in K. Then, by
the generalised principal ideal theorem, Schertz(1990, 1999)f we obtain

1 In Schertz (1999) the following has to be corrected:
(i) The prime ideal ¢ in the definition of Hg(z) has to satisfy the additional

condition ged(q,q) =1,
ii) Hg(1) has to be replaced by Hg(w) with w =1 mod q, w =0 mod q.
q q q
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an expicit construction of an element m, € Kp» with

1

o p ol (6.17)

T, can be viewed as an analogue of the cyclotomic unit

27i

wp =er” —1

for the power p™ of a prime number p. As an element of the p"-th
cyclotomic field Qp» it has the factorisation

1

i ~ (p) T
Furthermore, w,, is endowed with the following nice properties, that can
easily be verified:

e w, = e,(1) with p™-periodic function e,(z) = e 1.

e Let Cpnz denote the field of p"-periodic meromorphic functions on C.
Then we have the norm relation

en(2) = NCpn+1Z/vazz(en+1(z)) = H ent1(2 + §).
¢epnZ mod pnt17Z

e For z = 1 and n > 1 the last relation becomes a norm relation between
number fields:

Wn = NQP”+1 /Qpn (w"+1) = H en+l(1 + 5)7
£ep™Z mod pnt1z

e and for n = 0 we have

eo(z)

e1(z—1) -

z=1

Using the normalised Weierstrass o function

p(2|L) = e~ T 0 (2| &) ¥/A(D),

we will now construct an element 7, in the ray class field Kp» having a
similar factorisation and satisfying an analogous norm relation.

In what follows, let p be a fixed prime ideal and ¢ { 2 an auxiliary
ideal coprime to P satisfying the condition

ged(q,q) = 1.
For n € N we define

(2= qp") ¢ (2 + 7| qp™)
Enl2) = 22 (21"
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with a solution =, of the simultaneous congruences

Yo = 0 mod p",
Y = 1mod q,
Y = 0modq.

For the definition of E,(z) it is assumed that all ¢-values involved
contain the same root /A(L). In fact, E,(z) is then independent of
this root as it cancels out in the defining product. Using the identity
p(u) — p(v) = —% we can express F, by the Weierstrass p
function:

oy (221ap™) e (mlap™)
Eu(2) = —¢* (vl ap™) ( - :
VAgp™) VA(qp™)
Therefore, E), is elliptic with respect to qp”. Furthermore, £, satisfies
the following norm relation:

Theorem 6.9.1 Let Cqpn denote the field of elliptic functions with
respect to qp™. Then Cqpni1/Cqpn is a Galois extension and its Galois
group consists of all substitutions

9(z) = g(z+¢€), &€ap” mod qp"*,
for g € Cqpn+1. The function E,(z) satisfies the norm relation

Ba(2) =Negyunsoqpe Bt = [ Banle+6).
geqpmmod qpntt

For the singular values F,, (1) we thereby obtain:

Theorem 6.9.2 Let p and q be as above, and let ® denote Euler’s
function in K. Then:

(i) E,(1) € Kqpn forn >0,

(i) Ep(1) ~p7F forn > 1,

(iii) (1) =

Nk gpnir/Kqpn (Bnt1(1)) = I1 Enpi(1+6)
geqprmod qpntt
forn>1,
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Ly Eolx) _ — o2la)e(y1ap)?
W BTl T N )= e el
] Ala)

Aar) ~ P

To obtain an analogous result for the extensions Kpn+1/Kpn, we have
to lose the auxiliary ideal . We need the following well-known lemma:
Lemma 6.9.3 For every integral ideal & in K we have

ged{N(q) — 1| q prime ideal in K, q12qa} = wg,
where wg denotes the number of roots of unity in K.

Therefore, there are finitely many prime ideals ¢;, ¢ = 1,...,s, of
degree 1, not dividing N (p), and z; € Z with

w1 (N(qy) = 1) + -+ 25(N(q,) = 1) = wk.

As above, we define for every ¢, a sequence of functions E,, ;(z) with
parameters 7, ;, and by taking norms we obtain:

N(gp) -1
Nig pn/Kpn (Bni(1)) ~p 2@

Therefore,
S 4
'/Tn = H (Nqupn/Kpn(En,’L(]-))) b
i=1
defines an element in Ky~ having the factorisation

w g
Ty ~ p *(p™) .

In view of the formula

[Kpn . Q] = q)(pn),

where w(p™) denotes the number of roots of unity in K that are con-
gruent to 1 modulo p”, we can write the factorisation of =, as

10(97’,)
T~ P [Kpnzﬂ] '

Herein
w(p") =1

except where
(i) p | 2, n <2, where w(p™) € {1,2}, for dxg # —4 and w(p™) € {1,2,4}
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for d = —4,
(ii) p | 3,n = 1,dg = —3, where w(p™) = 2.

Moreover, we will show now that this element can be written anal-
ogously to the cyclotomic case. We therefore note that by Reciprocity
Law the conjugates of the singular values E,, ;(1) over Kyn» are given by

P (A= miAlaip™) @ (A + YAl aip”)

©* (Ala;p™) ’
where o(A) denotes the Frobenius automorphism of Kqp»/Kpn belong-
ing to (A\), A = 1 mod p". Therefore, we define the function

En,i(l)ﬂ()\)

E!(z):=

N(

;)
I1

-1 (@(Huyylwn,ixﬁi? 4:0") (O~ D), AL
j=1

Ty
q.p")
o2 (=40 -1)|a;p") ) ’

where for fixed 7 and n the numbers

s
I1
i=1

MY =1, N(q,) - 1,
run through a complete system of prime residue classes mod (|, satisfying
(n) _
A =1 mod p.
Now we can prove the following two theorems:

Theorem 6.9.4 Let p and q =, ... q, with q, as above. Then the
functions E(z) are in Cqpn for n > 0 and satisfy the norm relation

E.(2) = N¢ E;i4(2) = 11 Ena(z+8).

geqpn mod qpnti

qprt1/Capn (

Theorem 6.9.5 Letp and q=4¢; - ... q, with q, as above and let ®
denote the Euler function in K. Then

(i) E(1) € Kyn forn >0,
w(P™)
(ii) Ex(1) ~plm 2] forn > 1,

(i) E7(1) =

Nityr /e (B (D)0 = 1 Bia(+9)
ceqpn
modqqp"-*-l

form >1,
(iv) Ny, s (E(1)) ~ p®).
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Remark 6.9.6 The constructions of the above theorems can clearly be
generalised to any integral ideal @ prime to  instead of p™ with obvious
norm relations for two ideals @, b with a | b. Of course, for a composite
ideal a the singular values will be units.

Proof of Theorems 6.9.1, 6.9.2 and 6.9.5

Proof of Theorem 6.9.1: By Theorem 1.9.3 we have the formula

[Te 29 (= +€12) = Co(=I£) (6.18)
3

for two complex lattices iy ) £ and an arbitrary system of representa-
tives {¢} of £/£ with a 12[£ : £]-th root of unity ¢ only depending on

the choice of representatives and the root y/A(£) resp. ¥/A(L) in the
definition of .

We choose £ = qp™, £ =qp" ™. Then we obtain

L _ e(z=rms1[dP") e (= 47nt1[GP") 6.19
¢eqprmod qpn+l Enia(z+¢) #2(=19p") » (619)

noting that la(z,€) is a linear function of &, which implies that the
e~ 3129 factors in (6.18) cancel out. Using the transformation formula
for ¢, we can replace 7,41 on the right side in (6.19) by =, thereby
finding the asserted norm relation. ]

Proof of Theorem 6.9.2 The Reciprocity Law tells us that
o(0lqp™) € Kion(gpry2 ford € Ok,

and the action of the Frobenius automorphisms o () of Kion(gpny2/K,
A € O coprime to 12N (qp™), is given by

(31qp™)7™) = ¢ (3A|gp™)
with € a root of unity that is independent of §. This implies that
En((S) E KlQN(qpn)2
and

o) _ POA =1 A[gP™) ¢ (0A + 1A gp")
E,(9) = 22 (0N qp™) for § € O \ {0}.
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For A\=1+47, 7 € qp", the ¢-values in the numerator can be simplified
using the transformation formula of ¢:

POANEAIGP") = p (A E7, £y.7qp")
= P(Tyn)ez O EM T (6 £ 9| gp"),

writing [ instead of [qp». Hence,

En(é)"(’\) - el(')’nv'YnT)En((s)\)'
Herein, the rule [(a,bc) = I(ab, c) implies that

1Y YnT) = U ynTp, T) € 2miZ
because 7,7, 7 € qp". Therefore,

En(6)°WN) = E,(6)).
L, being elliptic with respect to qp™, we further obtain
E,(1)°™ = E,(1) for A =1 mod qp",

and it follows that E,, (1) is in Kqpn.
The third assertion of Theorem 6.9.2 is proved similarly: we have

Gal(Kqpns1 [Kape) = {o(1+€) | € € qp" mod qp™*1}
and
En+1(1)0(1+§)) — el(vnﬂm,é)EnH(l +€)
with | = lgpn+1. Herein again, I(7,417n 1, &) is in 2miZ because & € qp”
and Y, 1 17n11 IS in q]J”Jrlﬁm_1

En+1(1>0(1+f) = EnJrl(l + g)?

. Hence

and the third assertion is proved.

Finally, the second assertion of Theorem 6.9.2 follows from the fac-
torisation of the singular ¢-values in Theorem 4.3.1. This factorisation
implies that the first ¢ factor in the numerator of the definition of E,, (1)

1
has the factorisation p *®™ | whereas the other ¢ values are units.  []

Proof of Theorem 6.9.5 The first two assertions have already been shown.
The third assertion follows analogously the proof of Theorem 6.9.2 from
the Reciprocity Law, and the last follows from the third. ]
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Integral basis in ray class fields

We start by some motivating remarks on cyclotomic fields. Let f > 1 be
a natural number and ¢ a primitive f-th root of unity. Then

kr:=Q(C)

is the ray class field modulo f over QQ, and ( is known to generate a
power basis over Z for the ring of integers 0 in kj:

0y = Z|[(].

Therefore, the ray class field modulo f over QQ is generated by a torsion
point of the unit circle and the same torsion point yields a power basis
for ring of integers in ky.

We replace Q by the Hilbert class field Q of an imaginary quadratic
number field K and, given an integral ideal | in K, we consider the ray
class field Ky instead of ky. According to Theorem 6.2.3, K is generated
over €) by singular values of Weber’s 7 function :

Ky = Q(r(6]9)),

where § € K \ O has order §, i.e. { is the denominator of the ideal (J).
Geometrically, 7(6]9) is the z-coordinate of a torsion point of an elliptic
curve defined over €). We may pose the question whether analogous to 0
the ring of integers in Ky can explicitly be constructed by torsion points
of an elliptic curve. However, studying simple examples, it transpires
that the singular values 7(5|9) are not suitable for this purpose because
their discriminants have too many divisors. Fueter then (1924, 1927)
introduced the normalisation of p given by the Fueter model in section
8.7.2, to determine the divisors of the relative different of K/ without
proving any result on an integral basis in ray class fields — probably due
to the lack of the conductor—discriminant formula as in Theorem 3.3.4.

190
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First results on an integral basis were proved 60 years later by
Cassou-Nogués and Taylor (1987), again using the function from the
model of Fueter. Their book was the "kick-off" for the integral com-
plex multiplication. Then, using other models, Cougnard and Fleckinger
proved similar results, for example those in their 1989 paper. However,
these results did not cover all cases and most of them assumed a higher
base field than €.

In this chapter we will follow and refine the ideas used in Schertz(1989,
1990). First, in section 7.1, we introduce a suitable normalisation of the
Weierstrass g function that is different from the normalisations used
before. Then, after a calculation of the discriminant in section 7.2 that
uses the first identity of Theorem 1.3.2; together with the factorisation of
o values in Theorem 4.3.1, we obtain an integral basis for all extensions
K/ in sections 7.4 and 7.5. The main results in Theorems 7.4.1 and
7.5.3 do not provide power bases in all cases, and in fact one can prove
that some extensions Kj /Q do not have an integral power basis, as in
the cyclotomic case. Finally, by reformulating the result for k;/Q, we
will see in section 7.4.1 that Theorem 7.4.1 is the elliptic analogue of the
cyclotomic result.

We conclude this chapter by explaining the generalisation of Bley
(1994) to the extensions K, 5/ with ¢ > 1.

7.1 A normalisation of the Weierstrass p function

In what follows, let © = O, be an order in a quadratic imaginary
number field K. In ) we choose a fixed basis

O =la,1], S(a)>0.
Assuming that
t =1 in the cases d = —3, —4,
we know by Theorem 6.6.10 that there are algebraic units ez, €5 with

1) 1@ o
€9 €3

We define the following normalisation of the o function for the lattice .
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Definition 7.1.1 (normalisation of the p function) For § € K\ O

we set
P S GIAY
P(0) :=P(4| 1) = ( . A(T))

with
€2€3 if d 75 —3, —47
€= €3 if d= -3,
€2 if d=—4.
e denotes the half of the number of roots of unity in : e=1, 3, 2
according to whether d # —3,—4, d = —3 resp. d = —

We note the relation between Weber’s 7 function and P:

_%W%T(l)(ﬂg) it d#-3,-4,
P(S) = 5 6227'2)553 it d=-3,
1
1;3 7;3&)7-(3)(&9) if d=—4.

Using this relation, we can apply Theorem 6.2.3 to derive:

Theorem 7.1.2 For § € K\ O and an integral ideal § of O with
6f C O we have

P(0) € Ky,
and the action of the Galois group of K,/ on P(4) is given by
73(5)”(” = P(ov)

for everyv € O coprime to tf. o(v) denotes the Frobenius automorphism

of Kt’f/K belonging to the ideal 1/531.

For explicit calculations it is necessary to have an explicit formula for
the unit € and its conjugates. Such a formula is provided by the next
theorem.

Theorem 7.1.3 Let P, q be two primitive ideals of O, such that their
product is primitive as well, with norms p and q prime to 6t. These
ideals can always be chosen in such a way that their norms satisfy the
conditions

g=-1mod4 if 2|td and 3ttd,
g=-1mod3 if 2f{td and 3|td,
g=-1mod 12 if 2|td and 3|td.

p
p
p
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We can choose o € H such that

« % resp. % are quotients of a basis of D,pt, q, resp. P,q,-

) %’
Further, we assume the coefficient B in the equation X? 4+ BX +C =0
of a to satisfy the congruences

B=0mod3 if 31td ord= -3,

B=1mod4d if 21td,

B=0mod4 if d=—4.
Then

e(a) = S

1 for d=-3,—-4

is an algebraic unit, and for § and | as in Theorem 7.1.2 we have

P(8]%) = (e(a) o011 ) € K,y

VA(T)

The conjugates over K are obtained as follows: we choose an N -system
a; € K for N = 12pgN(f) and further, a system of integers v € K
prime to tf such that the corresponding Frobenius automorphisms o(v)
are just the different elements of the Galois group of Kt’f/Qt. Then, the
conjugates are given by

P(ov|F).

7.2 The discriminant of P(4)

In the following, we will assume that ¢ = 1. Then, £ is the maximal
order in K, and f is an integral ideal of . In this case K5 = K is
the ray class field modulo | over K and ; = € is the Hilbert class field
of K.

According to Theorem 7.1.2 the discriminant of P(J) with respect to
the extension Kj /€2 can be written as

dicg 2(P(8)) = Nicg o | [T (P(0v) = P(@) |,
o(v)

where o(v) runs through all non-trivial automorphisms of Kj/€. Its
factorisation is given by the next theorem:
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Theorem 7.2.1 Let § € K\ O have order f. Then

d?f/ﬂ for § composite,

dx./(P(0)) ~ w .
f Wd%m forf=p

with a prime ideal p. Herein n = [Kf : Q), and ws denotes the number
of roots of unity in K congruent to 1 modulo §.

Proof By the formula of Theorem 1.3.2 the factorisation of the discrim-
inant is reduced to the factorisation of values of the Klein form . In
this way, we obtain the relation

e—1 s v s
P(ov) —P6) = [[(~e¢) “’(‘“”(p_(di ))2);(;2(5); ) (7.1)
s=0

with a primitive 2e-th root of unity A, and for abbreviation we have set

o(2) == p(2|7).
The factorisation we are aiming at is now obtained from Theorem 4.3.1.
As ¢ has denominator f, the ¢-values in the denominator of the right-

1
hand side in (7.1) are associated with 1 or to p *( according to whether
f is composite or the power of a prime ideal . It follows that

P(dv) —P(d) ~ H 0(6(v —)) if f is composite

CeE
and
1
P(ov) = P(©6) ~ —— [ e(6(v = ¢)) if f=p"
Uy

is the power of a prime ideal. E denotes the group of roots of unity in
9. Since o(6(v — ¢), ) divides o(5, D) = f, Theorem 4.3.1 implies that

PO =Q)) £ 1 <= o(d(v—¢),0) =p'

with the power P’ of a prime ideal dividing f, and in this case we have

P(6(v — C)) ~ pFFD.

Now let p be a prime ideal dividing § and
f="bp", pib,
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with an integral ideal b. For v € 9,( € F and 0 < i < r — 1 we then
have the equivalence

o 5(v —¢) =0 mod bp?,
0(6(V - C)7D) = p7_1 — {(5(£ _ Cg)?_é 0 mo?i bplij-i-l7

and, since § has the denominator f, this means that

i v = (¢ mod bp?,
o0l - 0. 0) =pt = { VS AL
The last condition implies that o(v) is in the Galois group of Ky/Kpp:.
Hence, only those differences P(dv) — P(9) give us a "Pp-contribution"
to the discriminant, for which o(v) is in the Galois group of K;/Kpp:.

For every such v, there is exactly one i = i(v), 0 <i <r — 1, with
O'(U) S Gal(Kf/Kbpl) \Gal(Kf/Kbpi+1),
which is equivalent to

v=_ mod bp’ fora ( € E,
v#(¢ mod bpitt forall ( € E.

Now we set

E;j(v):={¢C€ E|v=_mod bp’}.

Then
Eow) 2 Ei(v)2...2FE;(v) 2 Eiy1=2¢
and
|E;(v)| = w(bp?) flr j =0,... .
Writing

wj = w(bpj)’
we have the factorisation

[T w6 =) ~p

CEE;
with
e; = woL, for i =0,
o(p7)
1 1 1
e; = (wg — wl)(I)(pT) + 4 (Wi — wi)q)(pr—i—i-l) + wi@(pr_i)

for1<i<r-—1.
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We contend that
1 i
e; = arci with ¢; == ijfbj,
7=0
where for brevity we have set
0, = B(p?).
For verification, we first write

: o P
B = S ZEr P )
€i%r Zwl(q)r_j )
Jj=0

(pr—j+1

Keeping in mind 0 < i <r — 1, we have

(I)T q)r -1 r—1 -1 r—1 . )

3 _ (@ )f—‘—l v )pF il
Oy P (p—1prd (p—1)pm~
where p denotes the norm of p. Now we can conclude the p-part of the
discriminant to be

p™ for | composite,

de(n—1)n

Py (PO) _

with n = [Kj : Q] and

|
—

m = [Kf : Q] ei([Kf : Kbpi] - [Kf : Kbp'i+1D-

%

I
=)

Using the formulae

3 o 3 Wy . o wO(I)r

we can now write m as
2 r—1
w 1 1
=[Ky : Q fr(b»,‘ i - .
m=| b ]wo ; ¢ (wz"bi wz’+1‘1>i+1)
By partial summation this becomes
w? 1 1 = 1
m = [Kb Q]FO@T Com _CTFT—Fl;(Ci—Cifl)m

[Kb : Q]Z—ffbr (1 — crﬁ +7“)
[Kb QL ((r+ 1w, P — ;)

Wo
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Comparing this formula to that for the relative discriminant of &/ in
Theorem 3.3.5, we then obtain the formula asserted in Theorem 7.2.1,
bearing in mind that /K is unramified and hence

NQ/K(dKf/Q) = dKf/Ka

which implies that

QK]
dKf/Q = dKf/K.

7.3 The denominator of P(4)

As in section 7.2 we are still assuming that ¢ = 1. In view of the integral
basis to be constructed and the discriminant formula of Theorem 7.2.1,
it is interesting to ask whether the values P(4) are integral. Then, for
composite order f of § and ws = 1 the value P(J) would generate a
relative integral power basis for K /$2. However, P(6), even for composite
f, is in general not integral. A suitable modification is provided by the
following theorem:

Theorem 7.3.1 There exists a number P € Q that is independent of
6 and has the following properties:

P(8) — P is integral for | composite,
péa'@ﬁ” (P(8) — P) is integral for f = p” the power of a prime ideal.

Proof First we assume 2 and 3 not to be inert in K. In this case there
exist two prime ideals P,, 05 of K of norm 2 and 3. We chose §p € K of
order P,,, and we set

P .= P(éo)

Then, by Theorem 7.1.2 P(dy) € Kp,p, and, since in this case Ky, p, =
), we have P € Q. As in section 7.2 we use the formula

Ty 20 = A80) (6 + A*6)
77(5) - P(50) - E}( ) @(5)2<,0(>\850)2

Herein ¢(A%dg) ~ 1, since the order of dy is composite, and we have

P(8)? ~ PP
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if f = p” the power of a prime ideal. This implies that P = P(dy) has
the required properties.

This construction of P is always possible if there exists a composite
ideal g in K with Kg = . For example, this is true for d = —3, —4,
taking g = P,P; resp. g = P, with prime ideals dividing 2, 3 and 5.

In the remaining cases, we let §g be of composite order g. Then we first
obtain by summation of the numbers P(4) — P(dpr) with the conjugates
P(dov) of P(dy) that

nP(0) — trgg/(P(do)) with n = [Kg : O],

satisfies the required integrality conditions. To lose the factor n, we
then have to take suitable ged’s for suitable g’s. We may assume that
d # —3,—4, since P has already been constructed in these cases. Then
K ¢ Q(v/-3),v/—4) and, by Theorem 3.2.3 we conclude that there
exists a prime ideal ¢ of degree 1 in K of norm ¢ that is prime to 6 and
inert in both Q(v/—3) and Q(v/—4). Hence, the decomposition law for

Q(v/=3) and Q(v/—4) implies that
q=—1 mod 12.

Now, choosing prime ideals o, P, in K dividing 2 and 3, we set

g1 = PaPs. G2 =Po0, 85 =Psq,

and we choose §; € K\ 9, i = 1,2,3, of order @, Then, the gcd of the
degrees n; = [Kg, : Q] is equal to 1 because of

n=1,3,4,12,
—1
n2 :qug y Mo = 1733
— g—1 —
ng = m3z=—5-,mMms3 = 2783

and
ged(g —1,12) = 2.
Hence, there exist ay,as, a3 € Z with
aini + asng + azng = 1.
Thus, by
P= nltrKgl/Q(P(51)) + ngtrKQQ/Q(P((;g)) + agtT’Kgg/Q(P((;g))

we have constructed a number P € K with the desired properties. []
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The following theorem describes the denominators of the numbers P
in Theorem 7.3.1, where the denominator of P is understood as the
largest ideal n of 2 such that nP is integral.

Theorem 7.3.2 12¢P is always integral. More precisely:

3¢P has denominator (1), (2)¢ resp. (4)¢ according to whether 2 is inert,
ramified resp. split in K.

4¢P has denominator (1), (3)2 resp. (3)¢ according to whether 3 is inert,
ramified resp. split in K.

Proof First we assume that d # —3, —4. Then, for every N € N\ {1}
we have the formula

>, PE=0.
ce £O\O
+¢ mod

To prove this formula, note that
Tw+ Y| w
> o(=5Y)
+(x,y) mod N
ged(x,y, N) # N

defines a modular form of weight 2, holomorphic in H*, which by Theo-
rem 2.5.3 must be equal to zero.

We use this formula for N = 2 to prove the first assertion of our
theorem. In this case the system of representatives of %D \ O modulo O
is given by the elements &7, &s, £5. We further choose € € K of composite
order prime to 2. Then, P and P(£) have the same denominator. Using
the above formula, we can write

3P(&) = (P(§) = P(&1)) + (P(§) = P(&2)) + (P(§) — P(&s))-
Herein, according to Theorem 1.3.2, for each summand we have

(€ —&)e(€+&)
p(&)%p(6)?

By Theorem 4.3.1 it follows that their denominators n, are associated

P(&) — P() ~ Z

with ¢(&;)?, which again by Theorem 4.3.1 implies the factorisation

" { (1) if 0(&;,9) composite,
i~ 2
pe® if  0(&,90) =P a power of a prime ideal.
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For o(&;,9) we find, according to the decomposition of 2 in K, the
ideals:

Hence, the denominators n; are equal to

(2)5, (23, (% if 2=p?
p, P, poif 2
i2 . —
p27 P, (1) it 2=pp,
For the denominator of 3P(§) and hence for the denominator n of 3P
this implies that

n@i o i 2=p,

n=p2=(2) if 2=p%

—2 . —

n=pp =) if 2=pp,
and, more precisely, for 2 = p we have n = (1) since P is in Q and
2 is unramified in 2. This proves the first assertion of Theorem 7.3.2.

The proof of the second assertion is obtained in the same way using the
above formula for N = 3.

For d = —3, —4 an element P with the properties of Theorem 7.3.1 is
given by

. (2v/=3) if d=-3,
P(8o) with o(d, D) = { (1++/-1)(1+2y/-1) if d=—4,

and an explicit calculation shows that in these cases P(dp) is associated
with

2y/—3 1+2y/-1
9 resp. —

which implies the asssertion of our theorem. ]

In some cases the construction of P can be symplified using Theorem
7.3.2, which is useful for numerical purposes in particular:

Theorem 7.3.3 Let p,, P, Ps be prime ideals dividing 2, 3, 5, and let
P be a prime ideal of degree 1 and norm p > 5 in K. Then, a number
having the property of Theorem 7.5.1 is given by
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P=0 if 2=P, and3 =9,

P =P(60), 0(60, D) =P,Ps if (2#132 andB#P );

P =P(d), 060, D) =p,p, if d= _4,

P =P(8), o(60, D) =2 if 2 split in K,

P = ~trg, ja(P(%)), 50,D)=p if 2=p, and p=—1 mod 3,

of
P= ( ) tTKp/Q( (80)), 0(60,D)=p if 3= P, and p = —1 mod 4.
Proof The first assertion of Theorem 7.3.3 follows from Theorem 7.3.2.
The 2nd, 3rd and 4th construction of P is obtained as at the beginning
of the proof of Theorem 7.3.1. For the last two constructions we conclude
as follows: let Py be the number from Theorem 7.3.1. By assumption we
have d # —3, —4 in this case, so e = 1 in the definition of P, and similar
to the proof of Theorem 7.3.1, it follows that the denominator of

Py —P(do)

divides pﬁ. We have P(dg) € Ky and
N
[Kp : Q] = 5

Hence

p—1
2

Py — tTKp/Q(P(5o))

is in € having a denominator dividing pﬁ, but since P is unramified
in Q and p > 5, the denominator must be (1).

For 2 = p,, p = —1 mod 3 the number 3F,; is integral according to
Theorem 7.3.1 and % = —1 mod 3. Hence

—Py — trg, /a(P(0))

is integral. This proves the fifth assertion of Theorem 7.3.2. The sixth
assertion is proved completely analogously. ]

7.4 Construction of relative integral basis

We will use the preparations of sections 7.1 to 7.3 to prove the following
theorem:

Theorem 7.4.1 Let | be an integral ideal of K, and let § € K\ O

have denominator f. Let P be any number in Q having the properties
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described in Theorem 7.3.1. We set

© :=P() - P.
Then a basis for the ring of integers Dxf of Ky is given by

DKf = Dq[O] if f is composite,
DKf:DQ+DQa®+"'+DQOé@n_1 iffszJ[Q

18 a prime ideal power,

O, = Dao6) iff=pr|2
1s a prime ideal power,
where g denotes the ring of integers of Q, n = [Kf :Q), and « is a
number in Q0 with o ~ P.

Proof The assertions are obtained by Theorems 7.2.1 and 7.3.1. For {
composite we have ws = 1, and O is integral according to Theorem 7.3.1.
By Theorem 7.2.1 we then have

dKf/Q(@) = dKf/Q(,P((S)) ~ dKf/Sb

thereby proving the first assertion. For f = p” a prime ideal power not
dividing 2 again w; = 1. With a number a € (2 associated with p,
Theorem 7.2.1 again yields

3 3 a2(n—1)
drcgj(1, 00, ., 00" = o Vil o (P(B0)) ~ gy ~ dicy /o

This is the second assertion since, according to Theorem 7.3.1, the num-
bers a®',i = 1,...,n — 1, are integral. In the remaining case, when
f = p”|2, we have w; = 2, so the assertion also follows from Theorems
7.3.1 and 7.2.1. Ul

Examples 7.4.2

(i) Let dg = —20,f = (V/=5)(3Z + (1 + v/=5)Z). Then Q =
K(v/-1), [Kf : Q)] =4 and

1 ‘
meo = X* +5(1+ 3v5 +3vV—5 — V/-1)X?
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+ (VB + V=5 + TV-1)X?
1
+5(=3 - 3vV5 +3vV=5 + 7V—1)X
1
— 56+ V5).

(ii) Let dg = —4, f = (7),m = 1 +6i. Then Q = K, [Kf : Q] =9 and

DKf :DQ+DQ7T®+"'+DQ7T®8,

with
meq=X" — (3—8)X®— (31 —44)X" + (43 + 50i)X°
+ (31 —83i) X5 4+ (75 — 5d) X4 4 (17 + 36i) X3
L6
(9 9)X2— (24 i)X 4 10
37
(iii) Let dx = —163,f = (2). Then Q = K, [K; : Q] = 3 and
DKf = Dq[20],
with
meq=X>+2%.5.23.29X — W\/qﬁs.
(iv) Let dg = —7,f = (12). Then Q = K, [Kf : Q] =16 and
DKf = Dql6],
with
me,n = X1+ (4+4V=T) X1 + (=574 15/-T7) X

+ (=193 — 83 /=7) X138 4 (148 _ 477\ /-7) X12
+ (1533 + 735 /—7) X1 4 (=258 + 248 \/-7) X10
+ (—3235 — 3257 /—7) X9 + ()2 — 1395 /-7) X8
+ (—1067 + 5239 /=7) X7 + (2208 — 2483,/ 7) X6
+ (3273 — 2541 v/=7) X® + (2869 + 699 /—7) X*
+ (=617 +325V/=7) X3 + (—174 — 42 /-T7) X?

+(8-8V=T) X +1

7.4.1 Analogy to cyclotomic fields

The result of Theorem 7.4.1 is unexpected in view of the result on cy-
clotomic fields mentioned at the beginning of this chapter. However, as
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we are going to show, there is a remarkable analogy to cyclotomic fields.
For explanation, we start by considering the limit

1| w
‘m § (W‘ 1) _ 1 n ¢
AV 2
F(w)—oo O A( 1) 12 (]. — C)
whith the primitive N-th root of unity
¢ = exp (%),

By Qj{, we denote the maximal real subfield of the N-th cyclotomic field
and by DE its ring of integers. Then, with the number

0= ¢ = !

(1-0)7 (C% _Cf%)Q

from the above limit the following theorem holds:

Theorem 7.4.3 For N > 3 we have

OF = Z[6) if N is composite,
; =74+ 7Zpl + - +Zpo"~t  if N =9p" is a prime power,
where n denotes the degree of QE/Q

Proof First, 0 is obviously in QE. To prove the theorem, we apply on the
one hand the conductor discriminant formula to the extension Q} /Q to
calculate its discriminant. On the other hand the discriminant of 6 with
respect to this extension has to be computed. Both computations are
formally completely analogous to the computations in section 7.2, and
can be seen by the following proof sketch: first, we have

Aot /0®) = Nogo | IT (6-07) |

o(v)

where ¢ : 7 +— o(v), v > 0, is the usual parametrisation by class field
theory for the Galois group of Q};/Q. In the product o(r) runs through
all non-trivial automorphisms of @j\', /Q. The factors of the product can
be written in the form

P(O(v = Dp(0(v +1))

0 —6°) =
P(8)*p(0v)?

with the function

Y(x) =1 — exp(2miz) and 0 = %
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From cyclotomic theory we know that ¢(x), = € Q \ Z, has the
factorisation

1 if the denominator of = is composite,
V(@) ~ { (p)m if the denominator of x is a prime power p",

where ¢ denotes the Euler function in Z. Hence, the above difference has
the factorisation

0 —0°W) IT ©(6(v —¢)) if N is composite,
{EE
0 —0°w)  ~ L ] ©(6(v =€) if N =p" is a prime power,
(p)*®") cep

where ' = {£1} denotes the unit group of Z. The computation of the
discriminant of 6 is now completely analogous to the computation in
section 7.2. |

7.5 Relative integral power basis

In this section we are interested in the relative power basis for the ex-
tension Ky /). For composite f such bases are given by Theorem 7.4.1,
whereas for non-composite f 1 2, the bases of Theorem 7.4.1 are no power
bases. By modifying our construction we will show in this section that
"for enough torsion points in the base field" a relative integral power ba-
sis can always be constructed. Given an integral ideal f in K, we choose
a prime ideal p* not dividing f, and we will construct integral power
bases for the extension

KiKp-/Kyp-.

For N(p*)|6 we have Ky~ = €, so that the following theorem also con-
tains an integral power basis for K /€ in some cases when f is a prime
ideal power.

For the following we will again restrict ourselves to the case of t = 1.
Instead of P(0), we will now use the function

1
a™"P" (P(8) — P(5%))

Q(d) =
with
5,6 € K\9D,0(6,0)=1f, o6, O)=p*

The number « is chosen according to Theorem 6.9.5 in Ky« having the
factorisation

« Np*r%*, n* = [Kp- : Q).
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By Theorem 7.1.2 Q(d) is in KjKp~, and to compute the relative dis-
criminant of Q(d) we have, in analogy to section 7.2, to factorise the
differences

P(ov) —P())
0P (P(3) — P(57))(P(6v) — P(6%))

As in section 7.2 we obtain

Q) — Q(ow) ~ [ e(6(v - ),

CEE

Q(0) — Q(dv) =

and since the Galois group of KKy« /Kp- is isomorphic to the Galois
group of K, by o(v) — o(v)|Kj, we find analogously to Theorem 7.2.1

dKpr*/Kp* (Q(6)) ~ dKf/Q if wy = 1.
For the following, we assume that ws = 1. Then, we have the diagram

LM
AN

L M
/
LnM =Q

for the extensions L = K5, M = Kp-. By the tower discriminant formula
we obtain

LM:M LM:L
Ny (dLM/M) dBW/Q I= d[L/Q ]NL/Q (dLM/L) :

Since p* 1 f, the discriminants d my/q and dr, /o must be coprime. Hence

d%:” [Natje (doaya) -

On the other hand the above computation of the discriminant of Q(d)
yields

Nursa (dpaeae) INvyo (Ao (Q(0)) = Nagja (drpja) = d[LAfg}Q],

and this implies the equality in the next theorem because [LM : M| =
[L: Q).

Theorem 7.5.1 We assume that wi = 1. Then

NKp*/Q(dKpr*/Kp* (Q(9))) ~ NKP*/Q(dKTKp*/Kp*)-
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Now we have again to deal with the problem of Q(d) not being integral

in general, which is solved by:

Theorem 7.5.2 There exist a number Q€ Kp-, independent of f,
such that

Q(0) - @
1s integral.
The condition w; = 1 in Theorem 7.5.1 is always satisfied for f { 2.

Therefore, by Theorems 7.5.1 and 7.5.2 we obtain:

Theorem 7.5.3 Let {12 be an integral ideal and p* a prime ideal in
K not dividing f. Then, with the above notations,

DKpr* = DKp* [Q(6) - QJ.

Proof of Theorem 7.5.2 We choose a prime ideal P, different from p*
and an element §; € K with o(6;, ) = P,. Then

Q(8) — Q(61) is integral,

as can be seen from the factorisation

5) — O(s _ _ P(61)—P(9)
2(9) — Q&) @B (P(8)=P(5%)) (P (1)~ P(5"))

o LR R(61)* (0" s s Ve (5 _ 61 )e
o™ P p(6)2¢0(61)2 POF0) (0= 0)

~ (p(5 + (51)690(6 — (51)6.
If Q(61) is in Kp-, then clearly @ = Q(d1) has the desired properties.
Otherwise, as we will show, one can find a prime ideal P, # p*, such
that the degrees n; = [Ky, : Q], i = 1,2, are coprime. Then, as in the
proof of Theorem 7.3.1 it is clear that

Q = aitriy Ky /Kp- (Q01)) + a2trey K. /K. (2(02))

for suitable a; € Z with a;ny + asns = 1 has the property we want.

To show the existence of two prime ideals P,, P, necessary for the
above construction of ), we first assume that d < —4, and we take, as
in the proof of Theorem 7.3.1, a prime ideal P, of degree 1 with

N(p,) = -1 mod 12



208 Integral basis in ray class fields

and a prime ideal P, dividing one of the primes 2, 5, 7, 17. The corre-
sponding degrees n; then satisfy
ged(ng,6) =1,
ne =1,2,3,6,8,12, 24, 144,
If d = —3,—4, then there exist three prime ideals p,, such that the
degrees n; = [Kyp, : Q] for any two of the p; are coprime. For d = —3
the three ideals can be chosen as divisors of 2, 3 and 5, with degrees n;
equal to 1, 1 and 4. If d = —4, we take the prime ideal divisors of 2 and
5 having degrees n; equal to 1. O

Example 7.5.4 Let d = —7. Then K = , 2 is split in K, 2 = p,p,.
Therefore, we can find elements d5, 9o € K such that
0(62,90) =p, and 0(d2, D) = P,.
Then, with @ = 5Y=7 ~ p, we have
1
Q= eQ,
at(P(d2) —P(d2))

and, according to Theorem 7.5.2, we obtain a power basis for Kp /Q,
p— [ 3, 19+F }

generated by

1 1
T (P(6) —P(52)  a*(P(52) — P(6s))

where § has order o(d,$)) = p. The minimal polynomial of © over K is
given by

XU 4 (3+3VT) X1+ <_61+23ﬁ>X9
239 57%) <263 185F)

+

2

N E559+125F> X6 4 (299+119F> =
“

o 73F) + (44 + 24v-T7) X°?
+ (F40+5V-T) X2+ (-2 —-4V/-T) X +1

By Theorems 7.4.1 and 7.5.3 we have found a relative integral basis
for the extension Kj /) up to three series of exceptions:
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Remark 7.5.5 (exceptional series) Let d # —3, —4 and [Kj : Q] > 3.
Then by Theorems 7.4.1 and 7.5.3 we do not get integral relative power
bases for K5/ in the following cases:

(i) 2 and 3 inert in K, f=p" 12,
(i) 2 inert and 3 not inert in K, = p",p|3,

(iii) 3 inert and 2 not inert in K, f = p”, p|2.

In fact, Cougnard and Fleckinger (1989), Klebel (1995) and Verant
(1990) have proved for seven extensions Ky /(2 of series 1 the non-existence
of a relative integral power basis. For the series 2, so far, only one ex-
ception is known, and for the series 3 a counterexample has not yet
been discovered, mainly because of the numerical difficulties due to
the degree [Kf : Q], which is quite high in these cases. From Klebel
(1995) we quote the following table. The last row contains the number
of generators for a relative integral power basis modulo numbers of €.
It is remarkable that in the cases considered, this number is at most
equal to 1.

series f d [K;:Q] #PB-—Gen.
P, 19 3.2 0
-19 4.2 0
-43 4.2 0
Ps=0) —%7 1.2 0
-163 4.2 0
2 and 3 inert -19 5-2 1
Pu 43 5.2 1
-67 6-2 0
2 _
p2=) -163 6-2 0
-51 3-4 1
2 inert, 3 ramified Pz = (3) -123 3-4 1
-267 3-4

2 ramified, 3 inert pg -40 4-4 ?
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7.6 Bley’s generalisation for K, ;/Q; with ¢t > 1

The results of Theorem 7.4.1 have been generalised to the extensions
K, /S by Bley (1994). Similar to Theorem 7.4.1 the construction relies
on the function P(§|9O) for a non-maximal order . To explain Bley’s
results, we need some preparations:

First, we have to exclude the discriminants d = —3, —4 because the
units €1, €s needed for the definition of P do not exist in these cases.
Further, we have to assume f to be an integral proper ideal of ;. There
is no loss of generality here since the ideal f of O, is a proper ideal of a
larger order £, with ¢'|t. And by class field theory in this situation we
have the equality

Kt,f - Kt/,f
and the inclusion
Qt/ g Qt.

Hence, the generator of a relative integral power basis for K /€ must
also be a generator of a relative integral power basis for K, ; /. The
same argument also holds for the integral bases constructed in the fol-
lowing Theorem 7.6.1 which are no power bases.

The generalisation of Theorem 7.4.1 relies mainly on Theorem 4.3.2,
which contains the factorisation of ¢(£|a) := ¢(§|a) for a being the basis

of a proper ideal @ of a non-maximal order. In this way Bley proves the
following theorem:

Theorem 7.6.1 Let f be a proper ideal of D and § € K with 6 = %,

where € is an integral ideal of Oy coprime to f. Then
P(§|Dt) € Kt,fv
and we have

dg, {9 for O, composite,
thYf/Qt (P(8]Oy)) ~ Wd&j/ﬂt for fO,=p"12

a prime ideal power.

Herein m = [K, 5 : 4],

1
) |(fNb)/t|

with the integral ideal b of O and the exponent n defined by the
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decomposition

tf=bp", ptb.

However, the computation of discriminants needed for the proof are
much more complicated than for ¢ = 1 in section 7.2, complications
coming in particular from the ideal theory of the non-maximal orders ;.

Next, Bley proves analogously to Theorem 7.3.1:

Theorem 7.6.2 Let f, § and t be as in Theorem 7.6.1. Then there
exists a number P € §; having the following properties:

P(6]9D;) — P is integral for 1] composite,

(P(6]D;) — P)p** is integral for O, = p”
a prime ideal power.

The construction of P is analogous to the proof of Theorem 7.4.1. The
prime ideals P,, P, occuring there have to be replaced by prime ideals
of 9 above 2 resp. 3, and instead of the prime ideal  in the proof of
Theorem 7.3.1 one has to take the ring ideal ¢, = q N O;, where, in
addition, q has to be coprime to t.

Theorems 7.6.1 and 7.6.2 now imply that:

Theorem 7.6.3 Let f, § and t be as in Theorem 7.6.1 and, in addition,
let fDl 12. We set

0 :=P(5|O;) — P,
and we choose o € €y with
o~ pqh(f)ﬂ
if fDl =pP" is a prime ideal power. Then
DKt,f =10,[0] for §9O1 composite,

DKt,f :DQt +Dgtoz@+...+DQta@mfl for f91 _ pr

a prime ideal power.

®, denotes Euler’s function in Oy.

The construction of o € €, having the above factorisation is in gen-
eral not as easy as in Theorem 7.4.1, except when f is regular because
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then ®;(f)x = 1 and the existence of « follows from the principal ideal
theorem. Otherwise, assuming that

19:/(p N Oy)| > 3,

we obtain such a number by taking the relative norm

1
N, g0 (moypt) - 7»(50)&)) ’

where § € K has 9;— ideal denominator f, i.e.

¢
60975:?7 C+f:Dt,
and v is a number from £, not being congruent to a root of unity modulo
p. Alternatively, a construction of o for [9;/(p N ;)| < 3 is obtained
by generalising the proof construction of the generalised principal ideal
theorem to ring class fields.
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Galois module structure

We begin with some motivating and some historical remarks.

Let N/M be a Galois extension of number fields with Galois group G.
Then, according to the normal basis theorem, N is a rank one module
over M[G], i.e.

N =no M[G]

with some element n € N and the operation of M[G] on N being
defined by

no (Z%U) Y a.

oceG ceG

One may ask whether an analogous result also holds for the ring of
integers )y with M[G] being replaced by the associated order

QIN/IL[ = {’y = Z a0 € M[G]

ocelG

DNO’YQDN}7

which means that there exists an element ¥ € O n with

The existence of such an element ¥ has been shown by Leopoldt (1962)
for the extensions N/M = Q(¢)/Q generated by a root of unity ¢, hence
by a torsion point of the unit circle.

In view of this geometric background, the obvious question may be
posed whether there exist natural algebraic objects associated with tor-
sion points of elliptic curves, for which a similar result holds. Geometri-
cally, the analogue of Q(¢)/Q is given by K; /Q, where Q is the Hilbert
class field of a quadratic imaginary number field and K some ray class

213
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field over K. However, Leopoldt’s result does not hold in this general sit-
uation, as has been shown by the counterexamples in Ayala and Schertz
(1993). The first positive results in this framework were discovered and
proved by Cassou-Nogues and Taylor (1987), and further results were
obtained by Srivastav and Taylor (1990), Agboola (1996) and Pappas
(1998). In this chapter we will essentially follow the exposition presented
in Schertz (2005). Before defining in section 8.3 the "integral objects" to
be studied, we start by recalling some basic facts about elliptic curves.

In the following let z, y be a pair of Weierstrass functions with respect
to an ideal M in the ideal class group J; of a quadratic imaginary number
field K, and let

v+ arzy + asy = 25 + asx® + agx + ag (8.1)

be the equation satisfied by = and y. We assume the coeflicients a; to be
in a finite extension L of the Hilbert class field of K. The corresponding
elliptic curve is then parametrised by

(1: ac(f)(g:)y(f)) for z ¢ m,
(ﬁ:mzl) for y(z) #0
and possesses a group structure with neutral element O = Q(0) = (0 :
0 :1). We will also use a geometric notation for an elliptic function f

with respect to m by setting
(@)= f(§), for @ =Q(¢),

which will be useful in the sequel.

C/meé+m — QE) ::{

For simplicity we will now restrict ourselves to elliptic curves belonging
to proper ideals of the maximal order in K. In fact almost all results
we will obtain can be generalised to proper ideals of subordes using the
results of Bley (1994) as is explained in 8.12.

First, we collect some basic facts that we will need for the sequel:

8.1 Torsion points and good reduction

D is acting naturally on E(C) by
Q&) = Q(~¢) for v € O

Q € E(C) is called a torsion point, if [|Q = O for some element
v e Og \ {0}. Given a torsion point Q@ = Q(&) we call

0o(Q):=0(§) ={re Ok | MQ=0}={re O | vEem}
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the order of @) or the order of £. Note that o(§) is an ideal not only
depending on ¢ but also on M. To be clear we sometimes write

o(§,;m) = o(¢).

The torsion points of E are in F(Q¢), where Q° denotes the algebraic
closure of Q. Given an integral ideal § of O we set

E[f] :={Q € E(Q°) | o(Q)If}-

The above operation of is compatible with the Galois action in the
following sense: let Galy, be the Galois group of Q°/L. As we will show
in Theorem 8.7.5,

Q(€)7 = Q(AE) forall € € f'm

with some element \, € i depending only on o and f. Hence, we have
the following compatibility

V(Q7) = ([Y]Q)? for all Q € E[f], vy € Ok and o € Galy,

which implies that E[f] is stable under the action of Galy.

Now we choose a fixed prime ideal p in K, we assume the a; to be
in L, to be integral for p and, further, F to have good reduction above
p. We consider points @ € E(Q°) of the order o(Q) = p¢, e > 0. Then,
because of good reduction, Theorem 8.7.5 implies that the values of the
uniformising parameter W = —% have the factorisation

W(Q) ~ p*P77b, for o(Q) = p* (8.2)

with the Euler function ® in K and an ideal b coprime to p.

A further important property of W is contained in Theorem 1.6.4,
whereby for two torsion points Q1, Q2 € E[p™] we have a P-adic addi-
tion formula

W(Q1 + Q2) = W(Q1) + W(Q2) + W(QU)W(Q2)G(W(Q1), W(Q2)) (8.3)

with a power series G(X,Y) € Zao, . .., as][[X, Y]]. B is any prime ideal
over P in any extension of L containing W (Q1+Q2) and W(Q1), W(Q2).

8.2 Kummer theory of E

For a given prime ideal p with the above properties and s > 0 we set

Gs = E[p°].
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Further, we fix r,m € Ny with
m>1landr >0
and a coset P + G, of a point P such that
PP C G,
Moreover, we assume that
G, C E(L).

Then P? — P is in G,, for 0 € Galy,. Therefore, the coset P + G, of
all "p"-th roots" of a point in E(L) of order dividing p” is fixed under
Galy,. Hence, the polynomial

he(X):= [ (X-W(R)
REP+G,

has coefficients in L. Using (8.2) and (8.3), we find that hp(X) has no
multiple roots, so the factorisation of hp(X) over L is of the form

hp(X) = g1(X) ...  g(X)
with different factors g;(X). We define the following L-algebra
Mp :=Mp(L):=L[X]/(hp(X))=L[X]/(91(X)) & - - & L[X]/(g:(X)),

which is obviously the direct sum of fields and which can also be
written as

Mp = Map(P + G,,, Q%)% .=

{ (6r)repic,, € Q)9 | 0% = 0r-Yo € GalL}.
Another useful description of M p following directly from the definition is
Mp { (f(W(R))rep+a,, | f(X) € LIX]}

= L[GL 0= (W(R))R€P+Gm :
This shows that Mp is the direct sum:

Mp = @ Lo
=0

In particular, Mo defines an L-algebra in the group ring of G,, over
Q° by

A= Z aQQ (GQ)QEGM € Mp
QeGH
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It can also be written as

A:peélLa(“, o= 3" WQ'Q
i=0 QeEG,

Then for P with the above properties, Mp is an A-module with respect
to the action

(Or)Reric, 0 > agQ:=| > Or quq ;o (84

QG QEGm REP+Co

and 6 € Mp is a generating element over A,
Mp =0oA

if and only if for all characters x of GG, the resolvent

> Orio X(Q)

QeGm

is different from zero.

In the following sections 8.3 to 8.7 we will explain the central defi-
nitions, problems and results. Most of the proofs will follow in sections
8.8 to 8.9.

8.3 Integral objects

For clarity we summarise the hypothesis made so far and which will also
be assumed in the following.

General hypothesis (8.5)

(a) K is a quadratic imaginary number field and 9 g its maximal order.

(b) E is an elliptic curve, defined by the equation (8.1) of a pair of
Weierstrass functions with respect to an ideal m in J; and having
coefficients in a finite extension L of the Hilbert class field of K.

(c) p is a fixed prime ideal in O of norm p, we assume the coefficients
of the equation (8.1) to be p-integral and F to have good reduction
above P.

(d) r,m are in Ng, m > 1 and P € E(Q°) with

G, CE(L) and [p™]|P € G,.

To define the "Integral Objects" in Mp, we make some preliminary
remarks: let ) be an order in Mp, and for a given prime ideal p’ in L we
denote by Dp/ the local component belonging to p’, i.e. the completion
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of O in M p(Lyps). Then £ is uniquely determined by the completions
with respect to all prime ideals p’ of L. Conversely, if for every prime
ideal p’ of L an order O/ in Mp(Ly) is defined such that Oy is the
maximal order for almost all p’, then there exists a unique order £ in
Mp having local components Dp/.

The following definitions are motivated by the Leopoldt approach for
cyclotomic fields, which was also the starting point for Cassou-Nogués
and Taylor (1987). Let O p be the maximal order in Mp. It is the direct
sum of the maximal orders of the fields L[X]/(g;(X)) in the decomposi-
tion of Mp. The integral object, we will study, is the order O p defined
by its local components:

s ({UFW(R))repsa, | F(X)eOr, [IXI} it p'lp,
(D) "{ (Op)p ' it pip.

Herein, the local components belonging to p’ with p’|p can be written
as a direct sum:

(Op)p = GB Oy 0" mit 0= (W(R)repic,:

The associated order of O p in A is defined as the subring
{’yGAijo'yg}jp},

and under certain conditions we will show that this associated order is
given by

1
A= — Z CLQQ aQQeG EDO

7-[-771
QeG,,

Herein, 7 is an element of the Hilbert class field of K that is associated
with p, which exists according to the principal ideal theorem.

For p’ | p we can then, in analogy to (O p)p, write the local compo-
nents of 2 as a direct sum:

p™ —1 1
Q(p, = @ DLP, T with T — ﬂ-im Z W(Q) Q
=0

QeGm

In later results Srivastav and Taylor (1990), Agboola (1996) and
Pappas (1998) adopted a different point of view for the definition of
D p and 2. In these papers the first object to be defined is % as the
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Cartier dual of the affine 1, group scheme belonging to the p™ torsion
points and then O p by setting

bp22{969p| GOQ(QDP}.

In fact, this leads to the same objects as defined above. The results
obtained in the following constitute a slight generalisation of the result
proved by Srivastav and Taylor in 1990. Furthermore, we will include a
global description of .

For the reader’s convenience we start by formulating the results with
only part of the proofs for explanation in this section and the fol-
lowing sections 8.4, 8.5 and 8.6. Then, after some preparations about
models of elliptic curves in section 8.7, the full proofs will be given in
section 8.8.

Theorem 8.3.1 We assume (8.5) to be given. Then
(1) Q} is a ring,
(i) OpoAC Op, )
(iii) the p-part of the discriminant of O p is equal to the P-part of the
discriminant hp(X) and is given by
diSCT(bp)p =discr(hp(X))p = pmr
Moreover,

e if E has everywhere good reduction or

e if E(L) contains a point of order ¢, where q is coprime to N (P)
and

then

m is composite,

discr(gp) =pmr",

In the following section we will be concerned with the order O p,
defined above by its local components, and we will give a global con-
struction of it as a £ r-algebra. Next, Op will be considered as a
52(—mog1ule7 and we will construct Galois generators, i.e. elements § € O p
with Dp =0o Q/[

For the constructions we are aiming for, we have to assume the elliptic
curve to have some of the following properties with respect to an integral
ideal q of O g:

Kq € L and

L(EI[f]) € LK4; for all integral ideals f of K, (8.6)
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where K¢ denotes the ray class field modulo as ¢ over K. Later in pro-
position 8.7.7 we will show that the next condition (8.7) is sufficient
for (8.6).

Elq) C E(L) qt2 ifdgx # -3, -4,

E[q] € E(L) and 12|q if dg = -3, (8.7)

E[q] € E(L) and 4|q if dx = —4,

where di denotes the discriminant of K. ~
In particular, for the construction of a generating element 6 of Op
over 2 we sometimes make the following hypothesis:

(g is composite,

8.8
0°|q for every prime ideal O of norm N(9) = 2 dividing ¢ (88)

or a bit stronger:
( is composite, (8.9)

0%|q for every prime ideal D of norm N (?) = 2,3 dividing .

8.4 Global construction of ép and 2l as DL-algebraS

The discriminant formula of Theorem 8.3.1 implies the following
criterion:

Theorem 8.4.1 We assume (8.5) to be given. We let T € L(z,y)
be a uniformising parameter of the origin of E without poles outside
K\ p~>m, and we assume that:

T(R+ Q) — T(R) ~ p¥e@ for all R,Q € E[p>], Q # O.
Then (T(R))rep+a,, is a generating element of Op over Oy :

Op = { (F(T(R)reria, | f€OLIX]}.

In particular,

1

A=—1 D FT@Q)Q|F(X) € OLlX]

QeGnm

More precisely, Op and A are free modules on O, :

p™m — 1

bp = @ 9,07 with © = (T'(R))re P+Gm,

=0
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lepé DLTZ‘ with T = L Z T(Q)lQ

ﬂ-m
i=0 QeG

To construct a function satisfying the hypothesis of Theorem 8.4.1,
we use the normalisation of g given in Definition 7.1.1:
WK
p(z[m)

P@%( %wm>.

We set
T(z):=P(0+z)—P() (8.10)
with an element § in K of order o(d) = q # (1).

Theorem 8.4.2 We assume (8.5) to be given and, further, E(L) to
contain a point of order q coprime to P and m be composite.
Then the function T defined in (8.10) with an element § of order q is
in L(x,y) and satisfies the hypothesis of Theorem 8./.1.

8.5 Construction of a generating element for bp over 2

Using the discriminant formula of Theorem 8.3.1, we obtain the following
criterion:

Theorem 8.5.1 We assume (8.5) to be given. Then every element
e e Op with

(e,x) ~ p™ for all characters x of G,
s a generating element of ,{Dp over 2.
Op =coll.
In particular, in this case 2 is the associated order of bp in A.

In the following a generating element for O p over 2 will be con-
structed using the normalised o-function ¢(z|m) = o*(zjm) ¥/A(M) of
a complex lattice m. We choose an integral ideal ¢ of K coprime to N(p)
and satisfying (8.9). Then there exist two elements v, € &Hgm such
that

0(6),0(7),0(6 + ) and o (6 + N(’Zm)) are composite. (8.11)

This choice can also be made under the weaker condition (8.8) if N(p™) =
1 mod ¢ because then the last two conditions in (8.11) coincide. We set
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z, Z 4 7yjm * *
hoy(z) = e 31 ’”W, (z,7) == 27" — 2%,

and with an element w € O x satisfying the congruences

= 0 mod p™

w=1mod N(q) (8.12)
we define
9(z) == ]m. (8.13)

Now we can prove the following theorem:

Theorem 8.5.2 We assume (8.5) to be given, and we choose an inte-
gral composite ideal q of K coprime to N(P) that satisfies the conditions
(8.9) and (8.6). Then the function g, defined in (8.13), is in L(x,y), the
element

0 := (g(R))repr+a,,

isin D p, and its resolvents are associated with P'™. Hence 0 is a genera-
ting element of D p over 2.

For N(p™) =1 mod q the assertion also holds under the weaker con-
dition (8.8). Otherwise the construction of a generating element can be
reduced to the case N(P™) =1 mod q, using the map X described below.

Further, the numbers in Theorem 8.5.2 can be used for the construc-
tion of a generating element in the more general case

ptuwk, (8.14)

where wg denotes the number of roots of unity in K. Therefore, we
consider the following operation: given two points Py, P> € E(Q°) o
order dividing p"*™ and two elements ) ¢ Dp 0 ¢ DPQ, we find
that by

00 0 0P := (0p, 4P, 4+0)qea,»

1

op — 1y W 62 (8.15)

\+Po+Q = m Pi+Q+Q VP-q'
QG

an element in O P,+p, is defined. Further, we have the following relation
for resolvents:

1
(0(1) © 9(2)a X) = 7(0(1)a X) (0(2)7 X)

™
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In particular, the resolvents of 6() 0 () are associated with p™ if the
same is true for the resolvents of #(*) and ().

Now, for p prime to wx we choose an integral composite ideal ¢ prime
to N(p) that satisfies (8.9) and

ged(@(q), p)|wk.

Let L be the extension of L generated by the torsion points of order q
resp. of order 12 or 4 if dx = —3 or dg = —4. Then

n:= [i (L) | we®(q).
Hence n is prime to N(p), and we can find n’ € N with
r+m

nn' =1 mod p

Let 0 be the element in b[n/}P (= b[n/}P(E)) defined in Theorem
8.5.2, and let 01, ..., 0™ be the image of 1) under the automorphisms

of L/L. We set
6:=0Wo. . . 0™, (8.16)

thereby obtaining an element in Op (= O p(L)) that satisfies the hy-
pothesis of Theorem 8.5.1. This proves the following theorem:

Theorem 8.5.3 (Srivastav—Taylor) We assume (8.5) to be given,
one of the hypotheses in Theorem 8.5.1 (iii), and further, P f wi. Then
Op is a free module of rank 1 on 2.

The relation between £ p for different m’s that we are going to con-
sider, can also be used for the construction of generating elements. Let
m and 1 be ideals of O,

ncm,

and let E™, E" be elliptic curves being parametrised pairs of Weierstrass
functions z(z|n), y(z|n) resp. z(z|m), y(z|m) with respect to m and n.
Then the kernel of the epimorphism

A:E" — E™,
defined by
E"3Q—¢é+n—o+me—Q = \Q) € E™,
consists of all nMm~!-torsion points of E™. We consider the special case

n=mp° 1<s<m,
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and we assume E™, E™ and P to satisfy (8.5a)—(8.5d) for the same base
field L. Given an elliptic curve E™ defined over L having good reduction
above P, we can take as E™ the Fueter model, for example, if p is odd
and the Deuring model if p 1 3. Further, a common field of definition for
E™ and E™ is obtained by a finite extension L of L, and in addition we
can achieve L(z(z[n),y(zn))/L(z(zlm),y(z|m)) to be Galois with the
Galois group

Gal (ﬁ(x(zm),y(zm)) /i(g;(z\m),y(zm))) = {7¢ | £ € M mod n}.(8.17)

Herein 7¢ denotes the substitution f(z) — f(z +¢). (For instance, such
a field L is obtained by adjunction of the nm~'-torsion points of E™
and the coefficients of the rational functions F, F} involved in the rep-
resentations z(z|m) = F(z(z[n),y(z|n)), y(z|m) = Fi(z(zn),y(z|n)).)
The kernel consists of all p*-torsion points of E™, and we have

AMP+GR)=\NP)+Gr_,
with the obvious meaning of m and n in the exponent. We also denote
by A the induced map
A= M (m) — M p (1 — 5),
(A(e))R = Z 0R’a
R'EX-1(R)
and, as we will show later, we have
=n ~m
MO p(m)) € PO\ ip)(m — 5). (8.18)
Further, considering the characters of Ghr_ . = A(GY,) as characters of
GP . the resolvents of A(6) are equal to the resolvents of §. Hence, if

=n
0 € O p(m) satisfies the condition of Theorem 8.5.1, this is also valid for

1

ﬂ-m—s

AO) € Oypy(m — 5).

- n
Therefore, by generating elements of £ (m) we can obtain generating

s m
elements of DA(P)(m —3).

8.6 Galois module structure of ray class fields

In this section we consider Galois extensions of ray class fields over a
quadratic imaginary number field K,

Nq/Mq = quT+7n/qu7" [Nq . Mq] = ]\[(p’rn)7
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with an integral ideal ¢, a prime ideal P of K and exponents m and r
satisfying

1<m<r.

On certain conditions for ¢ and p we will be able to use Theorems 8.4.2
and 8.5.2 to find explicit constructions of the associated order of N/M
as well as a Galois generating element for O y

The condition 1 < m < r implies the Galois group G = G(Ngq/Mg)
to be isomorphic to p~™ /O i by

p_m/DK - G7
E+Or  +— oc=0(l+&E),

with some & € qp™™™ \ p"™™ ! and o(1 + &¢&) denoting the Frobe-
nius automorphism belonging to the ideal (1 4 £,). In particular, the
characters of p~™ /O can be viewed as characters of G. Now we first
consider the

(8.19)

Case m composite: Let g and T be the elliptic functions defined
in (8.13) and (8.10) with respect to the lattice

m = DK.
We set

¥ = g(&) with some & € K, o(&1) = p™", €16 =1 mod p™ ™,

T(o¢) :==T(&) for £ € p~™.

With these notations we then have the following explicit result:

Theorem 8.6.1 Let q be an integral ideal satisfying (8.9), prime to

. . q
N(p) with composite sedtwrg) - Lhen

Oy = DarglT(E)),

%W%—;{Zﬂﬂma

ceCG

f(X) EDMq[X]}7

DNq :ﬂoQ[Nq/Mq-

If q only satisfies (8.8) instead of (8.9), the construction of ¥ has to be
changed as explained after Theorem 8.5.5.
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Case q = (1): Our aim is to prove the last assertion of Theorem 8.6.1
to hold for the "natural" extensions Ni/M; = Kprim/Kpr, too with
some possibly modified generating element ©’. As we will see, the proof
relies on the factorisation

(@, x) =Y 9X(a) ~ p™ (8.20)
ceG
for all characters y of G. In fact, by computing discriminants, the third
assertion of Theorem 8.6.1 follows for every element ¢ € £ Nq satisfying
(8.20) for every character. Therefore, if we can find such an element
V' € Kprim, we obtain

On, =0 o ™Any s

by intersecting both sides of the equation £ Ng = 9 o Qqu /Mq with
Kprim. For the construction of such an element ¢ € N; = Kprim we
assume P 1 wg. Then, as above, we can conclude that there exists an
integral composite ideal  satisfying (8.9) such that

ptn:=[Ng: N

Therefore, we can find an n’ € N with nn’ =1 mod p"+™. As in (8.16)

we set,
1
i ) > ogG +w) g+ w), (821)

Tm
W1 .. Wn

where the sum is taken over all
(w1, ...,w,) mod P with wy + -+ +w, =0 mod .

01,...,0y are the different automorphisms of Nq/Nj.

Theorem 8.6.2 For p { wx we have
DNl = 19/ o Q[N1/M1
with the element in (8.21).

However, for the extensions considered in Theorem 8.6.2, we obtain
no explicit description of the associated order 2y, /M, - As explained
in Schertz (1999), there are various other possibilities of constructing a
Galois generator 9. In special cases we can find even simpler generators
than the uniformly defined generators in this chapter. The following
example relies on the construction in Schertz (1991).
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Example 8.6.3 Let K = Q(v/—11). Then 3 is split in K, 3 = pp with
p=Za+7Z, o= # V=11 T this case Kps /Ky is of degree

[Kp4 ZKpZ] =9
and
@(37& ’D) 2mi (67
19 =(— = 3 = —
¢ @(E‘D) , C=es, & 31’

is a Galois generator for this extension:
DKp4 =do Q[Kp4/Kp2-
The minimal equation of ¥ over K is

2 (-31 —21\/—11> e (33 - ?;/-11) ey

39+ 3VETTY yog | (—TL+43VITY 1
2 2
(—117 - ;m/-n) e (451 + 235\/—11) 20

(=575 — 164v/—11) X' + (1723 + 223\/—711) X8

+

2
(=657 — 63v—11)X'" + (156 + 120v/—11) X '°

—457 — 517/—11
( o7 Z ! >X15+ (450 4 261/—11X 14

(—243 — 189v/—11) X '3 + (106 + 202v/—11) X 2

—963 — 315/—11
( 5 ) XM 4 (376 — 68v/—11)X 10

251 + 311y/—11
(5+32> X 4 (—245 — 68/—11) X8

241 + 13y/—11 —109 — 25,/—11
( + 13/ >X7+( 09 — 254/ )X6

+ 4+ o+ o+ o+

2 2

+

V=11
(16 + 4v/—11)X° + (5+352) x*

25 — 41y/—11
(52) X3 4 (—18 +9vV—-11)X?

(AT
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8.7 Models of elliptic curves

In this section we consider some models of elliptic curves that will be
needed for the proofs in section 8.10 and later for the applications to
cryptography in Chapter 10.

8.7.1 The Weierstrass model

We define a pair of Weierstrass functions by

_ 9
z(2) = — AS)
and
y(z) = L)

T 2Y/AL)

where the roots are defined by
12
n . 27 w1 2 "

and hence depend on the choice of basis (zl), R (5—;) > 0, for the
2

lattice £. The equation for x and y has the form

y2=x3—|—a4x—|—a6

with
- e e,

1AL T 4

and discriminant

Ay, =1
Further, y has the factorisation
_ »(22)

Specialising this model in section 8.10, we will obtain elliptic curves
defined over certain ray class fields with coefficients that are integral for
6 having good reduction outside 2 and 3. To settle the cases of good
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reduction over 2 and 3, too, we will need the following Fueter and
Deuring models.

8.7.2 The Fueter model
Let ¢ € C have order 4 with respect to £. We set

oz +2¢) = p(2¢)

1 dz(2)
y(2) = 7
2Vp(Y) —p(2¢) @z
where the root is defined according to the formula of Theorem 1.3.2 by
1
V) — p(2¢) = ———.
o) = o(20) = s

The pair z,y of Weierstrass functions satisfies the equation

y2 :x3—|—a2x2+x
with
3p(2¢)
p(v) — p(2¢)
This can easily be verified by writing down the Laurent expansion at z =

—21) of both sides of the equation and comparing coefficients. Further,
using the theorem of Abel-Jacobi, we find the following representations:

a9 =

2(z) = — 2Bz + 20)2
y(z) = — PRV PB¥)e(22)
20(¥)p(2)*

with

p(2) = 0" (2| £) Y AL).

Here, a normalisation of the 12-th root is not necessary since the roots
cancel out in the representation of x and y.

The discriminant A, , of the Weierstrass equation is by definition the
discriminant of the polynomial z3 + as2? + x, hence is equal to

aiw3(z1 — 22)°
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with the two non-vanishing zeros of the polynomial. They are given by
P —p¥)
plwi+20) —p2¢)" 77

with the two half periods w; different from 2¢. Now, using the formula
of Theorem 1.3.2, we find that

(o) — 9(20))%(plwr + 20) — plwa + 20))2 _ p(20)12
S (plwr + 29) — p(29) (w2 + 2¢) — p(2¢))4 2t

On the other hand, expressing A by the coefficients of the equation for

x; = x(w;) =

x and y, we obtain
A, = 16(a3 —4).

Therefore, we can compute ay via ¢(21)'2. Another formula for ay is
given by

o) — p(29) p(¥) — p(2¢) >
w1 +29) — p(2Y)  plws +2¢) —p(2¢) )

Further, writing j5(£) in terms of the coefficients of the Weierstrass equa-
tion for x and y, we obtain the relation

ay = — (21 + 9) = — (p(

(L) = 28w. (8.22)
as — 4

Remark 8.7.1 For a variable lattice £ = [w,1], w € H, the "division
values" as(k|£)?, k € £\ 2£, define six different modular functions
for I'(4). So by (8.22) they constitute the six roots of the equation

28(X?% —3)% — j(X? —4) =0, (8.23)
having discriminant
236545 — 123)3. (8.24)

Conclusion: given two lattices £, £ and k € $L\28, v € %E/ \ 28
Then

a(k|8) =a(v'1€) = j&)=4i¢g) = £~& (825

and further, if the lattice £ is inequivalent to the maximal orders in

Q(V=3), Q(V—4),
k= 4k’ mod L. (8.26)
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8.7.3 The Deuring model

Let k € C be of order 3 with respect to £. Then, following Fleckinger
(1987-8), we define

(k)3
W)= 5 (55 - ) - 1)

with

o = 816 _ 120(5)° — g2(£)
¢'(k)3 20/ (k)

The power of @' in the denominator is naturally defined according to
the formula of Theorem 1.3.2:

o (m)F = 0" (x| ©)7"
The equation satisfied by x and y is given by
y2 +a1xy +y = x>,

As for the Fueter model, verification can again be done by studying the
Laurent series of both sides at z = 0. In addition, one has to use the
equation for p(k) given by f3 in (1.5). Further, we have the factorisations

sy PR

o(2)?
(2 — K)2p(z + 2K)
y(z) = PBE :
ANgy = go(n)m.

The factorisation of x(z) is immediate by definition, keeping in mind
the formula of Theorem 1.3.2. To factorise y(z), we use the algebraic
equation for x and y, which implies that y has a pole only at zero
of order 3. Further, every zero of y is a zero of x and hence congru-
ent to +x. By definition of y we have y(—x) = —1, so y has the only
zero modulo £ at  of order 3. Therefore, according to the Abel-Jacobi
theorem, up to a constant factor, y must have the above representation,
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and by taking the limit for z — 0 the factor turns out to be 1. To
factorise A, ,, we observe the relation in (1.12):

12
Am’y =Uu A:i’,g}

For the functions z, y from the Weierstrass model the factor u is given by

u= Lo —o*(k|£),

¢ (K)S

and this implies the above formula for A, ,. Finally, similarly to the
Fueter model, we obtain the relation

Ay y =aj —27

and
aj(a3 —24)3

i(£) = o (8.27)

Remark 8.7.2 For a variable lattice £ = [w, 1], w € H, the "division
values" a1 (k|£)?, k € $£\ £, define four different modular functions
for T'(3), so by (8.27) they constitute the four roots of the equation

X(X —24)% —j(X -3) =0, (8.28)

having discriminant
—275%(5 — 12%). (8.29)
Conclusion: given two lattices £, £ and x € $8\L, v € %2/\2/. Then
a(kl) =a (L) = i) =) = £~£ (830

and further, if the lattice £ is inequivalent to the maximal orders in

Q(vV=3), Q(v-4),
k = +x" mod L. (8.31)

8.7.4 Singular values of the Weierstrass, Fueter and
Deuring functions

In the following let =,y be a pair of Weierstrass functions from the
models of Weierstrass, Fueter or Deuring, and let U(X,Y") denote the
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corresponding algebraic equation. We set

12 for the Weierstrass model,
n:=+< 8 for the Fueter model,
9 for the Deuring model.

Further, by

W= ——
Y

we denote the uniformising parameter at the origin.

Theorem 8.7.3 Let K be a quadratic imaginary number field, m € Jy
and P a prime ideal of K not dividing n. Then the Weierstrass equa-
tion U(X,Y) associated with M has P-integral coefficients in K,,, and
U(X,Y) has good reduction modulo for all prime ideals of K,, above P.
For every £ € K\ m with o(§,m) = | we have

The automorphisms of K, 5/ Ky are the o(v) withv =1 mod n, v prime
to nf, and the action of a(v) on the singular values of x,y and W is
given by

2(€)7) = a(gv), y(&)7Y) = y(v), W)™ = W(&w).
If f =p*, s €N, then W(&) has the factorisation

W(€) ~ pTETb

with an ideal b prime to p. For the Fueter model b is at most divisible
by prime divisors of 2, and for Deuring’s model b = (1).

If the order of € is not a P-power, then x(§) and y(§) are integral for P.

Remark 8.7.4 In special cases the above models of elliptic curves are
already defined over proper subfields of K,.
In view of the results on singular values of v and 3 the Weierstrass
model can even be defined over K if the disciminant of K is prime to 6.
By Reciprocity Law the same will be shown in section 10.3.1 for the
Fueter model if 2 is split in K, 2 = pPp, and 1) chosen such that o(1)) = p2.
For the Deuring model we will show the same result in section 10.3.2
if 3 is split, 3 = pp, with a x having order p.
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Proof of Theorem 8.7.3 First, we prove the assertions for the model of
Weierstrass. The theorems in section 6.3 tell us that the coefficients of
U(X,Y) are in Kg and integral for 6. Further, since the discriminant
is equal to 1, it follows that the curve defined by ¥(X,Y’) has good
reduction outside 2 and 3. Theorem 5.2.5 implies that z(£),y(§) € K,;
with the Galois action asserted. To derive the factorisations, we conclude
as follows: by Theorem 4.3.1

1 -3
y(g) ~ §p P9 )

and, keeping in mind that U(z(&),y(£)) = 0, this implies that

£(€) ~ bpTP"

with an ideal b prime to P, which is the desired factorisation for W (£).

For the other two models the assertions concerning the singular values
x(€),y(§) and W () are obtained by writing them as a product of -
values. Then, by inserting these values into the equation U(X,Y) = 0,
we can deduce that the coefficients a; and a, are in K+ for every prime
ideal P not dividing n and for every s € N. Hence as and a; must be in
K,,. Further, due to the factorisations

—2

(€) ~ bpTPT, y(&) ~ B'pTPT, s e N,

with ideals b, b" prime to p, the equation W (z(€),y(€)) = 0 tells us that
as and ap must be integral for all prime ideals of K,, not dividing n.
Finally, the representations of A, , by ¢-values together with Theorem
4.3.1 shows ¥(X,Y") to have good reduction outside n.

The last assertion for ¢ having composite order also follows Theorem
4.3.1. |

8.7.5 Singular values of Weierstrass functions

In the following let z,y be an arbitrary pair of Weierstrass functions
associated with m € J;. We assume the coefficients of the corresponding
elliptic curve F to be in a finite extension L of the Hilbert class field
of K. For such an elliptic curve Theorem 8.7.3 can be generalised as
follows:

Theorem 8.7.5 Let | be an integral ideal in K and & € fﬁlm \ m.
Then x(€),y(§) are algebraic over L, and for every automorphism o in
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the Galois group Galy, of Q°/L there exists Ay € Ok only depending
on o and § such that

2(§)” = 2(As€),  y(§)7 = y(Ael).

In particular, if o(§) = p® is a prime ideal power and E has good reduc-
tion above P, we have the factorisation

1

W(€) ~ bpTh)

with an ideal b prime to P.
For & having composite order, the values x(§) and y(§) are integral for p.
Proof First, we write  and y in terms of the normalised Weierstrass

o function via the following transformation, where a; denote the coeffi-
cients of EJ. We set

48

This is a pair of Weierstrass functions satisfying an equation of the form

1 1
(Z,79) := ((12x—|—a§ + 4as), 8(2y+a1x+a3)) . (8.32)

7% =43 + Az + B with A, B € L. (8.33)

As a pair of Weierstrass functions, Z and ¢ are polynomials of o and g’
of degree 1. So

T=aPy+ b, Po 1= e—~2—,

Y/Aam)
©

G=dPy+ePo+ f, Pri=ei 2

A(m)’

with a unit € from the definition of P and constants a,b,c,d,e, f.
Inserting these equations into (8.33) and comparing coefficients and pole
orders, we obtain b = e = f = 0 and d? = a® # 0. Hence

(8.34)

with a constant v # 0. Now we can write the coefficients in (8.33) in
terms of the coefficients of the algebraic equation

9 (2lm)? = dp(z[m)* — ga(m)p(z[m) — g3(m)
for p and g’. We obtain

szuzk — _Aand gMuG — B. (8.35)

3/A(m) VA(m)
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By Theorem 6.6.10 we know that

2 92m) g s 9slm) (8.36)
VA(m) A(m)
are in the Hilbert class field of K, hence in L. This implies that
uK € L, (8.37)

keeping in mind that go(M) # 0 for dx # —3 and g3(M) # 0 for dx #
—4. To prove Theorem 8.7.5, we use (8.34), so we first compute the
action of o on Py(€) and Py (). By Reciprocity Law these values are in
K1sn(f)2- Further, since L contains the Hilbert class field of K, it follows
that the restriction of o to K5y (f)> is the Frobenius automorphism of
some principal ideal (\). Theorem 5.2.5 tells us that

Po(£)7 = CQPo(AE), Pi(§)7 = 1P1(N)

with roots of unity (o, ¢; that are independent of £. According to Theorem
7.1.2 we have P(£)7 = P(AE), and further

u?o’ _ CUUQ

with another “J< -th root of unity (, since u¥ is in L. So (,(p is a
“F<-th root of unity. By homogeneity of o and the fact that K contains
the wg-th roots of unity, we can now write the action of o as

#(6)7 = 2(GAE) = #(—(pA¢)

with another wg-th root of unity (), which is independent of £, too. In
a similar way we obtain

9(8)7 = Gy(GoAL)

with a root of unity ¢f independent of £. More precisely by (8.33) we
find that

¢ ==+l
and further, by homogeneity of y:
§(6)7 = §(¢1GAL).-
This proves the first assertion of Theorem 8.7.5 with A\, = ({{jA.
To prove the last two assertions, let Z,y be one of the Fueter or

Deuring models having good reduction above p. Then, as explained in
1.6, the two models are related by

r=uE +r,
y =g+ uvi +t,
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where u,r,t,v are integral for p and w is a P-unit. Now the two last
assertions of Theorem 8.7.5 follow from the last assertion of Theorem
8.7.3. 0

From the proof of Theorem 8.7.5 we can derive the following two
propositions:

Proposition 8.7.6 Let Q = Q(d) € E(L) have order q # (1). Then T,
as defined in (8.10), is in L(x,y).

Proof Using (8.34) and (8.37), we can write

T(z) =u" "% (55(3 + 5)WTK - i(é)wTK) .
By assumption L contains the coordinates Z(0) and Z(9), so the addition
formula for p tells us that T' € L(Z,9) = L(x,y). O

Proposition 8.7.7 Condition (8.7) implies condition (8.6).

Proof First we consider the cases when dx # —3, —4. Then u? is in L
according to (8.37), and by Theorem 7.1.2 the values P(€), o(§)|f, £ ¢ m,
are in K. Hence by (8.34) the Z-coordinate of points of order dividing
f must be in LK, qj- We are left with proving the g-coordinate to lie in
LK j also. By assumption, L contains a point of order ¢. Its g-coordinate
9(&o) is non-zero since 1 2, so it suffices to show that

(&)
y(&o)
We use (8.34) and write

y(&) _ ¢ (Elm)

J(&) ¢ (o lm)’

whereafter, according to the addition formula for g, it is easy to show
that the quotient is in Ky;. Hence §(§) € LK s, as asserted.

For dix = —3,—4 let & be the parameter of a point in C/m of order
t = 12 resp. t = 4. In these cases, using the Reciprocity Law, it follows
that Py(&o) and Pi(&o) are in K(;). Then by (8.34) we first obtain u €
LK), and we contend that LK) = L. According to (8.37) we have
ub € L resp. u* € L, and therefore (8.34) implies that LK (t) is generated
over L by #3(&) = u®P(&) resp. #(&n)? = u*P(&). Hence, K4 C L
and u € L. The assertion of our proposition then follows as in the cases
where dx # —3,—4. |

€ Ky for o(6)|f, £ ¢ m.
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8.8 Proofs of Theorems 8.3.1 and 8.5.1

For the following we assume the properties of (8.5) to be given. The
proofs will essentially rely on the J3-adic addition formula (8.3) with a
prime ideal I3 above P in an extension L of L so that G,, € E(L). To
prove 2l to be a ring, we need the following lemma for the polynomial

ho(X):= [[ X -w(Q)).

QeG,
Lemma 8.8.1 There exists a power series
u(X)=u+wu X+---€ DIL[[X]],
with ug prime to P such that
ho(W(Q)) = 7" u(W(Q))
for all Q € G, where DIL denotes the ring of elements in L that is
integral for .

Proof Let G(X,Y) be the power series in Theorem 1.6.6. Then we find
that

hoW(Q)) = TI W(Q) —W(Q"))

Q'#Q
= Q,I;IO(W(Q) -W(Q+Q")
= [l (=W(Q) - W(@W(@QGW(Q),W(Q)))
Q'#0
== < I1 W(Q’)) < [T (1+ W(Q)G(W(Q),W(Q’))))
Q'#0 Q'#0

Herein, according to Theorem 8.7.5, we have the factorisation
H W(Q)~b H p<1><o<1cz/)>
Q'#0 Q'#0
with an ideal b prime to p, and since for s = 1,...,m there are exactly
®(p°) elements of order p° in G,,; this implies that

IT w@)~bp™.

Q'#0
As the automorphisms of Q°/L act as a permutation on the W(Q') in
the product, we further obtain

IT W (@) =7"u
Q'#0



8.8 Proofs of Theorems 8.3.1 and 8.5.1 239
with a p-unit up € L, hence
ho(W(Q)) =t7"uoa(W(Q)) with a(X):= [[ 1+XG(X, W(Q"))

Q'#0

showing us that the coefficients of @(X) are integral for J3. We are now
left with the proof of @(X) being a power series with coefficients in the
completion L’ of L with respect to J3. Therefore, we observe that the
coefficients of @ are power series of W (Q') with B-integral coefficients
in L and that the application of an automorphism can be interchanged

with summation because the automorphisms are continous. This finishes
the proof of Lemma 8.8.1. 1

Lemma 8.8.2 Fori > 0 we have

Z h/ eDL?

QEGH
wherein W(Q)? is set to be 1 if W(Q) =

Proof By substituting X = % in the partial fraction decomposition

we obtain

TP 1 T
Trho(5) ~ 22 Wo(W(@)) 1-W@T"

where p™ is the norm of p”*. Now, writing the right-hand side as a power
series in T, it becomes

A WQ) | pita
- = — T | T
TP ho(%) ; Q; ho(W(Q))

where
m 1 m
" ho (T) =1+aT 4+ apmT?

with p-integral coefficients a;. Therefore, the inverse of this polynomial
is a power series in T with P-integral coefficients, too, so we have an
identity of the form

S =Y T h, T,

v>0 i>0 \QeGm
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with p-integral coefficients b,. Comparing coefficients now yields the
assertion of the lemma. More precisely, the proof shows by = -+ =
bpm _1 = 0. Hence, for ¢ = 0,...,p™ — 1 the sum in the lemma is equal
to zero. ]

Lemma 8.8.3 Fori > 0 we have

Z W(Q)" =0 mod p™.

QeGm

Proof The power series u(X) in Lemma 8.8.1 is a unit in Ry [[X]], where
Ry denotes the ring of p-integral algebraic numbers. Its inverse
W(X) =d0+ X +---
again has P-integral coefficients, and in particular, the leading coeflicient
U is prime to P. By Lemma 8.8.1 and 8.8.2 it follows for all ¢ > 0:
UpS; + U1.Si4+1 + - =0 mod 7™,

where S; denotes the sum in Lemma 8.8.3. The factorisation of W(Q)
in Theorem 8.7.5 implies the existence of a natural number N, so that
trivially

S; =0 mod 7™ for all « > N.
By the above congruence for S; we then recursively obtain for i =
N—-1,...,0:
Sit1 =0 mod 7™ = S; =0 mod «"™,
thereby finishing the proof. O
To show that 2l is a ring, we use Lemma 8.8.3. This is trivial for the

local components p’ outside p. Two elements of a local component above
P can be written as

= Y Q) i=— 3 gW(Q)Q

T ™
QeGp, QeGm

with power series
FX) =) a, X", g(X)=) b, X" € DLp,[[X]].
n>0 n>0
We contend that the product
1
5 = — ’ !
v 2m Z cQ Q ’

Q' E€Gm
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co = Y, FW@)W(Q - Q)),

QeGm

is in Ay, again. Therefore, we note that by the ‘B-adic addition formula
W(Q - Q)= HW(Q), W(Q))
with a power series
H(X,)Y)e XL[[X.Y]|+YL[X,Y]],
having p-integral coeflicients. Therefore, we can write

W@ =Q) = Y bum,W(@Q)"W(Q)"™

ni,n>0

with 3-integral coefficients b,,,, € L. Hence, the cg are of the form

co =Y | D anbun, > W@ | W(@Q)™,

n1>0 \n,n2>0 QeGy,

which is a power series of W(Q') having coefficients divisible by 7™
according to Lemma 8.8.3. Furthermore, as in the proof of Lemma 8.8.1,
we conclude that the coefficients are again in £ Ly Therefore, v is in
2y, and it follows that %l is a ring.

To prove the neutral element O to be in %ly/, we note that ho(0) =
ho(W(0O)) = 0, hence

F(X) = hO)((X) €Oy, [X].
Therefore,
vi= Y FWQ)Q
QEGm

defines an element in Q[p/ satisfying

o),

7T77L

This shows that O is in 2 because by Lemma 8.8.1 the coefficient
hi, (W (0))

- is in L and prime to p.
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This proves the first assertion of Theorem 8.3.1. Next, we will show
the second assertion: £ pof C O p. For the local components outside
p, this is again trivial, so let p’ be a prime ideal of L above p, and let

0= (FV (R peprs, € (Dr) 7= 3 aW(Q)Q Ay

QEGH
with power series
F(X),9(X) € O, [IX]).
Then
bor= 5 3 FW(ER+Q)W(Q)
" gea, REP+Gp,

Writing W(R 4+ Q) as a power series of W(R) and W(Q), according
to the addition formula, we obtain the following representation for the
components of 6 o ~y:

1 m n
S SR QUIVQ) = o Y dun > WQTWR)
QEGH m,n>0 QeGH,
with p’-integral coefficients d,,, € L. Lemma 8.8.3 now tells us that o~y
lies in (D p) .
p/
To prove the third assertion of Theorem 8.3.1, we start by computing

the p-part of the discriminant of O p that, by definition of ) p, is equal
to the p-part of the polynomial discriminant of

hp(X):= ] (X-W(R)).

REP+G,

We proceed as in the proof of Lemma 8.8.1:

Wo(W(R))= T (W(R)-W(R+ Q"))

Q'#0
= [I (-W(Q)-WR)W(Q)GW(R),W(Q")))
Q'#0
=+ ( I1 W(Q’)) ( [T @+ W(R)G(W(R),W(Q’))))
Q'#£0 Q'#0

Therefore, the p-part of hx(W(R)) is equal to p™, and hence the p-

part of the discriminant must be  [[  hp(W(R)) = p™". We are
REP+G,

now left with the proof of O p being unramified outside p.
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If F has good reduction everywhere, then the field extensions of L
occuring in the definition of Mp must be unramified outside P since
they are subfields of L(Gy+r).

If E(L) contains points of order q with composite, then by

9
ged(wi,q) ~
Theorem 8.4.2 there exists an element © = (T(R))repic,, in O p such
that

Op = O.0] and diser(Op[0]) = p™r”.

This proves the third assertion of Theorem 8.3.1.

Proof of Theorem 8.5.1 For every prime ideal p’ in L we choose an

integral power basis 6° of (Dp) over Ly:. Then we have
p/

p"—1 )
&b DLP,TZ' with Ti:ﬁ > 6@, for p'lp,
A, — i=0 QeGp,
pr p"—1 .
@ Op.,m with 7= Y 0Q, for p'{p.
) p
=0 QeGnm

Let ¢ be an element in O p satisfying the hypothesis of Theorem 8.5.1.
Then

(o), -
p"—1 )
&b DLp/eon with €oT; = ﬂ% > 0o€er—q
=0 QEGm REP+G,y,
it p'lp,
p"—1 )
Ly, DLp/eon with €oT; = > 0p€r—Q
=0 QEGm REP+Gm
if p/ J[p
Hence for p’ | p we have
2
1 .
discr (e o Q[)p, = det gy Z 0oep+q—q

QECm i=0,...pm 15 Q'€G,

1 P\ 2 2
= 77-‘-2771?7” det (9&2) det (6P+Q,7Q)Q/,Q€Gm
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and therefore

. 1
H discr (e o Ql)p’ T dzscr(Do) H (e, X)2
P’IP Xeé

— e g (iser (7)) |

For p’ 1 p the same computation yields
discr (eo Q[)p, = discr(Do)pr

If £ has good reduction everywhere, then Mo is unramified outside p
and therefore discr(Op) = p™" . This implies that

discr(eo2A) = pm"

and then eo A = Op.

If £/ only has good reduction above P, we can find a pair &,y of
Weierstrass functions associated with m defining an elliptic curve E
over an extension L having good reduction everywhere and, replacing L
by a further finite extension, we can achieve

L(&,9) = L(z,y).

We identify the points of E and E according to their parametrisation
by cosets £ + M, and we can write

Op(L) =eoA(L).

Observe that for a corresponding pair Py, P, € E(Q°); PP e E(QC)
and o € €7, we have the equivalence

Pl =P, Pf = b,

The uniformising parameter W = f% has the series expansion

W = i a, W
n=1

with p-integral coefficients in L and a P-unit a; as leading coefficient.
Hence, in the local descriptions of O p(L) and O p(L) above p we can
use the same local parameter W:

(Op(L))y @ DLP, 60, (Op(L))y = @ O, 6,
=0

6 = (W(R)i)ReP—i-Gm :
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By intersecting the local components of Mp(L) with the local compo-
nents of both sides of the equation ) p(L) = € o A(L), we obtain

(bP(L))p/ =eoA(L)p forall p’|p.

For the other prime ideals p’ of L this equation is trivial since, then, the

local components of £ p(L) and Do (L) are the local components of the
maximal order in O p(L) resp. O o(L). This proves that

bp(L) =eo2A(L).

Further, we can deduce from this equation that 20 must be the associated
order 2 of Op in A, because clearly A C 2. This implies that

Op=coA=co,
and, since multiplication by e is an automorphism of C?" because of

det (GP-&-Q—Q’)Q,Q/GGM =+ H (e,x) # 0,
X€Gm

it follows that

8.9 Proofs of Theorems 8.4.1, 8.4.2 and 8.5.2

For the proofs of the above-mentioned theorems, we need two special
versions of Theorems 1.6.1 and 1.6.3.

Proposition 8.9.1 We assume (8.5a) and (8.5b) to be given, and we
suppose E to satisfy (8.6) with respect to an integral ideal (. Let f €
C(x,y) have the following property: there exist infinitely many prime
ideals | in K such that

f(é) e LK [, forallé e M"m\m, neN.

Then f € L(z,y).

Proof Let [ be a fixed prime ideal with the above properties. Then
obviously, there exists a null sequence (2,,)n>n, with

z, € 17" m\ [7<"71)m, n > ng
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that does not contain poles of f. By Theorem 1.6.1, from the assumptions
for f and in view of the general condition (8.7) there exists some N € N
with

fe LKq[N(x,y).

To prove the proposition, we contend that almost all pairs [, [ satisfy

LK wNLK yn =1L for alln € N.
gl ql

In fact, this is true for any two prime ideals [, of K unramified in
L/K because the prime ideals of Ky ramified in K gl for K gl # Kq

are exactly the prime ideals above [, and, furthermore, these are totally
ramified. This finishes the proof of proposition 8.9.1. |

Our next aim is the p-adic series expansion for singular values of ellip-
tic functions from L(z,y), where again we make the general assumption
(8.5). According to Theorem 1.6.2 in a neighbourhood of zero we have

the series
55 =W+ X AW,
HO=WE 7+ ¥ B, (8.38)
y()=-w(E™? ;;;QCnW@)”

with p-integral coefficients A,,, By, C,, € L. This implies that every func-
tion f € L(x,y) can be written as

= > d,W()" (8.39)

n=no

in a neighbourhood of zero with coefficients in L. The following propo-
sition contains a criterion for the p-integrality of the coefficients d,,.

Proposition 8.9.2 We assume (8.5) to be given, (a)-(c), and we let
f € L(z,y) have the following properties:

(1) all poles of f are in K \ p~°>°m,

(ii) f(&) is p-integral for all & € p~°m.
Then the coefficients d,, in (8.39) are p-integral in L, and ny = 0.

In particular, the series in (8.39) is also P-adically convergent to f(€)
for & € p~°°m and, for every prime ideal Y3 above P of L(f(£), W (€)).
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Proof First ng = 0 because f has no pole at 0. We choose a null se-
quence (z,)n>1 with 2, € p~"m\ p”~'m. Then, by Theorem 1.6.3 the
coefficients d,, are all in %RO,

Ry :=Zlax, .., a6, (1), oy 2 (Em)s w(21), oy w(zs), 8(21), -y 8(20), f(21), -, f(2N)],

where &1, . .., &, modulo m are the poles of f and N is a sufficiently large
natural number. According to Theorem 1.6.2 and because of assumptions
(i) and (ii), the generators of Ry are p-integers. Hence the d,, are all
in 1Oy, where Oy denotes the ring of p-integers. Now, let p’ be a
prime ideal in L above P, 3 a prime ideal above p’ in L(f(&), W (€)),
and let R be the valuation ring of 3. Further, we choose an ascending
chain of valuation rings R,, in L(f(§), W(§), W (z,)) containing R. Then
7, = W(z,) satisfies the hypothesis of Theorem 1.6.7. Hence, the series
is also P-adically convergent to f(£), and the d,, are in R. More precisely,
the d,, are p’-integral in R N L and, since this is true for every prime
ideal p’ over P, they are even p-integral. U

Proof of Theorem 8.4.1 A function satisfying the hypothesis of Theorem
8.4.1 also satisfies the hypothesis of Proposition 8.9.2. In particular, for
R = O it follows that T(Q) = T(R + @) — T'(R) is integral for every
Q € E[p*°]. Therefore, the element defined in Theorem 8.4.1,

0 :=(T(R))ReP+Gyns

is in O p. For the discriminant of the polynomial

gp(X)=[[ (X-0r)

ReP+Gp,
we obtain
discr(gp(X)) ~ p™",

bearing in mind that by assumption T(R) — T(R 4+ Q) ~ p‘N%QD for
Q € G,, \ {O}. Since this is a divisor of the discriminant of O p, we
finally obtain

bp =90 and diSC’I’(,{jp) = pm”m.
O

Proof of Theorem 8.4.2. Let T be the function defined in (8.10). By
Proposition 8.7.6 (or following from Proposition 8.9.1) T is in L(x,y).
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To prove that T satisfies the other hypothesis of Theorem 8.4.1, we use
the formula (7.1)

e—1 : .
e 1T P&+ (PE)p(&1 — ("&2)
(=€) H 2o ()2 )
0 ©(§1)%0(¢7¢2)
with e = “J< and a generating element ¢ for the group of roots of unity in

K. Now let Q = Q(&) # O, R=Q(&) be in E[p>]. We set 11 := & +0.
By the above formula we obtain

P(&1) = P(&2) =

T(R) = (—e)*~ 1Hs0£+ (1L+)m)p(€ + (L= m)

TR+Q) - @(€+m)20(Cimr)?

Herein

P(E+ (1= CO)m) = p(€) ~ pFe@

according to Theorem 4.3.1. All other factors are units, because 7 is
of composite order divisible by ¢ with
the factorisation

9 . .
ged(wr,q) composite. This proves

T(R+ Q) — T(R) ~ poeiay,

we wanted to show. ]

Proof of Theorem 8.5.2. The transformation formula for h. in section
1.7 tells us that g is elliptic for m. More precisely, g is in L(z,y), as we
will show using Proposition 8.9.1. So let [ be an arbitrary prime ideal
of K not dividing q and & € [""m, n € N. Then by the Reciprocity
Law together with the transformation formula for the ¢ function we
first obtain g(§) € K12N( ("2 and then

9O =+ = g(€N) = -+ = g(¢)

for every A € O prime to 12N (ql) satisfying A = 1 mod q[". Herein,
o()\) denotes the Frobenius automorphism corresponding to the ideal
(A). Hence g(§) is in Kq [~ Proposition 8.9.1 now implies that

g € L(z,y).

Furthermore, by factoring p-values and keeping in mind that by assump-
tion the order ¢ of § is composite, we obtain that the g(§) are integral
for all £ € p~°°m and all prime ideals P not dividing . Therefore, using
Proposition 8.9.1 we find that the element ¢ defined in Theorem 8.5.2 is
in Dp.
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Now we contend that the resolvents of the element defined in Theorem
8.5.2 are associated with P™. Therefore, we write the resolvents in the
form

(6,x) = > 9(&1+9)x(9),
¢ep—mm mod m

with a parameter & of P = Q(&;). By the resolvent formula of Theorem
1.7.2 we then have

(9L = D gz +ELx(E)

&eﬁ
& mod £

12 A(Q) -1
\/QCXX[)((S + Z)h'y(w((S + Z)|£) ’

with the character xo(€) = ele((1=2)&7)

o~ Ha 43 4ing) POIE)P( + 2 + 3 4 | £)

Crxo (0 +2) = G 3
xxo (0 +2) (64 21L)o(Z + fxyo | L)

C=m, L=p™m n=[L:L=Np")
and elements
1
Pxxo € ES

Theorem 4.2.2 implies that

12 A(E) m
\/ NS P,

and for z = & all p-values in the definition of Cy,, (0 + z) and h(w (0 +
2)|£) are units. This follows from Theorem 4.3.1, keeping in mind (8.9),
(8.11) and (8.12). Finally, since the exponential factor in the definition of
Cyyo (04&1) is aToot of unity, the resolvent formula tells us that (0, x) has
the factorisation P, as asserted. This finishes the proof of Theorem 8.5.2
under the hypothesis (8.9). The construction of a generator under the
weaker hypothesis (8.8) is explained in the following proof of (8.18). [

Proof of (8.18). Using the p-adic series for 6,

GR—Zan R|n
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we obtain

MNOr= Y. Ow= > Oruo= an » W(Ro+Qmn)"

RIeX"1(R) Qeah n=0  QeGh

with some Ry € A~!(R). Now, applying the p-adic addition formula (8.3)
to W(Ry 4+ Qn), Lemma 8.8.3 yields

Z O = 0 mod p°*.

R'EX-1(R)

To write A(f) as a power series of W(R), R € A(P) + G_,, observe

that Y~ W(z+ gn) is elliptic for m and can be written as
QeGH

> Wz+&n) = bW(zlm)

QeGH k=0

with coefficients by in L because of (8.17). Moreover, by Proposition
8.9.2 the by, are p-integral. Now we arrive at the series we are aiming for
by inserting W (z|n) into the expansion of (A(6))r.

With the above construction we obtain by

1 .
0= pury Z g(R'[mp*)

R'eA"1(R) REA(P)+GM™

an element in DT( py(m — ), whose resolvents are associated with p™~*.
However, this does not end the proof since, according to our construction,
the base field for DT(P) (m—s)is L. But applying Theorem 8.7.5 to the
function

i) = — 3 gl + Elmp)

Q' eGh
we find that in fact © is in OYp)(m — s) with the base field L. O
8.10 Proofs of Theorems 8.9.2 and 8.6.2

Proof of Theorem 8.9.2. First, we consider the case p odd and ¢
satisfying (8.9). The assertions of Theorem 8.9.2 then follow from
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Theorems 8.4.2 and 8.5.2, using the Fueter model F associated with
m = Oy. Since the coefficients of F are in K (4, we can take

L == K4qpr.
as base field. By Reciprocity Law we find that
L(E[q]) € Kag-

Hence, E(L) contains a point of order ¢, and (8.6) is satisfied, so we can
apply Theorems 8.4.2 and 8.5.2. We choose a point

P = Q(&) with o(&) = p™*™.
By Theorem 8.5.2 we then have
bp =fo Ql,

where § and 2 are explicitly given as values of g and T defined in (8.13)
and (8.10):

0= (9(P+Q))gec,. = (961 +E))ecp-m 0y

p"—1

A= @ DM4qTi7 T = Wim Z T(Q)'Q,
i=0 QeGm
T(Q()):=T(E), cep™™.
By Reciprocity Law W (1) € Nag and
W(£)7 088 = (g +€) for e e p™.
This implies that
k: Mp — Nigq, (apiq)gec,, — ap,

is an isomorphism of Myq-algebras. Further, according to (8.19), we have
the isomorphism

R Gm - Gal(N4q/M4q)7 Q(g) = 0¢ = U(l +€0€)7
that can be extended to 2 by

Rl FTQEONQE) | =Y f(T(o¢))oe for f(X) € LIX].
Q(§EeG

G’gGG
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This proves k(D p) to be a &#(2A)-module contained in N,q generated
by Hp:

Kj(bp) = 9P o /%(Ql)
Furthermore,

dN4q/M4q (’i(bP)) = discr(}jP) — pmp"",

and since the computation of the relative discriminant of Nygq /M4q via
the conductor discriminant formula leads to the same result, we have
proved that:

OnNyg = 6(Op), Anyg/aryg = H(RA)
and
DN4q =0po QlN4q/M4q'

To prove the last equation for the extension Ngq/Mg instead of Nyq/Muq,
note that Nq N Myq = Myg. Hence, Gal(Nq/Mg) can be identified with
Gal(Nyq/M,q), and we denote both by G. Since p lies in Ny, we obtain

DNq =0po ((QlN4q/M4q N Ng[G]))

by intersection of both sides in the above equation with Ny. Further,
observing that, according to Theorems 8.4.1 and 8.4.2, U is a free DN4q-
module, it follows that

(QlN4q/M4q NNglG]) = AN NG[Grl) =

x>

=4 2 JT@)Q | f(X) € Oy [X]

QeGm

This finishes the proof of the second and third assertions of Theorem
8.6.1 for an odd p and ¢ satisfying (8.9). If q only satisfies the weaker
condition (8.8) and is not a divisor of 2, we obtain the second assertion of
Theorem 8.6.1, by repeating the proof using the element ¥ from (8.21)
instead of 6p.

For "p even" we proceed in the same way using Deuring’s instead of
Fueter’s model.

The first assertion of Theorem 8.6.1 follows easily from Theorem
7.4.1. O
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Proof of Theorem 8.6.2. Keeping in mind that the element 9" in (8.21)
lies in O, with resolvents associated with p™, the assertion of Theorem
8.6.2 follows using same arguments as in the proof of Theorem 8.6.1. [

8.11 Analogy to the cyclotomic case

Similarly to the construction of integral bases we obtain a result on the
Galois module structure for cyclotomic fields by taking a suitable limit
in the basic resolvent formula. We consider two complex lattices

SZW”CQZPi]

of index n. Further, in the resolvent formula of Theorem 1.7.2 we let z
and v be real, and we let the & be of the form

E:K, v=20,...,n—1.
n

In this special case the resolvent formula of Theorem 1.7.2 can be
written as

* * ~ ¢
%l,ﬁ(Z‘”X) g (’y|£)0’ (Z + o+ MX| '8)

" (2 +€+919) ‘ :
Z o* (W|£) o* <%+/.LX|£>

T X(€)

(8.40)

Herein, we choose u, as a coset representative of %2 modulo £ of the
form
w

H’X:,U’XE’ uy =0,...,n—1

Now, keeping in mind the g-expansion of o* for arbitrary z € C,

; Wy Wy L/ 1 i\ 1 (11— Q¢ (1 —Q g™
_ = w 2 — 2
7 (z w2> 27riQ2(Q @ )}:[1 1—qn)2
with
Q= 62“‘%“7 2= 2w + 2wy, 21,22 €ER; g=e¥, w= ﬂ7
wo
by taking the limit for w — ioco in (8.40) we obtain the relation
dz+&+7)_
> == x() = n¢Cy (8.41)

: d(z+¢)
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with a root of unity ¢ and

40 for x£1,

Cy = , (8.42)
d(nz+~)
d(y)

where for short we use the notation

for x =1,

For the arithmetical interpretation of this formula we consider, instead
of an elliptic curve, the unit circle, defined over L = Q:

E(C) :={(z,y) € C* | 2> + y* = 1}.

In order to elucidate the analogy, we use the same notations as used for
elliptic curves in 8.1, 8.2 and 8.3. Via the bijection

C/Z—E(C), &+Z—Q(&):=(x(Q(£)),y(Q(&))) = (cos(2mE), sin(2¢)),
we define a group structure on E(Q) by
Q&) + Q&) == Q& + &2)-

Then the n-torsion points are given by the n-th roots of unity
1
el = {Q(© | €< rz/z).

Further, the Galois group Qg of Q°/Q is acting in an obvious way on
E(Q).

As uniformising parameter at the origin (neutral element) of F(C) we
choose

=

i

N—
Il
(9]
o
3
m
I
—_
Il

z(Q(8)) +iy(QE)) — 1,
and we set
W(Q) == W(§), for Q = Q(&).

If Q@ = Q(€) is a torsion point of order n, then W(Q) generates the n-th
cyclotomic field, and for a prime power n = p® we have

W(Q) ~ p®#?),

where ® is the Euler function in Q. Further, similar to (8.3), we have
the relation

W(Q1 + Q2) = W(Q1) + W(Q2) + W(Q1)W(Q2).
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Now we choose a fixed prime number p # 2 and two natural numbers
m,r > 1.
For s € N we set
Gs = E[p°].
Given a point P € G4, we define the polynomial

hp(X):= [[ (X-wW(R)

ReP+Gy,

and then the algebra
Mp = Q[X]/(hp(X)) = {(f(W(R)))rer+c.. | [ € QX]}

=Q[0], 0= (W(R))rer+Gn-
Since this is a direct sum of cyclotomic fields, we find, unlike in 8.3, that
Op = 7Z[0)]

is the maximal order. Further, as in section 8.3 we define

%A= L > aq Q| (a@)eea,, € Do ¢,

m
p QG

where O = Q(0) denotes the neutral element in E(C). Now, as in the
proof of Theorem 8.3.1 defining the operation of 2 on O p analogously
to (8.4) we can prove:

Theorem 8.11.1

(i) %A is a ring,
(H) DPOQ{QDP;
(iil) dz’scr(Dp) = discr(hp(X)) = pmP

In particular, the last assertion shows that every element 6 € Op is
a generating element of ) p over 2,

Dp =0o Q[,
if for every character y of G,,

Z Op+oX(Q) ~ p™.

QEGm
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In the case P = @) (ﬁ) such an element can be found via the resolvent

formula (8.41) by setting

0 = (0r)rReP+G,. = (9(R))ReP+C.n
with the 1-periodic function
d (z + p%) e27iz _ |
9(2) = i e

e2mize st _ o~ Bt

8.12 Generalisation to ring classes by Bettner and Bley

Most of the constructions in sections 8.4 and 8.5 carry over to ring classes
and lead to similar results. However, the subgroup G- for a prime ideal
power P, that is crucial for the definition of the objects to be studied,
has to be modified. Therefore, we fix a proper ideal a of the order £, of
conductor ¢t > 1 in an imaginary quadratic number field K and consider
a Weierstrass model associated with @1, defined over a finite extension L
of K. The prime ideal power Pp* in the construction for ¢ = 1 is replaced
by a primary ideal q of $),, and we define

Gq :={Q(§) € E(Q°) | g€ € a}.

For ¢t = 1 this is the old definition, because then ( is a prime ideal power.
In order to use the p-adic power series expansions as in the case t =1
it is necessary to modify G by taking its subgroup

Gy ={Q € Gq | vg(W(Q)) > 0 for all prime ideals P O p of O}

instead, where p denotes the prime ideal associated with (. Let p be the
prime number in P, pZ = P N Z. Then, by factoring yp-values we obtain

Gy & Gq if p|t and pis split in K,

GE =Gy otherwise.

The general assumptions (8.5) for the definition of the integral objects
in the case t = 1 are now generalised as follows:

General assumptions for ¢ > 1 (8.43)

(a) K is a quadratic imaginary number field and £; the order of con-
ductor ¢ in K.
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(b) E is an elliptic curve defined by an equation (8.1) of a pair of Weier-
strass functions associated with an ideal @ € J; having coefficients
in a finite extension L of the ring class field ;. For d = —3, —4 we
further assume L to contain the ring class field €23; resp. Q9.

(c) p is a fixed prime ideal of ; of norm p = Ny(p) := [D; : p], we
assume the coefficients of the equation (8.1) to be p£;-integral and
E to have good reduction above p;.

(d) Let g, be a primary ideal in O, or ¢, = O, with

Gy C E(L),
(e) q,, a primary ideal in 9, and P € E(Q°) with
p,,]P € G:l;

The definition of Mp, A and O p, 2 is completely analogous to the
case t = 1, replacing the coset P + Gpm by the coset
*
P+Gy .
Further, in the definition of 2 the power 7™
Tm € L with

is replaced by an element

Tm, ™~ H <P(§|a)

Q©)eGy \{0}

For dx # —3,—4 the existence of such an element follows from the
principal ideal theorem and similarly in the cases dx = —3,—4 if we
add the assumptions (,, € J; and Gy = Gy -

To prove the existence of a Galois generating element for £ p over
2, we have, as in the case when ¢t = 1, to assume that F(L) contains
enough torsion points. Therefore, let q be an ideal of ;, prime to p
with decomposition

q=9qy-...-q,, s=>2,
into a product of primary ideals, and for s = 2 we assume that
N(/G)<3=109;2/0; i=1.2 (8.44)

and

qf2.
Then there exist elements v, € K \ a with g, qé C a, such that

o(vla), o(dla), o(y+dla), o(y+ |Gy |é[a) are composite. (8.45)



258 Galois module structure

Here the order o(Ala) of an element A € K \ a is defined to be the
;-ideal

o(A\a):={¢ €O, | &Neal.
The following theorem generalises Theorem 8.5.2.
Theorem 8.12.1 Let ¢ { 2 be an integral ideal of Oy prime to p,

satisfying condition (8.44), and let E(L) contain Gq. Let v,6 € K\ a
with qry,qd € @& and (8.45). Further, let w € Oy satisfy the congruences

w=0mod(q,, and w=1 mod p.
Let g be the function defined by v,6 and w in (8.13). Then

0 = (g(R))REP-‘rGam

is a Galois generator for Op over 2.

As in the case for ¢ = 1 we can skip the hypothesis Gq C E(L),
assuming that p does not divide wg.

Theorem 8.12.2 For ptwy there exists an element 6 € bp with
L:)P =fo 91

For the global construction of O p and 2 we are using, as in 7.1 for
t = 1, the normalisation P(z|@t) of the p function and define:

T(z) ==P(z +dla) — P(S|a),
where § € K \ @ has order .

Theorem 8.12.3 Assuming the hypothesis of Theorem 8.12.1 on &
and q, we have

with

0= (T(R)nericy

and N = |Gy |. In particular,

N-1
Q[: @DLTZ‘ with 7'1‘2L Z T(QyQ

Vs
i=0 ™ QeG*

m
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Using Theorems 8.12.1, 8.12.2 and 8.12.3 we obtain similar results on
the Galois module structure of the extensions

Nq/Mg = Ki,qq,q,,/Kt.qq,

with
q | 95s
because by the last condition we have an isomorphism
q,,' /O = G(Nq/Mq)

given by the map

£+ 90y 0g = 01— &)
with some element & € qq,,,q, \ P4,,9, satisfying

&=0mod8 if 12,
&=0mod9 if q¢3.

Assuming that
ptt or pmnot split in K
and
dK 7& _37 _4a

we obtain the following results:

Theorem 8.12.4 Let § € q~' \ 19O, have composite denominator
0(26]9;). We set

T(z) == P(z + 6]O;) — P]O,).

For & € K\ O with o(&1|9:) = q,,9,., && =1 mod q,, and a ., ~
quK we then have

DNq = DMq [T'(¢1)],

g 1tg = — S HT©)o] F(X) € DarglX]

Tm,
ceqmt mod 9,

Theorem 8.12.5 Let v,6 € q~ \ O, have the property of
o(7194),0(8]D:), o(y + 8|D¢), o(y + Ni(d,,,)8]O+)
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being composite and let w € ) satisfy
w=0mod(q,, and w=1 mod p.
Let g denote the function defined in (8.13) with ~v,0 and w. Then
Ong = Vo ™ vg /g
with
U =g(&),
where & € K\ Oy has order o(&1|9;) = (q,,,9,.-

As in the case for t = 1, Theorem 8.12.5 implies:

Theorem 8.12.6 For p {2 there exists ¥ € O, with
DNI :ﬂoQ[Nl/Ml'

However, from the proof of Theorem 8.12.6 we do not obtain an
explicit construction of Ay, /as, -
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Berwick’s congruences

In 1927 the English mathematician W.E.H. Berwick published an arti-
cle on numerical computation of singular values of j including a series
of conjectures concerning congruences satisfied by these singular values,
without giving any idea of proof. In the framework of complex multipli-
cation these congruences constitute a rather untypical result. Therefore,
it was not surprising that the first proof of some of these congruences by
Gross and Zagier (1985) did not use the classical methods of complex
multiplication but was relying on counting isogenies of elliptic curves.
Moreover, Gross and Zagier only treated congruences modulo powers of
the primes p = 2,3,5,7 and 11 without giving any hint on how similar
congruences modulo powers of other primes could be found or deduced.

9.1 Bettner’s results

A complete proof of Berwick’s congruences is due to Stefan Bettner
(2004). Essentially his proof uses division polynomials for p-values in
combination with results on the denominators of these values, as will
be outlined later. To state the results we use the following notation for
an element x of an algebraic numberfield L, a prime number p and a
rational number r by setting

if

for all prime ideals p above p.
In the following let K be a quadratic imaginary number field of dis-
criminant d and @ a proper ideal of .

261
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Theorem 9.1.1 Lett =2%m, 2¢m, Then

> 15 if 2 is inert in K and s = 0,
v ((@) =233 if 2 is inert in K and s > 1,
2V =3.2=s if 2 is ramified in K,
=0 if 2 is split in K.

Theorem 9.1.2 Let t = 3°m, 3tm, Then

>6 if 3 1s inert in K and s =0,
192—s RPN -
. =53 if 3 1sinert in K and s > 1
a) — 123 2 =
vs(j(a) ) =3l if 3 is ramified in K,
=0 if 3 1s split in K.

To state similar congruences for an arbitrary prime number p, we
assume d < —4, and, given a natural number N > 1, we consider the
modified division polynomial

B (X) = 6N U ((Sfa)) N [ x-Pela),
cefania

with the normalisation

P =d(a)p, d(a)=

of the p function as defined in 7.1.1. Writing

Ty (X) = Y alM (@)X,

the coefficients are polynomials of

2yo(a)
123

More precisely, every coeflicient is of the form

_ Ey(a)
=B

g2(a) = 6(a)?ga(a) = and  gs(a) = 6(a)’gs(a)

175} l/3h

CpV2" V3 (] )

with a factor ¢, prime to p, exponents v» = 0,1,2; v3 = 0,1 and a
polynomial h € Z[j]. Congruences modulo a prime number are then
obtained by writing the coefficients a?’ (a) in terms of the values P(¢ | a)
and using the results of Theorem 7.3.2 about the factorisation of denom-
inators. Berwick’s congruences modulo 5, 7 and 11 are then obtained by
considering
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This coefficient has the property that in the representation of

1 (p)

» 4@

as a symmetric function of P(£ | a)-values there is exactly one sum-
mand having a maximal p-denominator. Therefore, this gives us the
exact p-part of the denominator of af‘?))(a). In this way Bettner proves
2

the following theorem:

Theorem 9.1.3 Let t = p*m, 34m, p > 3. Then

>1 if p is inert in K and s =0,
" (a(’;) (Cl)) = Iﬁpl_s if p is inert in K and s > 1,
PAT(E) =1p=* if p is ramified in K,

=0 if pis split in K.

For p =5,7,11,13,17,23,29 we quote from Bettner (2004)

Y2(@) if p=5,

v3(a) ifp=71,
’Yz(a)’y;),(a) ifp: 11,
a(P) (Cl) —c (](a) + 8) if p=13,
(3) " re(a)@(a) +9) if p=17,
Y3(a)(j(a) + 12) if p = 19,
Y2(a)ys(a)(j(a) + 4) if p = 23,
Y2(a)(j(a) +4)(j(a) +27) if p = 29,

and, using Theorem 9.1.3, we obtain congruences that include Berwick’s
conjectures.

9.2 Method of proof

The details of proof are rather complicated because, besides other things,
they involve an explicit version of the factorisation of ¢(&|a)-values, in
particular for proper ideals on non-maximal orders. To illustrate the
basic idea, we will treat a simple case and assume that

t=1 and p inert in K.

For numerical examples of the above congruences, we refer to the rich
material presented by Gross and Zagier (1985).
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p=2:

In our case the equation W, turns out to be of no use, so we consider

T, (X) =

AX°—5G2(0) X —20g5 () X°— 53 (0) X* G2 (@) g5 (0) X — 2g5(0)* + 1552(a1)°,
which yields

To2(a) = ) Z.<67’(& | P& | @) =tri, o (P& | )P | ), (9.1)

where £¢&; runs through a system of representatives for ia mod a with
&d %a. Herein, the trace satisfies the congruence

tri /o (P [@)P(& | a)) =0 mod 2 (9.2)

in the ring of numbers integral for 2. Observe that the 2-part of the
denominator of P(&; | a) is a divisor of (2)5. This follows from Theorem
7.3.1 in combination with Theorem 7.3.2, according to which the number
P in Theorem 7.3.1 is integral for 2 because 2 is inert in K. In our case
the relative discriminant of K4)/€ is (2)®, and this implies the relative
different to be

oo

U0 =(2)7
which proves (9.2). By (9.1) and (9.2) we now obtain
g2(a
U2 (ggfl )> =1,
and, bearing in mind that j(a) ~ 123g5(a)3, this implies that

27| j(a).

p=3:
Writing the coefficient of X in the division polynomial

~ 3. . 1
Us(X) = 3X" — 592(Q)X2 —3g3()X — ¢

as a symmetric function we obtain the identity

ga@)=" > PE|OPE | a)P& | a)

1<i<j<k<4

= trg, 0 (P& | )P | )P(& | a)),

g2(a)?
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where £&;,7 = 1,2,3, runs through a system of representatives of %a
modulo @, & ¢ d. Since 3 is inert in K by assumption, we can conclude
as for p = 2 that the numbers P(&; | @) have denominator (3)3. This
implies that
33(a) € trie, j0 (Vk,0) € Oa,
and then
3% (j(a) — 12°)

because j — 123 ~ 6°g3(a).

p>3:

In all other cases we conclude as for p = 5. Looking at the (g)—th coef-
ficient of W5(X), we obtain:

5 31

D@=-Ta@=5 Y PElaPEa

1<i<j<12

=5 tT‘K(S)/Q (P& |a)P(& ] @),

and, since the 5-part of the denominator of P(¢; | a) is (5)12, using the
above conclusion via the different, we again obtain,

vs (92(a)) > 1,

which implies that
vs(j(a)) = 3.
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Cryptographically relevant elliptic curves

The contents of this chapter arose from collaboration with Andreas Enge.
Following an unpublished idea of Hasse (1933), independently rediscov-
ered by H.M. Stark (1996) and refined by Rubin and Silverberg (2007)
and Morain (2007), the reduction of elliptic curves with complex mul-
tiplication leads to elliptic curves over finite fields whose cardinality is
explicitly predicted. Compared to the choice of elliptic curves at random
this method is useful for primality tests and for cryptographic applica-
tions based on pairings as, for instance, described by Freeman, Scott and
Teske (2006). In particular, this method can be applied to the construc-
tion of elliptic curves of prime cardinality.

The approaches in this chapter will on the one hand be to use suit-
able modular functions that accelerate the process of finding the reduced
curve. On the other hand we will also study curves admitting reduction
defined over fields of characteristic 2 and 3.

10.1 Reduction of the Weierstrass model

In 8.7.1 the Weierstrass model associated with a lattice £ has been
defined by:

E: y?*=2+ar+as (10.1)
with

“ _4?/2% ! .112 Vi) 102

266
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- —421/3% = - '1631/3'(2) — 128, (10.3)

For £ imaginary quadratic the a; are integral outside 2 and 3, and,

since the discriminant of F is equal to 1, this implies that E has good

reduction outside 2 and 3. The uniformising functions of F are given by
p(z | £)

x(z) = T(E)

and

and
oy 1Y e2] L)
2VAL) 20z £)
For the sake of simplicity we choose £ to be the maximal order £ of an
imaginary quadratic number field K of discriminant d,

9 = [a, 1],

where, in view of the normalisation of the root of A(£) the generating
element « is chosen as follows:

Y4 if  d=5mod 8,

9vd it ¢ =1mod 16,

3+2\/& if d=9mod 16,

@ if  d=0mod 4.
Let p be a prime ideal in K of norm p t 6, whose ideal class has order e,
pe~m=ua+v, u,veZ.

The above Weierstrass model will now be modified so that it is defined
over the fixed field of o(m). As we will explain later, there exists an
element 6 abelian over K and prime to p such that

[072(0)] "™ = [#*2(e)] and [8%73(0)] 7 = [0°33(a)] . (10.4)
The functions
#E) = 0%2(0),  §(E) = 6%y(e)

then uniformise the elliptic curve

E: Y?=X34a4X +ag, with ay:= 0%y, ag:= 0%, (10.5)
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which has good reduction above P and is defined over the fixed field
of o(m). Let P be a prime ideal in K7 := Q;(a4,ds) lying above p.
Then, the reduction of the curve (10.5) modulo P has coefficients in
Fpe = O+ /PB. As we will see, replacing 7 by —7 if necessary, we
can further achieve that the same is true for the torsion points P =
(#(6),5(€)), € € K\, of (10.5). The reduction of such a point P
modulo a prime ideal " above P of K (P, a4, dg) is a point of E(Fe) if

pom = p. (10.6)
In fact, by the Reciprocity Law we find that

#(£)7) = &(n¢)

if p does not divide the denominator of (§). The action of o(m) on F(¢)
can be deduced from the proof of Theorem 6.8.7:

§(6)7) = g(m)e(m, o) 33D
with

- Cifuanrl)pefuva if D) 1, v,
el = Mgy

where n and s denote the norm and the trace of a. Note that the equation
of the curve implies that

6(#,@)‘393(”(”)_1) = &+1,
that for p {2
e(m,a)? = —e(—m,a)? (10.7)

and that by definition we have o(n) = o(—m). Therefore, we can nor-
malise 7 by the condition

e(m, o) 7303 (M=1) — 1,
Then P?(™) = P is equivalent to
denominator of (¢) | (m —1).

Let E[(m —1)] denote the group of (r — 1)-torsion points, and let 3’ be
a prime ideal above 3 in the field generated by a4, ag and the points of
E[(m —1)]. Then E[(m — 1)] is mapped by reduction onto a subgroup U
of E(F,.), and since the reduction is injective on E[(m — 1)] because of
SB't (w — 1), this implies that E(F,.) has a subgroup U of order

U] = |E[(r = 1)]| = N(x — 1) = p° + 1 — tr().
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Herein
[tr(m)| < 2v/p7,
and by the Riemann hypothesis we have
|E(Fpe)| <
Therefore, in view of p 1 6 we have p¢ > 3, and we obtain

p° +1+2f
[E(Fye) : U] < pra +1—2\f

Hence, E(Fpe) = U and
[E(Fpe)

where, as above, 7 is normalised by e(m, o) ~263(7(M)=1) = 1,
a4 and @ may be determined modulo 3 by the following steps:

=p°+1—tr(m),

(i) computation of #12 modulo P,
(ii) computation of §%y3(a) modulo P (in some cases, explained
below, this is a rational function of 612),
(iii) computation of '?j(a) = (6%v3(x))? + 1236'2 modulo ‘B,
(iv) computation of a root {/612j(a)) modulo ‘.
Of course, this determines a4 = a4 mod ‘B only up to a third root of
unity in F,., but all curves

Y2 = X3+ pasX +a, p€Fpe,p®=1, (10.8)
are isogenous to each other over IF,e and hence have cardinality

p¢+1—tr(m).

Remarks 10.1.1 To avoid the the computation of {/012j(«) modulo
P, it is convenient to multiply the equation (10.5) by ai?. This yields
the curve

E': Y?=X?+alX +agal?,

which is isogenous to E over K7. It has good reduction above p, if §(O)
is prime to P, which can be verified by Theorem 4.4.2. Then, instead of
the third root, one has to compute the third power modulo J3, which is
easier.

If p* =1 mod 4, then —1 is a square in Fp.. Therefore, all curves

Y2:X3+pa4X+(_1)V667 pEF ap =1 V_0717 (109)

are isogenous to each other over IF).
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For p¢ = —1 mod 4 the curves in (10.9) for v = 0,1 are not isogenous.
To determine the cardinality for v = 1 we parametrise the curve by
the functions —7(z|£),i7(z|£) and, concluding analogously, we find its
cardinality to be

¢+ 1+ tr(n)
if 7 is normalised as above.

Construction of 6
In many cases 8 = 1 has the desired properties, as for instance, when d
is prime to 6, since then 7;(a) and v3(a) are in ;. The choice 6 = 1
in (10.4) is also possible when 7 = 1 mod 6 because we know 2 () and
v3(a) to be in K for every fundamental discriminant d. In the remaining
cases we have the following construction, which can also be generalised
to non-fundamental discriminants.

According to section 2.4.3 the following functions are modular for
F(é g’), n € N:

3

wy\ 8 .
ha(w) := <n((:)))> Y2 (W)L if 34 n.

wy\ 6 .
hs(w) := (:’7((:)))) v3(w) = if 24 n,

In O we choose primitive ideals Ny, g of norm ng, ns satisfying
ny=2mod 3 and nzg=3mod4, ged(ng,nz)=1.

Two such ideals exist except for d = —3, —4, where § = 1 has the desired
properties. Further, we set

&= o+ 6u,
with u € Z such that &,n; is a basis of n;:
n=[a,n,.
Then, according to Theorem 6.6.4,
hi(&) € @, fori=2,3,

and it follows that a suitable product of

1)
0, = —"L ;=23

as, for instance,
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has the desired properties since v2(&) = y2(a) and v3(&) = y3(a). Of
course, when 7, («) resp. y3(a) are in 0y, we can simplify our construc-
tion by setting 65 := 1 resp. 63 := 1 in the definition of 6.

To normalise ™ = ua + v we need the action of o(7) on 6°:

o(m)— v il %—u “;SB 1—v?)—v)=3(w—1)u
93(()1):<n)<42 [ (=%)=) 1}, Ga=v—L
i

Herein B and C' are the coefficients of the primitive equation X2 +BX +
C =0 of &, and u; is defined by the decomposition u = 2 u1, 2 { ;.
We can also use the fact that v/—1v3(a) is in Q; for d = 4 mod 8. In
this case we can replace 03 by 05 = v/—1 = HT‘/TI
Finally, we mention the special cases ng = 3,7, where v3(a) can be
computed via 63 because then, according to Example 2.10.3, we have
the equations

at +182% — y3(a)x —27 =0 for nz =3 (10.10)
and
2+ 7-20% 4792 + 71027 — q3(a)z —7=0 for nz =7 (10.11)

satisfied by = = 05 resp. z = 63.

Example 10.1.2 For d = —248 we have y2(a) € ©Q; and y3(«) & Q.
Considering the functions hy and hz with no = ng = 7 we find that

g .= (T) @ = 1980 + v/—62,
n (&)

is a possible choice for . The power 6 is in Q; and satisfies the equation

m(X):=X®+ (=676 + 116 /—62) X" + (—33118 + 6420 /—62) X°
+ (759552 + 63920 /—62) X° + (—4412757 — 333684 /—62) X*
+ (3945984 — 5648048 \/—62) X° + (68813474 — 16223748 \/—62) X
+ (56573660 — 15383252 \/—62) X + 2747137 + 643656 /—62

Now we choose the prime
p = 123456790743209877383 = 7
with
7 =11111111139 + v/—62,
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and, using the above formulae we find that
6(77,@)393(”(”)_1) =1.
The factorisation of m(X) modulo () is given by

(X + 114910503791694606809) (X + 17485763858982704816)
« (X + 57733780165438061637) (X + 45254227752336118582)
« (X + 57984431058857325274) (X + 39337392116685518328)

«(X + 18300412043950243236) (X + 19363860152796160667),

where for simplicity we have omitted the bars on the numbers. For the
reduced curve to be constructed we choose the root

a = 64 = —114910503791694606809.

Then, using (10.11), we find that

73(2)0% = a(a* 4+ 14a® + 63a® + T0a — 7) = 57886864132129591728,
j()012 = (a(a* + 14a® + 63a% + 70a — 7)) + 12303

= 85690781976584311292,
Y2 ()0 = 502249127012118986.

This leads us to the curve
E: y2 = 23 + 56573898900491774655x + 75378817879956812114
over [F,, having cardinality

p+1—tr(r) = 123456790720987655106.

The considerations so far for ¢ = 1 carry over almost word by word to
the case t > 1 when the elliptic curve (10.1) is associated with a suborder
), in K. Instead of the prime ideal P prime to 6 we have to consider
a prime ideal coprime to 6¢ and to replace P by the corresponding ring
ideal p,. Then e is the order of p, in the ring ideal class group modulo
t and 7 is defined up to a unit factor by

pf = Dtﬂ'.
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10.2 Computation of j(£) modulo P

Let p be a prime ideal of degree 1 and of norm p. Then the residue
classes of j(£) modulo the different prime ideals 8 in Q; lying over
p can be obtained by factoring the minimal equation of j(£) over K
modulo P, keeping in mind that the equation has coefficients in Z. It is
explicitly given by

mio),k(X) = H (X —J <_BJ/&>> )

A,B,C

where (A, B,C) runs through a system of representatives of the classes
of quadratic forms of discriminant d. We take as example dx = —251,
in which case the choice # = 1 is possible. Then

m; 0 x(X) =

bd + 4128446190315309498368 X¢
—66204185373144403998280777728 X°
+1062008880270126105976008028408774656 x*
+7966552994949346594041401247164174172160 x3
+416131608793437401577832999781610387970981888 X2
—1791911545705841840084320427251134859220759871488 X
+1937587239465703269672056660685864050152464252403712.

We choose the prime ideal of degree 1

22222222221 + /=251
o 2

having norm

p=(n),m

p =77 = 123456790109876543273.

Then p splits completely in the Hilbert class field, and by factoring of
m; ),k modulo p,

mj(0).k =

(X + 81666724111688493696) (X + 82896316073688673794)
(X + 100882973722407244045) (X + 118936065735023292899)
(X 4 119357543134306544875) (X + 87317650069448975347)
(X + 80598794392203062068) mod p,



274 Cryptographically relevant elliptic curves

we find seven representatives of j(£)) modulo the seven prime ideals
above p. We take the first representative,

J1 = —81666724111688493696 = 41790065998188049577.
Since p = —1 mod 3, we have only one possibility for aq:
a4 = 32267382838068516622
and two possibilities for ag:
a¢ = £116150345266117935436.

Since p = 1 mod 4, the two elliptic curves arising from j; are isogenous
over [F,, and have the same cardinality
p+1—tr(m) resp. p+ 1+ tr(m)

according to whether e(m,a)3 = 1 resp. €(m,a)® = —1 is satisfied. For
verification we write

22222222221 4+ /=251 3 ++/—251
™ = =
2 2

+ 11111111109,
so u,v,m,$,p=1,1,1,—1,1 mod 4, hence €(, a)3=C£_um+1)pe_uv_U =
—1. Consequently all curves determined have cardinality

p+ 1+ tr(r) = 123456790132098765495.

In conclusion, we obtained 14 elliptic curves having this cardinality,
two for every j-invariant modulo 3 that are isogenous to each other
over I

For a prime ideal of degree 1 and of norm p = 2 mod 3 we find two
elliptic curves over F,, for every j-invariant modulo 3. For p = 1 mod 4
they are isogenous over IF,, and, if p = —1 mod 4, then they have differ-
ent cardinality, which can be decided either by computing v3(a) or by
counting points.

However, with growing discriminants the coefficients of m (o) x(X)

become astronomically high. This has been shown in Enge and Morain
(2002), Enge (2009) and Schoof (1991), so instead of j one uses modular
functions g of level N > 1, whose singular values g(«) satisfy algebraic
equations with rather small coefficients. Then, to compute j(«) modulo
BB, one uses the modular equation

®(g,7) =0

having coefficients in Z for suitably chosen g. In the sequel we will explain
this method by some examples.
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10.2.1 Schlifli—Weber functions

Let g be one of the functions f, f1, fo defined in 6.4. Then, by the mod-
ular equation for g and j we see that j is a rational function of g. Let
d be the discriminant of an imaginary quadratic number field K. First,
we treat the case

d = 1 mod 4: A zero of m; o) i x(X), generating the Hilbert class field

over K, is given by the Value Jjla), a= 3+2‘f. To find a simpler gener-
ator, we use the identity

(f3*+16)°
U

Then, by the n-transformation formula we write fo(«) as

(o) = 10.12
j(a) ( % )24 ( )
F(Vd)
Now, if some n-th power, n | 24, of f(i\&) is in the Hilbert class field we
can compute j(a) modulo P via ( f(‘ga)) modulo 3. For illustration
let d = 1 mod 8 and d # 0 mod 3. Then, according to Theorem 6.4.1,
u (‘\[) generates the Hilbert class field. For example, if d = —247, we find
that

msva g (X) =X —4X° —7X'-7X?-6X*-3X 1,

which has the factorisation

(X +2096108431151)(X + 205881311392)(X + 194833047732) -
(X + 1715786557544) (X + 1032395073636) (X + 878555233535)

modulo p = 3061779827497. The zeros are representatives of ! (\/j) mod-
ulo the prime ideals above p = (7) in the Hilbert class field and yield
the corresponding representatives of j(«) via the formula (10.12).
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For d =5 mod 8, d # 0 mod 3 the situation is a little more complicated.
Then, f(v/d) is a generating element of the ring class field modulo 2,
which is of degree 3 over the Hilbert class field. Therefore, the minimal
polynomial of f(v/d) has degree 3hx, and for 7 # 1 mod 2 the minimal
polynomial of f(1v/d) has to be factored over F,s. Unfortunately this
happens in the case of cryptographic interest, when we want the elliptic
curve over [F), to have prime cardinality.

In the case d=/4 mod 8 we use the identity

(£ — 16)°

f24
applied to a = @. However, the generators of the Hilbert class field

obtained in this way are less simple than in the preceeding case, because
by Theorem 6.4.1 the lowest power contained in the Hilbert class field

4
is f (@) . For example, in the case d = —820 we have:

m f(ﬁ)47K(X) =

2

N

X8-903 X7+1688 X6—315 X°+1806 X*+315 X>+1688 X2+903 X +1.

In the case d= 0 mod 8 we use the identity

(ft* —16)°

24
1

for the argument @ and the results of Theorem 6.4.1 for f;.

10.2.2 Double n-quotients

As we have seen above, there are some cases when the Schlafli functions
are not very suitable for the computation of j(£) modulo prime ideals.
In many such cases the double n-quotients, used already for the con-
struction of simple generators of ring class fields in Theorems 6.6.2 and
6.6.6, turn out to be quite effective. We choose two primes q1,qs # 2
that are not inert in K, and we let q,,q, be two prime ideals above
q1, g2 satisfying

q; # do-

Then we can choose o € H such that

D = [O[, 1]7 ql = [a7q1]7 q2 = [O‘anL q1q2 = [aaqqu]'
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In addition, we can achieve
tr(a) =0,1 mod 4

and

tr(a) =0 mod 3 if g1, q2 # 3.

) a(e)n(z)
9(W) = Gg1,4.( )—n<q22>n(w)~

Applying Theorem 6.6.4 to the functions in 2.4.3 it follows that

We define a function g by

a1—1go—1

9(a) (re(a)ys(e) = 2

is in the Hilbert class field if ¢1,q2 # 3or¢1 = 3and 3 | (g2 — 1).
Clearly, the same holds for g(«) if ‘“T_I’DTA = 0 mod 6. To compute

j(a) = 7(O) modulo a prime ideal we then need the modular equation
D, .4.(X) of g over Cy,, which by Theorem 2.9.3 has coefficients in
Z]y2,v3, X]. We illustrate this procedure by the following example:

P57 = X" 4 (—j +708) X" + (355 + 171402) X *°

+ (5257 + 15185504) X *° + (43405 + 248865015) X **
(—20825; + 1763984952) X ** 4 (525075 + 6992359702) X **
(—222607 +19325688804) X *! 4 (—243035; 4 42055238451) X *°
(5960855 +70108209360) X *? + (—2720907 + 108345969504) X **
(—671132; 4 121198179480) X *" + (9692905 + 155029457048) X *°
(—16120655 +97918126080) X °° 4 (2493785 + 141722714700) X **
(6472905 — 1509796288) X ** 4 (—32177395 + 108236157813) X **
(30335905 — 93954247716) X *' + (—5781615; +91135898154) X *°
(1744085 — 108382009680) X *° + (16458407 + 66862445601) X >
(—2260650; — 66642524048) X *7 4 (68078105 +38019611082) X *°
(—2737140; — 28638526644) X *° 4 (21827405 + 17438539150) X **
(—1253355 — 8820058716) X *° + (— 17298895 + 5404139562) X **
(10242755 — 1967888032) X" + (—11219605 + 1183191681) X >°
(3956755 — 370697040) X + (—54915; + 103145994)
(155825 — 42145404) X '" + (347555 — 15703947) X
(—64755 — 3186512) X '° 4 (11205 — 4585140) X *
(—1765 + 1313040) X ™ + (5 — 14865 — 38632) X 2
(-

I
I
I
n
I
n
i
i
n
n
n
n
n
4
4
4
+ (=77 +399000) X " + (=195 + 211104) X ™ + (=95 + 6771) X ®
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+ (85 — 6084) X7 4 (75 — 5258)X° + (j — 792)X° — 105X* 4+ 16X°
+42X° 12X + 1

We choose d = —251. Then 5 and 7 are split in K = Q(1/—251). Further,
since 7121 = 0 mod 6, we know that g5 7(c) is in the Hilbert class
field. Its minimal equation is

X7 +5X%+12X° —2X* —6X3 +16X2 +5X + 1.

As in section 10.2 we take

22222222221 4 /=251
o 2

p = 7w = 123456790109876543273.

having the norm

p= (7T),7T

Then p splits completely in the Hilbert class field, and the factorisation
of the minimal equation of g5 7(a) modulo P is given by:
(X + 1622891222345668957)(X + 35941263036181148886) -
(X + 5913032913627909916) (X + 21929643311898901652) -
(X + 50952364010769406202) (X + 26163603504599516570) -
(X +104390782220330534368).
We choose the zero gs 7(a) = —1622891222345668957 and for the corre-
sponding value of j we obtain the equation
0= ®5 7(—1622891222345668957, 5)
=111416970477297685996; + 67496371020885195151
—I—9775’)086203737193549232

with solutions
36139140040427567926, 41790065998188049577.

In fact, j = 41790065998188049577 leads to the elliptic curves discovered
in section 10.2.

10.2.3 Application of n-quotients in the ramified case

The double 7-quotients considered in the last section have the prop-
erty that their singular values g(«) are in Q(j(«)) and in most cases
they are generators of this field. However, according to Theorem 6.7.1,
the last property does not hold in the special case when ¢1, ¢ and a
third prime are ramified in K = Q(«) and satisfy %@7—1 =0 mod 2.
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Then g(«) is contained in a subfield over which K (j(«)) has degree 2.
Hence g(«) satisfies an equation of degree %, where h denotes the degree
[Q(j(«)) : Q]. In practice this reduces the amount of calculation needed
to find the curves considerably. We illustrate this by two examples:

First example of minimal equations: we choose d = —2555 =
—5-7-73 and we set a = w The class number is & = 12. Then
g(a) = gs5,7(a) generates an extension of degree 6 over Q with minimal
equation

X0 +86X° — 574X* +1972X3 + 574X2 + 86X — 1.

On the other hand, the classical algorithm using Weber’s function f (\/8)
leads to the class polynomial of the (non-fundamental) discriminant
4d = —10220 with class number 3h = 36:

X36 740X — 5576 X34 4 38864.X3% + 217388X32 — 1641560 X3!
+2427368X3° 4+ 5721552X 29 — 26437184 X8 + 34413984 X27
+18585616.X 26 — 141474752 X% 4 241459440X>* — 160215168 X 23
—166796160X %2 + 583142528 X2 — 783022976.X 2"
+512563456 X 10 4 237373184 X — 1107810304 X 17
+1465448960X 16 — 895317504 X 15 — 233253376 X 14
+1030334464X 13 — 1072218368 X 12 + 632040448 X !
—71012352X 10 — 339048448 X° 4 389827584 X% — 192313344 X"
+41510912X5 — 16437248 X 4 20930560X * — 11321344 X3
+2527232X2 — 180224 X + 4096

The largest coefficient of this polynomial has 10 digits instead of four,
S0, to find an elliptic curve via Weber’s function, it is necessary to factor
a polynomial of degree six times as high. Moreover, if 7 # 1 mod 2 the
polynomial has to be factorised over s instead of F),.

Second example to compare running times: determination of an
elliptic curve of prime cardinality over a finite field which is cryptograph-
ically secure implemented by A. Enge.

The fundamental discriminant d=—-1170195=-3-5-13 - 17 - 353 has
class number h = 208. We choose p; = 3 and ps = 13. For the prime
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3138550867693340381917894711603833208051177722232017843049
= 2191 4 586601

S
|

the equation 4P = 2% 4+ 117019532 has a solution (z,y) € Z? and leads
to an elliptic curve over Fp of cardinality

3138550867693340381917894711570630703183127382496658188029.

The following running times were measured on a Pentium IIT with 700
MHz.

For our procedure it is enough to calculate with 84 digits to obtain
a minimal polynomial with the largest coefficient having 79 digits; the
running time needed is 0.3 s. The zero

(93,13)1 = 944791451623554577477696101351863927447586313905349688290

of this polynomial of degree Grad 104 over F, is obtained within 6.1 s.
The modular equation ®(X, j) = 0 satisfied by gs,13 is given by:

42 x16

+ j (=X +39X°" —663X% 4 6331.X°% — 35763 X"
+106392X°° — 18070X % — 1082016 X*® + 3516903 X7
—1278901 X6 — 18277116 X% + 40532700X**
+11574823X 4% — 161476962X 4% + 168751479.X 4
+230086922X 40 — 617987682X 3% + 137626281 X 38
+928366231X37 — 959457720X 36 — 477589944 X 35
+1429130144X3* — 466517064 X33 — 963208272.X 32
909996295 X3! 4 158515461 X0 — 607329720X%°
+197238236 X2 4 179445279 X %7 — 140684622 X 26
—6888479X %% + 37909092 X %4 — 8835450X 23
—4070053X 2% + 1885689X 2! + 44928 X%°
—111436X" 4+ 9516 X8 4 740X 17 — 1486 X 16 — 4915
+29X M 4 246X 13 — 364X 12 — 221 X! + 650X 10
—221X7 — 364X° + 247X 7 + 26X° — 52X° 4+ 13X* — X°)+



10.2 Computation of j(O) modulo B 281

+  (XP% 4 704X5% + 168568 X°* 4 14498520X % 4 187807764.X >
1744637296 X1 — 6562036X°° — 3840625568 X *°
+1058251610X %8 + 10302034600X 7 4 4510900472X 46
—34331690432X %5 — 7097865034X ** + 84188024320X %3
+546780176 X2 — 154959173464 X4 — 12359340101 X*°
+327081484064X 3% — 49301838300X 38 — 576339027576 X 37
1284363953068 X 3¢ + 735938431592X3° — 558265224452 X3
—890017323520X 33 4+ 977815434427 X 3% + 966995235128 X 31
—1755072840368 X 3" — 345165085024 X% + 2218368968890X 2®
—911733108784X %7 — 1540031876048 X% 4 1628026178168X %5
+261124933147X 24 — 1229692547200X %% + 462040501468 X 22
+441029439032X 2! — 422841966612X2° — 7261052136X 1
+163453863300X 18 — 59787354976 X 17 — 26470898021 X ¢
424009911816 X5 — 1731574864 X 4 — 3926472080X 13
+1333660406 X 1% + 158103088 X 1! — 172600168 X *°
+25597000X Y + 5195450X % — 2155088 X 7 4+ 177164X°
+39936X° — 9996 X" + 600X° 4 88X% — 16X + 1)

Substituting (g3 13)1 for X yields a quadratic equation for j. The two
zeros in [F,,

j1 = 1737712759221672293462706430740701274216885226872539199796
and
72 =2096167087313280259570847931701751304363626115642779297546,

are calculated in 0.01 s. They represent two possible j-invariants. The
invariant j; leads to the elliptic curve Y2 = X3 + aX + b with

a = 171708689349815940739038882616423441264170784276879418253
b = 689786811706949676680060195024149773541888581046331218049

having the desired cardinality.t
For the classical procedure using Weber’s function the calculation must

be performed with 650 digits to obtain a minimal polynomial whose

1 This procedure is protected by patent no. 103 29 885 at the "Deutsches Patent-
und Markenamt".
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largest coefficient has 643 digits. The running time then is 14 s, and
to determine a zero of this polynomial of degree 624 over F,s, we need
382 s.

Therefore, in this case with cryptographically relevant parameters,
the algorithm described is more than 60 times faster than the classical
procedure using Weber’s functions.

10.3 Reduction of the Fueter and Deuring models

In the previous subsections we had, due to bad reduction, to exclude
the prime ideals above 2 and 3. To obtain similar results for 2 and 3, we
consider the models of Fueter and Deuring.

For simplicity, we choose £ to be the maximal order  of an imaginary
quadratic number field K of discriminant d,

9 = [, 1].

We consider a prime ideal P of degree 1 and norm p not dividing 2 resp.
not dividing 3, in particular p = 3 resp. p = 2. We let e be an exponent
for p,

pe o~

with a generator m that will be subject to a certain congruence, which
can always be realised by taking e high enough. Further, in the definition
of the two models, we will choose suitable torsion points ¢ and k, and, as
described below, we can conclude that the reduction of the curve modulo
a prime ideal of K(,_1) dividing p yields a curve of cardinality

HLE(F,.) = p° +1— tr(r). (10.13)

10.3.1 Reduction of the Fueter model

From Theorem 8.7.3 we know the coefficient az(1)) to be in Ky and the
coordinates (), y(§) of a point of order (7 — 1) in Kg(r_1). For the
cardinality of the reduced curve we are aiming for, we need more precise
information.

Let A € 9 be prime to 2 and (A — 1)) € . Then by reciprocity

az ()" = as(1)).
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If, in addition, A = 1 mod (7 — 1), we find that

x(g)a()\) _ 674l(1’)\)N(w)(£(f),

y(§>n()\) _ €18l(17)\)N(w)y(€)
with [ = lg. Now we distinguish cases according to the order o(1)):
Case "o(v)=¢q% 2=qq, q#q":
To find a suitable 1, we observe that in this case o € £ can be chosen
with
9 :=[o,1] and q° = [a,2"], v=1,2.

We set

| o

Y=
Then 1 has order g2, so as (1)) is in K g2, hence

(12(1/}) € le

keeping in mind the formula [Kq2 : Q] = %(N(q) — 1)N(q). Further,

we observe that N (¢) is in Z, so that for 7 satisfying
7 =1 mod ¢>

the (m — 1)-torsions points have coordinates in K(,_1, and we can con-
clude that the reduction of the curve modulo a prime ideal of K,_1)
dividing p yields a curve of cardinality (10.13).

Case "o(¢) = g3, 2 = g™

In this case we can choose « such that

D :=[a,1] and q = [o,2].

We set
a
=T
Then 1 has order g3, which implies that
a2 (¢) € qu.

More precisely,

[qu . Ql] = 47
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and a(v) is a generator for K¢s /Q;. In fact, according to the remarks in
subsection 8.7.2, as(v) is even a generator for Kgs/K. Now we assume
that

m =1 mod 4.
Then Kys is contained in K1), and, as in the preceeding case, we can

conclude that the reduction of the curve modulo a prime ideal of K(,_)
yields a curve of cardinality (10.13).

Case "o(v) =4":
In this case we set
1
)= T
Then ¢ has order 4 and N(v)) = %, which implies that
a ('LZJ) € Ky.

More precisely, by studying the Galois action, it transpires that the field
generated by as(¢)) over K is K. Now we assume that

7 =1 mod 8.

Then K, is contained in K(,_;), and, observing N(¢) = 1—16, we find, as
in the preceeding case, that the reduction of the curve modulo a prime
ideal of K (,_1) yields a curve of cardinality (10.13).

Example 10.3.1 Let d = —71. Then 2 splits in K, 2 = qq, q =
[2, 27% V*ﬂ} and Kk = 27% V=71 has denominator q%. Further, 3 splits in
K, 3 = pp with p = [3, ERsvES VQ_H} having order 7 in the class group of
K. We find that

p’ =77, 7= —(46++/—71=1mod g°.
In this case 4as (k) is in © and satisfies the equation

1107 — 119y/=T1
X7+ ( 5 ) X0+ (

27611 4 273v/-71) X°

2

338261 — 31579457m) b
2

—3025469 + 464009V =71
+ (258179 + 26313v/—71) X* + < 3025469 + 46 009ﬁ> .

+ (20295609 — 478443/—71) X2 + <

+460015479 — 120288091y —71
2 )
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having reduction
X7+ X% +2X5 +2X* + X® 42X 42 modulo p.
Therefore, any root o € F3r of this last equation defines an elliptic curve
y? = w(42® + ax + 4)
over F37n, n =1,2,..., having cardinality

3™ 41— tr(n™) = 2280, 477888, ...

10.3.2 Reduction of the Deuring model

We proceed completely analogously as for the Fueter model. From The-

orem 8.7.3 we know the coefficient a; (k) to be in Ko and the coordinates

z(£), y(&) of a point of order (7 — 1) in Kg(,_1). For the cardinality of

the reduced curve we are aiming for, we need more precise information.
Let A € O be prime to 3 and A=1)ke $. Then by reciprocity

al(ﬁ)a(k) — €2l(1’>\)N(K’)a1(/€)
with [ = lg. If; in addition, A = 1 mod (7 — 1), we find that
x(g)o()\) — el(l)\)N(n)x(g)7

YY) = ANy (6)
Now we distinguish cases according to the order o(x):
Case "o(k)=¢q,3=4qq, q#q"
To find a suitable x we observe that in this case o € £ can be chosen
with
9 :=[o,1] and q” = [a,3"], v=1,2.

We set

w|

K=
Then « has order q and N(k) is in Z, which implies that a;(x) € K,
hence
al(li) S Ql,
keeping in mind the formula [Kq : Q1] = (N(q)—1). Further, assuming
that
m=1mod ¢,
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the (7 — 1)-torsion points have coordinates in K(,_1), and we can con-
clude that the reduction of the curve modulo a prime ideal of K(;_1)
yields a curve of cardinality (10.13).

Case "o(k) = ¢, 3=q>":
In this case we can choose a such that
D :=la,1] and q = [o,3].
We set
o O
=3
Then, x has order ¢ and N (k) is in 37\ Z, which implies that
ai(k) € K3\ Q1 and a1(k)? € Q.

More precisely,
[Kg . Ql] = 3,
and aq (k) is a generator for K3/Q;. In fact, according to the remarks in

subsection 8.7.3, ay1(k) is even a generator for K3/K. Now we assume
that

7 =1 mod 3.

Then K3 is contained in K(,_1), and, as in the preceeding case, we can
conclude that the reduction of the curve modulo a prime ideal of K(,_1)
yields a curve of cardinality (10.13).

Case "o(k) = 3™
In this case we set

Then, k has order 3 and N (k) = %7 which implies that
ai1(k) € Ko\ K3 and a;(k)? € K3.

More precisely, by studying the Galois action, it transpires that the field
generated by a1 (k) over K is the fixed field of all Frobenius automor-
phisms o(A) of K¢ with A =1 mod 3 and A = r mod 9 for some r € Z.
Now we assume that

=1 mod 9.
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Then Ky is contained in K(,_1), and, as in the preceeding case, we can
conclude that the reduction of the curve modulo a prime ideal of K;_1)
yields a curve of cardinality (10.13).

Example 10.3.2 Let d = —71. Then 3 splits in K, 3 = (q, q =
[3, vl Vz_n} and Kk = _1% V="1 has denominator q. Further, 2 splits in
K, 2 = pp with p = [2, o7l Vz_ﬂ} having order 7 in the class group of
K. We find that

214171
p’ =77, ﬂ'z%zlmod q.

In this case a1 (k) is in ©Q and and satisfies the equation
X"+ (=13 4+ V=71) X° 4 (=100 + v-71) X°
—273 — 5171 2247 — 195/ -T1
+< 73 -5 7>X4+( 7—195 7)X3

2 2

N 11849 — 527/ —71 X2 4 25285 + 5y/ =71 ¥
2 2

+8602 — 187v 71

having reduction
X"+ X5+ X*+ X*+1 modulo p.
Therefore, any root o € Fy7 of this last equation defines an elliptic curve
y: + oy +y = 2°

over Forn, n=1,2,..., having cardinality

27" 41 — tr(x™) = 108, 16200, 2095956, 268434000, ...
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The class number formulae of Curt Meyer

The ¢ function of an abelian extension L of Q is known to have the
decomposition

CL(S) = CQ H L(S,X),

X#1

where (g is the ¢ function of Q. x runs through all characters different
from the principal character associated with the extension L/Q, and
L(s,x) denotes the corresponding rational L-function. By evaluating
this relation at s = 1 we then obtain the known class number formulae
for cyclotomic fields. In particular, for a real field L the values L(1, )
can be expressed in terms of cyclotomic units, thereby establishing a
relation between cyclotomic units and class numbers of real cyclotomic
fields.

As shown by Meyer (1957), a similar situation is given for the abelian
extensions of a quadratic imaginary number field K and their subfields.
The elliptic functions and modular functions, used in the previous chap-
ters for the construction of class fields over K, also appear in the values
at s = 1 of L-function s in K associated with abelian characters. Anal-
ogously to the cyclotomic case, this establishes a relation between class
numbers and singular values of modular and elliptic functions, providing
the possibility to investigate class numbers by studying singular values.
Conversely, by this connection, the non-vanishing of L-functionsat s = 1
can be used to prove certain properties of singular values, as in Theorem
6.6.1.

In the following we summarise the formulae needed from Meyer (1957)
and provide the relations to the singular values of the 7 function and o
function that occured in the previous chapters. Let x # 1 be a primitive

288
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character of the ideal group of K with conductor fx and let
x(g)
L(s,x) == =
2N

denote the corresponding L-function, where the summation is over all
integral ideals g of K. N(g) denotes the norm of g and x(g) is set to be
zero for g not prime to fX. To express this L-function at s = 1 according
to the results of C. Meyer by singular values of modular and elliptic
functions, one has to distinguish between two (overlapping) cases. For
ring class characters considered in the next section L(1, x) can essentially
be written in terms of singular values of A. The following section then
deals with ray class characters of conductor different from (1). Here the
role of A is taken over by division values of the normalised o function.

11.1 L-Functions of ring class characters

In the following let x # 1 be a ring class character, i.e. there exists a
natural number f, such that x is trivial on 3. Then it is easy to see that
the conductor of y must be rational, fX = (fy) with a natural number
fx, which is also called the conductor of x. Due to the isomorphy in
Theorem 3.1.7, x can also be viewed as a character of %fx' With these
notations C. Meyer has proved the following formula:

2w B
fx\/mA(x), A(x) zzeeszx—x(é)logD(E), (11.1)

where the bar denotes complex conjugation. D() is the so-called
modulnormfunction of the class €,

D(E) == %/o(a)"[A(a)]2,

defined by an arbitrary proper ideal a of the class € and the area §(a)
of a fundamental domain for the lattice a. §(a) can be written as

5(a) = ‘det (O‘l C”)

Qg Qg

L(LX) =

)

which easily implies the relation

8(a) = N(a)/Id|

with the discriminant d of K.
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We generalise the notation in (11.1) by setting

Af(0 = Y xX(®)log D(E) (11.2)

EG%t

for any not necessarily primitive character ¥ # 1 of R;. These sums
play a crucial role in the generation of ring class fields by quotients of
singular values of A. For this purpose we need the following theorem.

Theorem 11.1.1 Let x # 1 be a character of R;. Then Af'(x) # 0.

Proof For t = f, the assertion follows directly from the class number
formula for ring class fields, as we will see later. In all other cases we will
show that Aff(y) is a non-zero multiple of A(). For t € N we denote by
R the ring divisor class group modulo . Then for £ € K; the class zeta
function of £ is defined by

R(s) > 1,
gN

where the summation is over all integral ideals g € €. As in Meyer (1957)
we write this function as

(i (sl8) =

N
YEC:

ged(v,t)=1

with an integral ideal ¢ € £' and the number wy of roots of unity in
;. In order to use Kronecker’s limit formula we must get rid of the
condition ged(vy,t) = 1, so we set

~ N(c)® 1
Ci(s]8) := " Z R(s) > 1.
€ \{0}
The two functions are related by

Glsle) =S ;"T/ G (s[E),

an

where £ denotes the class in £, /v containing €. To prove the relation,
note that ged(y,t) = ¢ € N since v is in ¢; € Oy, and we can write
v = t'y" with 4/ € ¢;/y. By summation we then obtain

Wy /¢ ﬁt ’ /
S et =3 e RS e G, )

w t/25 ,
e R, [t i ’ﬁt/t E,eﬁt/t'
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Herein, as shown in Meyer (1957), the left-hand side at s = 1 is a non-
zero multiple of Af*(y) by Kronecker’s limit formula, whereas on the
right-hand side we have

S )G IR =0, i fit g

E,Eﬁt/tl

For f, | ti, we find, using the Euler product expansion, that

—1
Sox®Gest) = Y 8= 11 (1-28E) Ll
E’eﬁt/t, ged(g,t/t')=1 Pt

t" fx

Therefore, (11.3) becomes

w ﬁt —1
> X(OGsle) = X2 w;{,;sﬁ I (1—]@(},’;) L(s|x). (11.4)
EeR, N | Pl
t/

The products on the right are all positive for s = 1 as can easily be seen
by distinguishing the cases for p = N(p), p inert, ramified and split. In
the first case x(p) = 1, in the second x(p) = %1 and for p = pp the
factors with p and P are non-zero and complex conjugate, so in view of
L(1 ] x) # 0 and Kronecker’s limit formula as mentioned above, (11.4)
implies the assertion of our theorem. |

11.2 L-function s of ray class characters x with ](x # (1).

In the following let y be a ray class character of conductor fx # (1).
Then, according to Meyer (1957), the value at s = 1 of the L-function
associated with y can be written as

B 277(x) o =B o
L(l,x)—iN(fx)mA(x), A(x) = egs:f X(8)log S(¥),

where R; = A / Gfx denotes the ray class group modulo f, , and S(€)
is defined by the normalised division value of the ¢ function:

/A (fxn—l) a*(1|fxn_1)

2

| 2

S(®) = |(1lf,n™"
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Herein n is an arbitrary integral ideal of the ray class €. By 7(x) we
denote the Gaussian sum

)= x@) Y, e,
L

+ 1
€ modt —=

fyva

where I runs through a system of integral ideals that are representatives
for the ray classes modulo fX contained in the absolute ideal class of fx'
The absolute value of 7(x) is given by

700l = /N (F,)-

As in the preceeding section, given an integral ideal f divisible by fX, we
consider the sum

A7) = ) x(®)log S(8), (11.5)
€K,

where in the definition of S(€) the conductor f, of x is replaced by f,

§/5 () o (lfn )

and where 1 denotes an integral ideal of the ray class € modulo f. As for

2

S(8) = |p(tlfnY)|* =

)

ring class characters we then express A*fg (x) by Af (x) using the relation

between division values of the normalised o function from Theorem 1.9.3.
For two lattices £ O £ this relation yields

[I Ie+e2)=|p9).
ced
£ mod £
In particular, for £ = fpn—! and 8= fn~! with an integral ideal |, a
prime ideal p and an integral ideal 1 prime to fp, the above formula, for
z =1, gives us for every class Ef € ﬁf the relation

“f ng) if plf,
S(e:,) fr = sk
. H (fp) P El if p*f,
i € Rip S

pr C Ef'

with an integral ideal ¢ in the ray class modulo f of p~*. As usual wy
resp. wsy denotes the number of roots of unity in K that are congruent to
1 modulo § resp. modulo fp. The relation implies the following theorem:



11.8 Class number formulae 293

Theorem 11.2.1 Let x # 1 be a character of ﬁf. Then

A5(x) = @3: [T (= x| 400
f
dis

In contrast to ring classes the product in the formula of Theorem
11.2.1 can vanish, a fact we have to live with, unfortunately.

11.3 Class number formulae

In the following let K be a quadratic imaginary number field, and let
L be an abelian extension of K. The ( function of L has the product
decomposition

C(s) = Cx(s) [T L0,
x#1

with the ¢ function of K. x runs through all characters of the ideal group
of K different from the principal character that belongs to the extension
L/K, and L(s,x) denotes the L-function in K associated with such a
character.

Taking residues at s = 1 on both sides, we obtain the class number
formula

wrhr

Re =[] 1400 (11.6)
x#1

with the class numbers hy, and hx of L and K, the regulator Ry, and the

number wy, resp. wg of roots of unity L resp. K and the sums defined

in (11.2) resp. (11.5):

wrhy

(AT, i =),
Al = {Afx(x), it #().

Herein A;(x) is essentially defined by singular values of A whereas

A;j (x) is defined by division values of the normalised o function ¢.
X

For a ring class character of conductor different from (1) we can also

write

AX) = A7 (), f, =),

keeping in mind that the conductor of a ring class character is rational.
Therefore, in this case, A(x) can also be expressed by singular values
of .
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(11.6) is derived from the formulae

(2m)™ ) 27
—————=Rphy, lim(s—1)(x(s) = —=hx,
wr,\/ |dL| s—1

wi/|d|
with the discriminant dz, of L and n = [L : Q] and, furthermore, using
the relation

lim (s = 1)¢e(s) =

dp = [[ N(fy) a
x#1
following from the conductor-discriminant theorem and the tower for-
mula for the discriminant.
For the ¢ function of a subfield M of an abelian extension of K that
does not contain K,

K%MCL:: MK, L/K abelian,

one has a similar decomposition into a product of L-functions in K
involving the maximal subextension M, abelian over Q, too. The class
number formula obtained by taking values at s = 1 is given by

war,ha R
—_— = A . 11.7
et e = I aL.7)

Herein H is a system of representatives for the characters of L/K satis-
fying x # x” with respect to the equivalence relation

X ~x:< (X =xoder x =x7).
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Arithmetic interpretation of class
number formulae

The class number formulae of the last section have been studied by
several authors, for instance Robert (1973), Kersey (1980), Nakamula
(1981-1985), Hayashi (1983-1986), Hajir (1993), and Limmer (1994). In
this chapter we follow and refine the ideas of Schertz(1974, 1977, 1978).
The aim is to express the product of the A(x) in (11.6), up to a factor
cr,, as the regulator of a unit group Uy in L generated by elliptic units.
Then (11.6) can be read as index formula

wrhr _ R, (Uo)
thK RL

Cr, :[E:Uo},

in which the unit group E of L and the index [F : Up] has to be un-
derstood as the index of the corresponding subgroups in the logarithmic
space. For subfields M of abelian extensions of K not containing K,

KZMCcCL:=MK, L/K abelian,

we will derive a similar formula from (11.7).
The next section provides the tools needed for transformation of the
class number formulae we are aiming for.

12.1 Group-theoretical lemmas for the case L O K
Let K be a finite abelian group and if a subgroup of index

n=[R:U.

Let X denote the group of characters of £ that are trivial on {{. Further,
let

u:R—R

295
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be a map and § € R satisfying:
u(€) only depends on BLL, (12.1)

Z (u(€h) — du(h)) =0 for all £ € K. (12.2)

h mod U
For y € X we set:
A= > x(®)u(®)
¢ mod i
and define a quadratic matrix by
—1 -1
U= (uh™)—su(h™))

row index: € mod U, € ¢ LI, (12.3)
column index: h mod L, b & 4.

For the transformation of (11.6) for subfields of the Hilbert class field
we need:

Theorem 12.1.1 The matriz U in (12.3) has determinant

1400

x7#1

det(U)] =

Proof We multiply U from the left by

X= (x¥)
row index: x € X\ {1}, (12.4)
column index: £ mod L, B ¢ 4L.

To compute XU note the relation Y.  x(€) = 0 for x € X\ {1}

™ £ mod U
S o x®@Eh ) —suh)) = > x(®u(th )
£ r?;)i(ll 1t ¢ mod i
= x> x(®u®)
£ mod 4

This shows that

det(X) det(U7) = det(X) J] A0
x#1
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Therefore, for the proof of Theorem 12.1.1 we are left with the proof of
det(X) # 0. Using the above relation for characters, we find that

- —1, ifi=j
X tX = i )i i— L= n ) 9
(fz])z,]fl,...,ru 61] { _17 if i 7&]7

and by elementary row operations we obtain
|det(X)|? = det(X 'X) =n""2. (12.5)
This completes the proof of Theorem 12.1.1. ]

The transformation of (11.6) in the general case is much more difficult
because the sums in (11.6) depend on the conductor of the character,
which implies that more complicated matrices than in Theorem 12.1.1
come into play. For a given character y € X we consider the subgroup

fhe = (B K| x(®) = 1)

only depending on the Frobenius equivalence class x. With every such
class xy we associate a map

ug : R—R
and a number dg € R having the following properties:

ug(€) only depends on €4l (12.6)

Z (ug(Eh) — dzug(h)) =0 for all £ € K. (12.7)
h mod U

For x € X we set:

A = > x(Bug(®).

€ mod Uy
Further, we associate every class x with a real matrix I'y,
F)Z = (’Yz;(,E(X)> )

row index: iy =1,...,¢(ny), (12.8)
column index: £ mod Ll;(,
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where ny denotes the order of x and ¢ the Euler function. We define a
quadratic matrix by

v- ( S 0 [uslth” b*)])

€ mod 4y

row index: (X,ig), X runs through Frobenius classes (12.9)
X # 1 of X and iy the numbers 1,. .., ¢(ng),
column index: b runs through a system of
representatives modulo L with b ¢ 41.

Now we can state the theorem needed for the transformation of (11.6)

in the general case:

Theorem 12.1.2 Let U be the matriz defined in (12.9). Then

det(U)] = C(R/UT,0) | [ A®
xeX\{1}

with

C(R/U,T,6) =n~% [ Idet(g(x, T ))|<T:Z>sa<ni>

X#1

and

9(x, 'z, 63) = < > Y e (OO (®) 5x)>
¢ mod Uy
row index: iz =1,...,¢(ng),

column index: 1 Tuns through a system of prime residues modulo ny

The bar in X denotes complex conjugation.

Before proving Theorem 12.1.2 we state and prove:

Theorem 12.1.3 For x € X\ {1} and 3 € {0,1} the coefficients v;_¢
of the matriz I'y can be chosen in Z such that

\det(g(>27f>z,5)z))| =\ |dn>~<| (I)ng(l)é)~<

|dn>.(| if ng s composite or if og = 0,

,/‘dni‘ P ifng = pF is a prime power and 0y = 1.
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Herein d,, denotes the discriminant of the ng-th cyclotomic field and
®,,. the ng-th cyclotomic polynomial.

Proof For 63 = 0 the numbers x(£), € € &, are generators over Z of the
maximal order DnX in the ng-th cyclotomic field. Hence v;_¢ € Z can
be chosen such that

S (D0 ~ 65), Emod Uy, (12.10)
¢ mod

is a Z-basis of Dni. The same holds for 65 = 1 if ng is composite because
then one of the numbers y(€) — 1 is a unit. This implies the assertion of
Theorem 12.1.3 in the first case. However, if ny = p* is a prime power
and &3z = 1, then the numbers y(€) — 0y, € € KR, are generators over Z of
the prime ideal P of norm p in the p*-th cyclotomic field. Then, choosing
Yig.e € Z such that the numbers in (12.10) are a basis for p, we obtain
the assertion of Theorem 12.1.3 in case 2. O

To prove Theorem 12.1.2 we further need the following three lemmas.

Lemma 12.1.4 For x,v € X and ¢ ¢< x > we have

Y wb)ug(h) =o.

h mod U

Proof 1 ¢< x > implies that ¥|t; # 1. So

Y wh=0
h mod U
hell,

and, using (12.6), we obtain

Yo dbugth) = Y o) | D Wby |uxb) =0,

h mod A h, mod g h, mod U
hetly

as asserted. ]

The next two lemmas can be proved by obvious elementary row trans-
formations.
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1
Lemma 12.1.5 Lete; €R, a; € CLi=1,....1, e, #0 and 3 e;a; =0.
1=0
Then
l e
det(ey(a; — ag), ..., e(a; — ag)) = — | det(e1@ty, ..., e0).
et(e1(a1 — ao) el(t — to)) (Z%) et(e1t eLoy)

=0

Lemma 12.1.6 Let o,,fu,7, € C; vyp = 1,....,0, v, #0, p =
.1, and let 8, denote the Kronecker symbol. Then

det(ow By + Oupyu) = <H fy#> <1 + Z a#ﬁ#> .

pn=1 pn=1

goe e

Proof of Theorem 12.1.2: Using Lemma 12.1.5 we transform the deter-
minant of U:

1
[det(U)] = — |det(Uo)| ~ with (12.11)

Uo = ( 20 il [ (E[J ) — Oxug (hil)] - [%z(f) 52”2(@])) ;
€ mod
row index:  (X,%y), X runs through all classes
X # 1 of X and ig the numbers 1,..., p(ny),
column index: B runs through a system of residues
modulo 4 with f ¢ 1,

where ¢ denotes the neutral element in K. Unlike as in the proof of
Theorem 12.1.1 we now multiply Uy from the right by the matrix X =
(1(h))y,p defined in (12.4), and we obtain

e e G(0) (us (8077) — o5 (57)] (12.12)

h mod Y <E mod LUy
hetl



12.2 Applications of Theorems 12.1.1, 12.1.2 301

Since for f) = ¢ the summand in (12.12) vanishes, we can extend the outer
summation over a full system of residues h modulo i, and, keeping in
mind Y. (h) =0 for ¢ € X\ {1}, the matrix in (12.12) becomes

hmod U
Coow= B @ 5 wlh) [us (807" = oxus ()]
= X ve0@® -6) X dh)uxb).
h mod U € mod ¢

In view of Lemma 12.1.4, this shows that:

Srii)p =0 P g<x >

Arranging the rows in UpX according to classes such that the class of
Y with v # 1, V\nd; follows the class of v, and, combining the rows
belonging to the same y, we obtain a matrix which has along the diagonal
the quadratic matrices

Ug = (5(9277&)7)(“)

row index: iy = 1,...,¢(ng),

column index: p runs through a system of prime residues modulo ny.

Since all entries below these matrices in Uy X vanish, the determinant of
Uy X equals the product of determinants of the Uy:

[det(UoX)|

X
(ing)=1

[T fdet (9 Fx))l(&)wi)) Il ( > x(bm(b))|.
VA1 x€X\{1} \ h mod LU
2.1

) and (12.5) this implies the formula in Theorem 12.1.2. []

et ool ()™ 11 ( > x"(b)u;(b))

IT
$£1 1 mod ng b mod iy
Using (1

12.2 Applications of Theorems 12.1.1, 12.1.2

In the following we let

e K be the field of rational numbers or a quadratic imaginary number
field,

e | an integral ideal in K,

e R = K the ray class group modulo f in K,

e {1 a subgroup of R,
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e X the group of characters x of K with x|U = 1,

e Kj the ray class field modulo f over K,

° 0 ﬁf — G(Kj|K) the isomorphism from class field theory mapping
ﬁf onto the Galois group of Kj over K,

e L the fixed field of (1),

e hy, and hg the class numbers of L and K,

e R and rp the regulator and unit rank of L.

With these notations we assume L to have a class number formula that
can be transformed using Theorems 12.1.1 or 12.1.2 as we will describe
below.

12.2.1 Application of Theorem 12.1.1

We assume L to have a class number given by the formula

art=o| I | X xbum) (12.13)

x€X\{1} \h mod U

with a number ¢z, € R and a map wu: ﬁf — R satisfying (12.1) and (12.2)
with some § € R. Further, we assume the unit rank r; of L to be

rp = |Re/Ul -1,
the existence of units
e(®), tef;modsl, E¢il
in L with

tog (B[ = uth™) — su(h ™)

and exponents e(h), that are equal to 1 or 2 depending on whether o(f)
is real or complex. Theorem 12.1.1 then implies that the regulator of the
system of units €() is equal to the product on the right-hand side in
(12.13), so (12.13) can be written as

h
CL}TL = [EL : Uy (12.14)
K

with the unit group
Up =< {e(®) | e K\ U} >. (12.15)
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Herein the index is to be understood as the index of the corresponding
subgroups in the logarithmic space.

12.2.2 Application of Theorem 12.1.2

We assume that we have a class number formula for L of the form

,’%K:Ri 11 S x(h)ux(h) (12.16)

x€X\{1} \h mod LUy

with some ¢;, € R and maps uy : .ﬁf — R depending only on the class x
of x that satisfy conditions (12.6) and (12.7) for some dx € R. Further,
let

rL = |Rf/il\ -1,
and for every class x, x € X\ {1} we assume the existence of units
€ (X), ix =1,...,9(ng), (12.17)

in L such that the equation

log ‘eii(i)”(b)r(h) = > v (ux(”)_l) - 52“2(5_1))

£ mod Uy

with some coefficients 7, _¢(X) € R holds for all fj € &;. The exponents
e(h) are 1 or 2 depending on whether o(f)) is real or complex. ¢ denotes
Euler’s function. The union of the systems in (12.17) for all x, x €
X\ {1}, is then a system of r;, units with a regulator that is equal to the
product on the right-hand side in (12.16) times the factor C(ﬁf/ﬂ, I, 9).
If this factor is not vanishing, the system of units must be independent
and the class number formula (12.16) becomes

h
cLC(Ky /u,r,a)i = [EL : Uy, (12.18)
with the product
Uo =[] Ux (12.19)
X#1

of unit groups

Ug ={{e; (D lix =1,....0(nx) })

of rank ¢(ny), the product being direct modulo roots of unity.
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12.3 Class number formulae for 2 O L DO K

First, let Q = K; be the Hilbert class field of K and R the ideal class
group of K. By h = |] we denote the class number of K. To every € € &
we associate a unit in 2 in the following way: we choose an arbitrary
ideal @ in €. Since a” is principal, we have

CthDoz

with some o« € K and the maximal order O of K. Then, according to
Theorem 4.2.2,

_(A@)"
e(®) ;= (A(D)) « (12.20)

defines a unit in Q. In fact, €(€) only depends on € and not on @, which
easily follows from homogeneity of A. Further, keeping in mind that the
unit group of K is a subgroup of the group of 12-th roots of unity, we
see that a'? is uniquely defined by @. The action of the Galois group of
Q/K is given, according to Theorem 6.6.1, by

—1
e(B)7™ = 66((?‘1))’ (12.21)

and this implies that

log

e(B) ™| =u(th ™) ~u(h ™)

with

u(®) = log |e(8)*.
Further, by definition of €(¥),
> |A@N(@2 " /D)
o =125 - (5e)

Using this relation together with the character relation

>° x(B)log D(e) = 0 for x € X\ {1}, the class number formula (11.6)
teR
for Q2 can be written as

(2apyh-1 VK M _ IT (> x®u® || (12.22)

wa
xeX\{1} \ter
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Since the map wu satisfies conditions (12.1), (12.2) and, keeping in mind
that Q is totally imaginary with unit rank

rqo = h — 17
we can, as described in 12.2.1 transform the formula (12.22) into

)h—lwihﬁ
wo

(24h - [EQ : Ugﬂ . (12.23)

Herein Eq denotes the unit group of 2 and
0
Ul = <{e (&) | Ec R)).

Note that ¢(e) = 1 so that Ul ” is generated by [&| — 1 = rq units.
To eliminate the factors in (12.23) on the left-hand side of hg we will
replace the subgroup U(” by a suitable other subgroup of Egq.

Lemma 12.3.1 Let U(gzz) be the subgroup ofU ” generated by units of
the form

[[e®t with apez, J[E*=e

ter teRr
Then
0 1
|:Ue(ll) : Ue(ll):| = h,
and for
1
2 1)) 247
Ue(ll) = (Ue(ll)) ﬂﬂ
we have

2 1 1 WK
|:Ue(ll) : Ue(ll)} = (24n)" 1w79'

Using Lemma 12.3.1 we can now deduce from (12.23):

Theorem 12.3.2 Let Ue(fl) be the unit group defined in Lemma 12.5.1.
Then

ho = [Eo: USG)]

Proof of Lemma 12.3.1 To prove the first assertion, we define the epi-
morphism

k:ZMY S R (m) — H e
EcR\{e}
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Then
[Z"7' : ker k] = |R| = h,

and since the ¢(€), €€ R\ {e}, are independent, this implies the first
assertion of the lemma.

For the proof of the second assertion, note that U e(lll) is generated by
the units

e(t.h) = G(E)e(? (12.24)

(kb

which can be written as

N S\ 24h
1(3)7(3)
et h) = 2L . (12.25)
n ()0
Herein o € O NH is chosen such that p = [o,p] and q = [a, q] are prime
ideals of degree 1 in € resp. b of norm p resp. ¢ and coprime to 6. Further,
we can assume that [a, pg] = pq, and « can always be chosen such that

its trace is divisible by 3. According to Theorem 6.6.4 the n-quotient in
(12.25) satisfies

n(5)n (s i

——L— (2 (@)y3(@)) T T e (12.26)

n ()@
Now we have to distinguish cases according to the number of roots of unity
contained in 2. As we know by Theorem 6.1.4, € can at most contain the
fourth and third roots of unity. First, we assume (2 to contain neither the
fourth nor the third roots of unity. Then /-3 and /—4 are not in €,
hence by Theorem 3.3.1 there exists a prime ideal of norm = —1 mod 3
and = —1 mod 4 in every ideal class. Since in this case v2(a) and 3 () are
non-zero elements in €, (12.25) and (12.26) imply that U, ”) is generated
by 24h-th powers of elements from Eq. Hence

2 1 -
|:Ue(ll) : Uézz)] = (24h)} L

Further, since in this case wx = 2 and wg = 2, we have proved the
second assertion of the lemma in the case wg = 2.

If Q contains the third, but not the fourth roots of unity, we can still
find a prime ideal of degree 1 and norm = 1 mod 4 in every ideal class,
but, according to Theorem 3.3.1, either all prime ideals not dividing 3
in an ideal class are of norm = 1 mod 3 or are all of norm = —1 mod 3.
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Theorem 6.1.4 implies the discriminant of K to be divisible by 3. There-
fore, the singular value v2(a) in (12.26) generates an extension Hjz of
degree 3 over 2. Excluding the trivial case K = Q(y/—3), we can now,
by Theorem 3.3.1, choose an ideal class €y, in which all prime ideals not
dividing 3 have norm = —1 mod 3. Then (12.26) tells us that

€0 = 24%:77((33)77(23)

U %g) 1 (o)

generates Hs over  and further, that for two ideal classes £, ) we always
have

Ne(® heg € Q
for some v € {0,1,2}. This implies that
2 1 (24h)"1
|:Ue(ll) : Ue(ll)} = 3 )
which proves the assertion in the case wq = 6 because we have wg = 2.

If © contains the fourth but not the third roots of unity, we conclude
analogously. Excluding the trivial case K = Q(y/—4), we find that

@ . ] _ (240" wg 1
|:Uell 'Uell:| = 9 and wfﬂii,

and if € contains the third and the fourth roots of unity:

2 1 (24h)h_1 WK 1
[Ue(ll) : Ue(ll)} = 6 and — =

wao 6.

This proves the second assertion of our lemma in the last two cases. [

A formula for the extensions L of K contained in 2 analogous to that
of Theorem 12.3.2 can be derived by taking the relative norms

er(€) :=No,p(e(£)) (12.27)
instead of €(€). Then as in (12.21)
-1
er (8D = q(gih,l) (12.28)

er(h )

and this implies that

e (&)™ = u(th ) —u(h)

log
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with
u(®) = loger (B)°.
Further, by definition of €y, (€)
er®]” = 1] ( ’

where U denotes the subgroup of R associated with L. Let X be the group

of characters of 8/4l. Then, keeping in mind the relation >  x(f)
€ mod Y
log D(h) = 0 for x € X\ {1}, the class number formula of L in (11.6)

can be written in the form

(24h)[L:K]_1%%: H ( Z X(E)u({?)). (12.29)

x€X\{1} \& mod &

Analogously to Lemma 12.3.1, we successively define the subgroups

UL, = ({er(®) | €€ R mod U}),

vl ;:{ [ o I E”?eu}.

£ mod U £ mod U

Then, there exists a subgroup

) @\
Ue(ll{L < (Uell),L> ﬂL
with
[U(z) W } N o4 plLK]-1
e, * Yell,L Wi W
and the same conclusions as in the proof of Theorem 12.3.2 yield the
following result first obtained by Kersey (1980):

Theorem 12.3.3 Let L be a subfield of Q, K C L C Q. Then

Q:L]

it = B U]

The reason for the factor ﬁ L :hK} missing in Theorem 12.3.2 is

because, unlike Lemma 12.3.1, we here have

[0, U] = 1R = [ KL
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12.4 Class number formulae for K; O L 2O K

In the following let L be an arbitrary abelian extension of K. Then L is
a subfield of K for a suitable integral ideal fin K. Since in this general
case the sums A(y) on the right-hand side of (11.6) are defined with
possibly different conductors, the units needed for the transformation
of (11.6) cannot be constructed as for the subfields of the Hilbert class
field. Therefore, the following construction is more complicated. On the
other hand, as we will see later, the units obtained in this way allow
relations between class numbers of different subfields to be discovered.

Let 4l be the subgroup of ﬁf associated with L and X the subgroup
of characters of R with x|l = 1. For x € X let

X ={ve<x> | <y >=<yx >} the class of x,
ng  the order of x,
f the conductor of ,
11;( = {E S ﬁf | X(E) = 1} and
K the subfield of K o corresponding to 45
(which is also a subfield of L).

We construct a group of units as a product of groups

0 0
vl = [T vSs (12.30)
A1
where the factors U (l . only depend on Y and not on L We have to
distinguish the two cases f; = (1) and f; # 1. For f; # (1) we have two

possibilities of construction if X is a ring class character. Therefore, in
the following, besides L, we fix a ring class field

Qt - Kf7
and for the construction of units we distinguish between those which are

and are not characters of /K.

For "y a ring class character of Q;/K" we define, generalising
(12.20),

er. (B
(.8 = Ny, i, (€)= I ef;((f?))’ (12.31)
* hesly X

where

Aday) \ =
er (B) = (A((DJ;;))) o', withacte 8.
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Herein fy denotes the (necessarily rational) conductor of x and hy, the
ring class number modulo f;. ay.  is the ring ideal of 9 5 associated

hy.
with a and « a generator of the principal ideal a f;x'

For "x not a ring class character of Q;/K" we have f, # (1).
Then, for a € £ € ﬁf the singular value @f;(a), essentially defined by
the o function, only depends on € and more precisely only on the ray
class modulo fg that contains €. We set

(I)](_ (E) = (I)f)-( (a)

X

and then we obtain a unit by

o5 () o;_(€h)
v, 8): =N =) = Ik )
(X, 8 Ky /Ky <¢f2(6)> ’)EHL[;( 5 (0 te &, (12.32)

where ¢ denotes the principal class in ﬁf.

As we will discuss later, there is a further way of construction yielding
larger subgroups if ffc is composite.

With the units €(y, ) from (12.31) and (12.32) we define

- N A 10%9) .
Eig(X) = H G(X,E) ZX‘E ) iy = 1;"'3@(”5{)7
EcR
€ mod &

where ¢ denotes the Euler function, and the exponents ’y%g(f() € Z are
chosen in such a way that the matrix defined in (12.8) has a non-zero
determinant. Then we set

UG =< {ei (X)) lig =1,...,0(ng)} > . (12.33)
The action of the Galois group of K;/K on €() is deduced from Theorem
6.6.1:
_ x7 ¢
(3 {7 = *’_1 Cheg,
b
and by definition of €;_(Y) we have

e(h)

log |e;, (x ) L)

> e (ug® ) —ug(h ™)

€ mod ¢
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with

24h ¢
us®) = Y log(Dikghy)) (12.34)
heﬁf-
hmod}il;(

for a ring class character mod ¢,

where £ 75 and b fe denote the ring ideal classes modulo fy belonging to
£ and h. In the other cases we set

ug(®) = Y log(S(eh)) T, (12.35)
f)eﬁf_
b mod i,

where f; denotes the smallest natural number in f>“<' Now the class num-
ber formula for L in (11.6) can be written as

(13 (241%)”*) (lg(efmi) wela Ry,
(12.36)

x€X\{1} Eeﬁf
€ mod g

Herein, the first product on the left-hand side is over all classes of char-
acters of L/K that are characters of Q;/K, and the second is over the
remaining classes of characters of L/ K. Now uy satisfies (12.6) and (12.7)
and

[L:Q

because L is totally imaginary. Therefore, as explained in 12.2.2, we can
transform (12.36) into

X

X

(H (24hf>z)n5<> (H(eﬂz)ni> C(ﬁf/ua I, 1)%%
(12.37)
0
= [EL : Ue(ll),X]
with the unit group Ey, of L and the subgroup U e(lol),X from (12.30), whose
factors are defined in (12.33). C’(ﬁf/ﬂ, I', 1) is the factor from Theorem
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12.1.2. Further, the number of generators in the definition of vl ” x being
equal to the unit rank of L, implies the product

0 _ (0)
Uell,X - H Uell X
x#1
to be direct modulo roots of unity.
Later, as for the unramified extensions L/K the factors 24h and ey,
in (12.37) will be reduced by modification of U(ll «- Before doing that,

we will first make use of the fact that the factors U only depend on

ell,%
X, so let
KCLy,...,Ls CLCK;
be a system of subextensions L1, ..., Lg, linearly disjointed over K,
Lin(Ly-...-Liy-Liyq-...-Ly) =K, i=1,...,s.

Then, the groups of characters X; of L;/K satisfy

Hence, the partial product of factors in U(ll x corresponding to the L; is
direct modulo roots of unity. Therefore, by combination of (12.37) and
the corresponding class number formulae for the L;, we obtain

GGy a6 P g [EL:(ELl ..._.ELS.UCS;’Z{XC)], (12.38)

“’L whe hL1"'h’L5

where hy, and Ep, denote class numbers and unit groups of the L;.
Further, we have

ellX° H ellx with X=X\ (X U---UX;U{1})

EXC
and the factors

(1 o)

XEXE

ring

02=< 11 <efg>>, (12.39)

XEX¢

ray

C(Rf/u,]?,l)
C(Rf/ul ,Fl,l)mC(ﬁf/Lls,Fs,l) ’

Cy =
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that are defined according to the decomposition

X=X, v X¢

ring ray

with X¢, = {x € X°| x character of Q;/K}, X¢

ring

= X\ X¢
C7 and C5 can be reduced as follows: decompose U (ll)xc according to
the above decomposition of X¢ into the product

ray Ting*

U e = U ing US)

ell,ring “ell,ray"

To reduce C; we write

o®

(0)
ell,ring H Uvell,t/7

|t

where Ue(” vy U] t, is generated by the units €; (Y) with x being a ring

class character in X¢ of conductor ¢'. If Xﬁmg contains a character of

conductor t/, we define
1
Uaip =

)

24 (X)

Vi b
i (X) €%, ]I II B_xtx GL[LQt, ,

Es X
Xsix | €5 mod uLQt’

H €iy (x)%i (%)

Xoig

where the product is taken over all classes of characters x € X7, = of

conductor t'. Lg,, denotes the field LNQy and ilLQt/ the subgroup of ﬁf
associated with Lg , /K. Immediately by definition of U(”)t, we obtain

) 1) | _ .
Uell,t’ : Uell,t’} - [Lﬂu 'K] :

The elements of U} ” » are products of relative norms with respect to
Q4 /Lg,, of 24hy-th powers of elements

1(3)7(5)
€pg = —t—12 (12.40)

n (&)
with prime ideals P, q not dividing 6f, of degree 1 and norm p,q with
associated ring ideals p,, = [o,p],q, = [a,q¢], 9,9, = [o,pq], where

a € H then has the property that £; = [, 1]. Similarly to Lemma
12.3.1 we define

1
2 1 24y,
Ue(ll)t’ = (Ue(u),t/) mLQW (12.41)
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As in the proof of Theorem 12.3.2, keeping in mind that

p—1lg—1
epq (2(a)y3(@)) =2 € Qp,
we obtain the equality

@ ) ] _ (24he)™
Uell,t’ . Uell,t’] - n )
t/
where my denotes the rank of U e(llz)m and ny € N is a divisor of

2 if V=3¢ La, \ K,
3 if V—=1¢ Lg, \ K,

6, otherwise.

Now, replacing vl ” v by v ” o in (12.38) reduces C to

a = [[n [La, : K] (12.42)
)t

To reduce Cy we proceed similarly as for C. For a given ideal di-
viding f,

tf
we consider the subgroup

u©

ell,t "= H Uent X0

where the product is over all classes of characters x € X7, with ](>2 =t

To modify the subgroup U (” ¢ contained in
Ly:=LN Ky

we will use Theorem 6.8.7. We write

t=1utt
with ¢; € N and a primitive ideal ty of norm t». Then

t = t1to = min(t N N).
Further, we write
ta =t5t57,

where t5 denotes the ramified and ¢5* the split part of ¢5. For a given



12.4 Class number formulae for K5 2 L 2 K 315

prime p we note the two properties with a primitive p”-th root of unity

Cp”-
LiNK(Gr) #K fora v>1. (12.43)

If this condition is not satisfied, then for every automorphism o of L¢/K
and for every v > 1 there exists a continuation of ¢ on L, = L((pv)
leaving (,» fixed. Keeping in mind Theorem 3.3.2, this implies that in
every coset of & modulo iy, fo =t, there is an ideal class € and in €
an integral ideal a coprime to 2f such that

N(a) =1 mod p”. (12.44)
Now we define

ay B “t ot *
o vp(lemz t37t 2t,67)) e . lem(2 737, 2t4t3)
th = H p P 1lg a,nd th — th 9

P
p satisfies (12.43)

where 1/,,(1(:rn(2at 3t ,2t1t3)) denotes the p-exponent of lcm(2at3ﬁt ,2t115)
and

at{l if 2|d and 211,
0 otherwise,

1 if 3|d and 31t,
P = { 0 otherwise.

To modify Ué?l)t, we write the relative norm with respect to L¢/Ky of
an element 6 as

Ny k (0) = 0%, g =0(by)+--+o(by),

with suitable Frobenius automorphisms o(b;) of Ky y2/xk- Using the

notation of Theorem 6.8.2, the generating units in the definition of U élol)x

can then be written in the form

{%:(”(Ei)l)'yii,fi(i)w}
€iy(X) = Ni /o, | @e(e) VX

with
«

1 ) ' ,  er=lem(12,¢),

Pe(e) =¢ (f



316 Arithmetic interpretation of class number formulae

and some ¢ € K \ t satisfying t& € 9. Now we define U( [t to be the set
of all products

with exponents x(iy, x) satisfying the congruence
> | 2(N(ag) = D)yig e, CON(vx) | 2(ix, X)
X L (12.45)
= 0 mod lcm(4at3ﬁt72t1t§)

and representatives 0y € E)z. From the above considerations it is clear
that the classes E)Z and representatives dy can be chosen in such a way
that the @y are integral with norms satisfying

N(ag) =1lmod fi, N(ag)=1mod2.
From (12.45) we now obtain
) . 77D
|:Uell,t . Uell,t] ‘ tha

and by Theorem 6.8.7 all elements in Ue(lll)t must be e;-th powers of
elements from L¢. Hence for

2 1 Ct
Ue(ll)t ( e(ll)t> ﬂLt (12.46)
we have the index formula

o rank(U©®
{(Uffz)t) Uffz)t] _ e,

Now, replacing in (12.38) the subgroups Ue(;)l)t by Ue(lzl),’ﬁ the factor Cy
becomes

o = [ fre: (12.47)
o

where the product is over those divisors t of f that occur as conductors
of characters in X7, .

We summarise our results:
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Theorem 12.4.1 Let L be a subfield of Kf, K C L C Kf, and
Li,...,Ls a system of subextensions of L/K that is linearly disjoint
over K,

Lim(Ll‘...'Lifl‘Lile'...'LS)ZK, izl,...,S.

For every class X, x € X, we choose a matriz Iy with coefficients in
Z such that the matriz g(x,Tg,1) as defined in Theorem 12.1.2 has
non-zero determinant. Moreover, in the following we will assume the
exponents 'y%g(i) to be chosen according to Theorem 12.1.5. By I' we
denote the system of these matrices and by T'; the subsystem associated
with L;. Further, let

2 Io(2 'o(2
Ue(ll{XC - H Ue(ll),t’ H Ue(zz),t
|t tf

denote the subgroup of the unit group of L obtained by modification of
U c(?l),XC' With this subgroup we obtain from (12.38)

ho R
wy, w;( hK hL1~~~hL

WK le...wL

s

= |:EL : (EL1 . 'ELS : U(§l2l)¢xc)

s

with the class numbers h., unit groups E_. and numbers of roots of unity
w... of the corresponding fields and the factor

C = 616203,
that is composed by the factors defined in (12./2), (12.47) and (12.59):

e = [I'ne[La, : K],

]t
Co = Hlthy
tf
C(ﬁf/il,m)

Cs

- C(.ﬁf/ill,l“l,1)-...-C(ﬁf/us,l“s,1).

12.4.1 Application of the formulae from 12.)
12.4.1.1 Divisibility between class numbers

An interesting application of Theorem 12.4.1 is the derivation of divis-
ibility relations between class numbers. Of course, for this purpose the
determination of the constant C' is important. The following two remarks
are useful:
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(i) Choosing the matrices I'y according to Theorem 12.1.3 yields

C(ﬁf/i,(, F7 1) = n% H
x#1 X
where d,, is the discriminant of the ng-th cyclotomic field. With

this choice we know from Hasse (1952) that:

(i) C(Rs/LhT,1) € N and
C(Ri/U,T,1) =1 = K/U  cyclic.

For special types of field the general results of Theorem 12.4.1 can be
made more precise, as will be explained in the following example.

Example 12.4.2 Let L = Lg = Q(v/—3, ¥/a), a € Z, be the normal field
of the Q(/a) having degree 6 over Q, and let Ly = Q(v/—3,/a), Lz =
Q(v/-3, ¢/a). Then Lg, Lo, L3 are abelian over K = Q(y/—3). More pre-
cisely, L is a subfield of a ring class field 2y, so we choose ¢t = f for the

construction of Ue(fl)xc. Then C' = ¢; = 6 in Theorem 12.4.1, all numbers
of roots of unity are equal to 6, and hx = 1. Hence

hrg
hr,hr,

= [ELS :EL2EL3Ue(l2l),XC:| .

Modifying the construction of Ue(IQI)XC we obtain the formula

hi,
ho,hr,

r7(2
= [ELS : ELQELSU(IZ)’XC] )

showing that the quotient LGL has a denominator dividing 3.
3

h
Figh
Proof The first formula is immediate by Theorem 12.4.1. To prove the
second formula we start with the formula (12.38). In our case it tells us
that

hrg
hr,hr,

(24f;)% 3 - [ELG :ELQELgUé?l),X} :

where x denotes the generating character of Lg/K. U (9 has rank 2 and

ell,x
is defined by

with a class € € ﬁf representing a generator for ﬁf /4. Here, we have
|det(g(%,Tx))| = 3v3 = 3/]ds|®6(1), hence Cs = 3 in (12.38). Further,
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5O <e>z<%2>2 62(?4)2>
S S N PN A
ex(®) ()
Since (92)2?74 and (E4)2{?7 are in g, the two generators of U(l . are

24 f¢-th powers in Lg. This implies the second formula in Example 12 4.2
with

we define

7@ . (oW g
Uiz == ( ell, ) x ﬂL
keeping in mind that

0) (1)
|:Ue(ll X Uell X:| =3.

Remark 12.4.3 If, in particular, L = K, then the subgroup

(2) (2)
Uell ray H Uell t
tf

in Theorem 12.4.1 can be replaced by a larger subgroup U (”)my thereby
reducing ¢y to

éQZfo~

The constructlon of U 2)

ell.ray 1S done in two steps. First, we consider the

consisting of units of the form

IT i (0760,

ZX7X

subgroup ol ” ray

where the product is taken over all classes x of characters in X¢ that are
no ring class characters modulo ¢ and where the exponents z(ig, x) € Z
satisfy

- ~ e
STV (@)= 1), e, (RN ()| L (i5.1)=0 mod lcm(4 Py’ T orf).
i)”()’i F)’(
Herein 45 is defined by

Y5 = o(b1) + -+ o (by),
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with suitable Frobenius automorphisms o(b;) of Ky 72K such that
N, /iy(6) = 6%
Fo/ X

holds for all elements 6 € K;_. Then, with

@) y o \er
Uell Tay (Ue(ll Taﬂ/) ! ﬂ Kf
we obtain by Theorem 6.8.7 the formula

2 1)
|:Ue(ll)ray U(Sll ray:| - H efx
Xexr‘ay

Now, replacing the subgroup U éi{xc in Theorem 12.4.1 by

@
ell XL H U ll N2 ell ,ray’

)t
we obtain the formula from Theorem 12.4.1 with ¢ replaced by ¢és.

An application of this remark is:

Example 12.4.4 Let K = Q(Vd), d = dg < 0, ged(d,6) = 1, and
let f be an integral odd ideal in K. Let L = Kj, and L; = Q the
Hilbert class field of K. Further, we assume G(Kj/K) to be cyclic. In
the construction of U e(l21),xc we take ¢ = 1. Then C' =1 in the formula of
Theorem 12.4.1 modified according to Remark 12.4.3 and

hx

5 [y

U@ }
ha QYell,x

fr

Proof To prove the formula in Example 12.4.4 the factors c1, é; and the
numbers of roots of unity in Q and K i have to be computed. We start
by determining the roots of unity in K f \ ©, so let p” prime power with
v > 1 for p# 2 resp. v > 2 for p =2 and let

C = Cp"
be a primitive p”-th root of unity. We contend that

First, note that ¢ € K; N K = KN Ky = Ky Further, on the one
hand Q(¢)/€ is unramified above p, since € is the maximal unramified
extension of K and since the discriminant of ©(¢)/Q is a divisor of a
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power of p”. On the other hand the extension K £if2 /€ is unramified
outside f; f5. Hence, p must divide f; f5. We write

fify = file, f5]

and keep in mind that ¢ is invariant under all Frobenius automorphisms
o(1+w), we€ fify. In view of Theorem 3.3.2 this implies that

N(l+4+w)=1mod p” forallwe flf;
Choosing w = £ f; f5 in particular, we find that
Fif3 (2 £ fuf5) =0 mod p”
and further, by addition, that
4f1f5 =0 mod p”.

As by assumption | and hence f f; are odd and since p is a divisor of
f1f5 as shown above, p must be odd, and (12.48) follows.

Conversely, K contains all f f3-th roots of unity, because all w € f
satisfy

N(l+w)=1mod f1f5.
Hence, the number of roots of unity in Kj is
Wiy = lem(wq, f1f3).

To determine wgq note that, according to Theorem 6.1.4, the maximal
abelian subextension of €2 is a product of quadratic fields, which implies
that only the 2-nd, 4-th, 6-th or 12-th roots of unity can be contained in
Q. More precisely, because of ged(d,6) = 1, Theorem 6.1.4 tells us that

wq = 2.
Further, in this case
2= fr; = fifa
and by choice of ¢
c1 = 1.

The class number formula in Example 12.4.4 now follows from Remark
12.4.3. |
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12.4.1.2 Divisibility of class numbers by divisors of the field degree

In the last section the unit groups were constructed by quotients of
invariants <I>f)2 (€) applying Theorem 12.1.2 with d; = 1. In the following,
we assume ]‘>2 to be composite, in which case the invariants D5 (€) them-
selves are units. Then, the application of Theorem 12.1.2 with é; = 0
yields class number formulae showing that the class numbers of certain
fields are divisible by divisors of the field degree.

In the "case of ray classes", we therefore modify the construction of
units different from (12.32) as follows:
If ny is a prime power and f; composite, we set

(% ®) = Ni; /e, (% (E)) = IT o.(kn). tefy (1249
* hetly
Modifying the construction of Ue(lol),XC by Ue(lol&c in this way the formula
(12.38) becomes

10l P10 hphiot [EL (Bp, ... By, - Uél"l{;gc)] . (12.50)

wK hLl ,..hLS
The factors C3 in (12.38) and CY are related by

. C
ngﬁ”’

with
/
N = H P>
X

c

ray With composite conductor and

where x runs through all characters X
an order which is a prime power py*. Further, if L/K is cyclic, then
C3 =1, and by (12.50) we obtain divisibility properties for the product
of class numbers contained in the formula if the remaining factors are

coprime to N. For example, in this way we can prove the following result:

Theorem 12.4.5 Let K be a quadratic imaginary number field and n a
natural number without multiple prime divisors and let ged(n, 6hy) = 1.
Then, there exist infinitely many dihedral fields L with L O K, [L : Q] =
2n and

7”L|hL

Proof Let n = py-...-p, with pairwise different primes p;. For i =
1,...,7 we construct infinitely many ring class characters x,, of order
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p; and composite conductor. Then, the extension L/K corresponding to
X =< Xpys---sXp, > will have the desired properties.
First, for every p; there are infinitely many primes ¢; with

pi | hg, and ¢ # p;,

where h,, denotes the ring class number modulo ¢;. This is immediate
by the formula for h,, in Theorem 3.1.9. Hence, there exists a ring class
character y modulo ¢; of order p; and

fXZQi

since, in view of p; 1 hg, the conductor of x cannot be 1. With two
such ring class characters x, x’ modulo g; resp. modulo ¢, with different
primes ¢;, ¢; we set

Xi == XX -

Then obviously

ng, =p; and fy, = qq;.

Now let X =< Xp,,.-.,Xp, > be one of these infinitely many character
groups and L the associated extension of K. Then L is Galois over Q
as a subfield of a ring class field and the Galois group of L/Q is the
semi-direct product of the Galois group G of L/K and < 7 >, with the
complex conjugation 7:

or =10 ! forall o €@.

Further, G must be cyclic since |G| = n has no multiple prime factors,

so L is a dihedral field. From the class number formula (12.50) we can

deduce the divisibility

P

n|ecico—
162 hK’

which implies that n|h because ¢; and ¢y are integers relatively prime
to n. This is because they only have prime divisors dividing 2-3-hx -¢;- .

O

12.5 Group-theoretical lemmas for M 2 K
Let R be a finite abelian group and il a subgroup of K of index

[R: U] =n.
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Further, let € +— £ be an automorphism on K with

E=F forall Ec R and U=4L (12.51)
We fix an element €, € K having the property
oy e 4. (12.52)
Then
Bl bl = (HU=hl or HU—EHU)  (12.53)

defines an equivalence relation on K/l In the following, let §) denote
a system of elements ) € R such that the cosets hil form a system
of representatives with respect to (12.53). We assume $) to contain the
neutral element ¢ of K, and we define

9 =9\ {e}
and
2 if hsl#£ EhsL,
e(h) '{1 if bu:ezbu.
Then
> e(h) =[R: 4. (12.54)
heH

Let X denote the subgroup of characters x of K with x | U = 1. Keeping
in mind 4 = 4, it is clear that for y € X we obtain a new character by
defining

We set
X0 = {x e X[ x"=x},

X0 = {x € XO | x(&) =1}, I ==L

Lemma 12.5.1

x(0) — XM if Eoﬁﬂ = b for some b € R,
XMy x=1 otherwise.

In the second case |[X(V| = [X(=1)],



12.5 Group-theoretical lemmas for M 2 K 325

Proof First, let 8Ll = hLL, hence £, = b 71bil for some h € R.
Then

— 1 —
x(€o) =x(h h) =x(H)"x(bh) =x(H) " x(bh) =1
for x € X 50 X0 = XM as asserted. To prove the remaining asser-

— 1
tions, we consider the endomomorphism g: h+— b B of K Then we
can write

XO = {x eX | (x | g(R)L) = 1}. (12.55)

If 8,4l £ b for all b € K, then obviously €y ¢ g(R)U. Hence, there
exists a xo € X(© with xo(8y) # 1. On the other hand

Xo(£0)* = x(£0)X (£0) = xo(Eoko) = 1.
Thus, xo(8y) = —1, and it follows that
XO — xM yx=Y apd XEY = Xox(1)7
which implies the remaining assertions of the lemma. ]
On X\ (X(=D U {1}) we consider the equivalence relation
X' ~x i (X'=x o X'=x"),
and we let H be a system of representatives for ~. Then:

Lemma 12.5.2 19| = |H|.

Proof We have [X| = n, and we set ng := [X(9)|. First, we consider the
case of €ohil # hil for all h € K. Then e(h) = 2 for all h € K. In view
of (12.54) it follows that

/ n
=5 -1

and further, by Lemma 12.5.1

n —mno no n
=2
2 + 2 2
If 8 hi = hil for a b € &, then € € (ker g)U and, in view of (12.55),
this implies that

{heH[elh) =1} = [{hth e K/LU| g(h)L = Eoth} |
= [{hth e K/4L | g(h)L = L1} |
= [(ker g U) : U] = [R: g(R)YU] = [XO)| = ny.

H| =
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Now we have

n—n n+mn
19 =19 -1= Shmg—l= o
and by Lemma 12.5.1 we obtain
n—n n+n
H| = 0 4nog—1= 5 0 _1.

Similarly to section 12.1 we consider a map
u: R —R
and a number § € R satisfying the following conditions:

u(€) only depends on €L,

Z (u(Eh) —du(h)) =0 for all £ € K.

h mod U

For y € X we set:

A0 = Y x®u®)
€ mod U

and we assume that
A(xT) = A(x) forall y e X.
We define the quadratic matrix by
v i= (e(b)(v(E,,5) + vt Eh, ) )

row index: € € f),,
column index: b € §'.

with

(e, h,8) = u(th™") — su(h ™).

(12.56)

(12.57)

(12.58)

(12.59)

Theorem 12.5.3 The matriz V in (12.59) has the determinant

det(V)| = 2" TT A(x)|-

XEH
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Proof We multiply V' by
Y = (e(e)( x(®) + x(EF) )

row index: x € H,
column index: £ € §'.

Then the elements in YV are

Eon = D e x(®) + x(8l) )(e(h)(v(E, b, 8) + v(E, Eoh, 5))). (12.60)
ke’

Herein, the summation can be extended over a full system $) because

(€, 5,8) +o(8,8h, ) = (w(th™") — su(h ™)) + (u(tefh™") — u(th ™))

vanishes for £ = ¢. Further, keeping in mind the relation

Yoe®m(x®+xEt))=2 Y x(®=0 (12.61)

teH £ mod

we can omit in (12.60) the summands not depending on €. Then, ob-
serving (12.52) and (12.58), we obtain

Ep = eln)e u(8h™) + x(EoB)u(th ™))
teH

T Oc(Byu(toBh ™Y + x(EoByu(th !
= e(h)e( u(eh ™) + X (EoB)u(t !
+ (x(B)u(Bolh ™) + x(BoByu(to (B B)D )]

= > 2e(h)x(®uth ) + x(E)u(telh )]
2e(H)[x(h)A(x) + x(Boh)A(XT)]

This implies that

|det(Y'V)| = 21"

det(v) JT ACx)

XE€H

(12.62)
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Hence, to prove Theorem 12.5.3, we have to show that Y has a non-zero
determinant. Therefore, we compute Y'Y’ with

v = (68 + b(kk) )
row index: € € f)/,
column index: ¢ € H.

The elements in YY' are

{Z () [(xB) (&) + (D) (EB)) + D(Eo)(XB)(E) + (&) (Eob))] }
teH

—e(e)(1+ x(€0)) (1 + (ko))

{2 3 [(X¢)(E) + w(?o)(wa)(?)]}

£ mod U
—e(e)(1+ x(80))(1 + v (ko))

2n — |1+ x(£y)|%e(e) it x=v#Y7,
—(14 x(€0))(1 + 9 (Eo))e(e) if X # .

{2n(1+x(?0))|1+x(Eo)l2e(e) if x=v#Y7,

= ax By + oy, Vx
with
ay = —(14x(80)), By = (1+(8))e(e),
1

=
_[2n(1+x(R)) i x=xT,
X 2n it x#x".

Using Lemma 12.1.6 we now obtain

|det(YY")|

= (2n)" | IT (1 + x (ko))

XEH
x=xT

x (12.63)

1+x (8 e 1+x( 2e
1- 3 ( X(27<1)) (e) S | X(;;l)\ ()|
xXEH XEH
x=x" x#xT

X
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For xy = x™ we have x(€y) = 1 by definition of H. Therefore (12.63)
becomes

oM =l | § efe) _ D WM
n n

XEH XEH
x=xT x#xT

Herein, the expression in curly braces can be expressed in the following
way

xX€H XE€H
x#xT

L=1- 09 S S ot k)P

X

—1- L S | -4

¢)
4n
xeX

Applying the relation

DI+ =D 2+ M) + A =

geG geG

2G| if A#£1,
4G if A=1

holding for any character A of a finite abelian group G to A = (x —
x(80)), we find that

Thus
|det(YY")| = 2IPIHIIXERIXT =X p M=l (g),
In particular, |det(Y")| # 0. More precisely, we have

Lani+ixenix™=x}-1{heNled =23 Lani-1)
|det(Y)| = 2* n’

e(e). (12.64)
O

Later, for transformations of class number formulae, we will need, as
in the first part of this chapter, a more complicated analogue of Theorem
12.5.3. Therefore, given a character x € X, we consider the subgroup

e = {Ee K| x(®)=1)
depending only on the Frobenius class xy. We associate with y a map

ui:ﬁHR
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and a d; € R, assuming the following properties to be given:

uz(€) only depends on €4l (12.65)

Z (ugz(€h) — dzug(h)) =0 for all £ € K. (12.66)
h mod U

For y € X we define:

Alx) = A(x") (12.67)

for all x € X. Further, the above system H is chosen with the following
properties:
(xCHand X" NH=0)or (X" CH and xNH =0)
X7 X (12.68)
(HNY)W(HNX)" =X X" #x, X7 =X

It is easy to see that such a choice of H is always possible. Further, to
every class ¥ we associate a real matrix Ay,

Ag = (/\i;(,E(X)> ;
row index: iy = 1,...,|H N x|, (12.69)
column index: € mod ﬂ;(.

Then, we define the quadratic matrix

V= ( S Ae(elh) [ox () +v>~<<afob>}>,

¢ mod sy

(12.70)
row index: (x,4g), X runs through all classes with x € H

and iy the numbers 1,...,|H N x|,
column index: ) runs though ﬁ/,

where, for abbreviation

vz (6. h) == ug(h ") — dgug(h 7).
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Theorem 12.5.4 We assume (12.65) — (12.68). Then

) T A0

XEH

| det(V)] = d(R/4L, €0, A)

M+ e n |HnX‘
AR/ B, A) = 1 2?[1@W@M@w( )

XEH

with — a=H|—|{x € HIx" = x} +[{h € Hle(h) =2} and
Z(X’A)Z’é)z) = (lig,u)7 li,z,u =

X A e(OOM(®) - d5) if XT#X
€ mod LU
T DO =50+ () ~ 50}
) if X" =X
row index: iy =1,...,[HNx|,

column index: p Tuns through a system modulo ng, so that
x" are the different characters in H N x.

Proof Due to the assumptions (12.66) and (12.54), Lemma 12.1.5 implies
that

|det(V)| = <€) | det(Vo)| with Vo =

( S A e@el) {[ox () +ve (. 6]

€ mod
- [vg(é,e) +U2(E7E0)}}) ; (12.71)
row index: (X, ix), column index: b

Multiplying Vj from the right by
o= (w(h) +v(koh)),

row index: f € f)/,
column index: ¢ € H,
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we obtain
VoYo = (§xig).e) With Ezi)0 =
> A e(X)e(n) (W () + (b)) {[vg (e, 5) + vy (e, toh)]
he$' € mod LUy
- [U)Z(Ev 2) + U)Z(Ea EO)}} .

Since herein for fj = ¢ the summand vanishes, the sumation can be
extended over b € § = §' U {e} and, keeping in mind the relation
(12.61) and the definition of v(.,.), we find that

§xi) =
22 i) {(1/1(?) —d3) > Y(b)ug(h)
€ mod h mod U

+ (o) (Y7 (e) —d5) > 1/)T(b)u>z(h)}-
h mod U

In view of Lemma 12.1.4 this shows that
i) =0 for v g<x >U<x >. (12.72)

Further, as in the proof of Theorem 12.1.2, using (12.67) and Lemma
12.1.4, we obtain

S =
mE A0 — ) AW) 7= £
€ mod

BN Ae{0®) -5 k)0l 5 AW)
) if X =) =07,

Now arrange the rows of V;Yy according to classes such that the impli-
cation

"X preceeds X" = (< x' > g < x> and ny > ny)

holds and collect the rows belonging to the same Y. Accordingly, collect
the rows with indices ¥ in the same class and arrange them correspond-
ing to the rows. Then, V;Y) is a matrix having the quadratic matrices
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along the diagonal
V)Z = (g(ivii)vxu) ?

row index: ig =1,...|HNx|,
column index: p runs though a system
modulo ng, so that x* are the different
characters in H N x.

Below these quadratic matrices VY, has only zeros. To prove that 1Y),
has the asserted form, we have to show for ¥, x € ‘H

") preceeds X" = ¢ €< x > U < X7 >,

keeping in mind (12.72). If ") preceeds %", then ¢< x > and ng = ng.
If b was in < x7 >, we would have ng < Ngr = Ng, hence ng = ny
and so ¢ € X7. Since 1 ¢< x > this would imply that y # X7, and
because x € H, we could conclude in view of property (12.68) of H
that Y™ NH = (), which is impossible because ¢ € H and ¢ € 7. Hence
P < xT > and ¢ €< x > U < x7 >. The determinant of V;Yj is
therefore equal to the product of the subdeterminants of the V5, and,
determining the determinant of Yy by (12.64), we can prove the formula
of Theorem 12.5.4. O

For later applications we prove the following theorem about determi-
nants det(l(x, Ay, d5)) in Theorem 12.5.4.

Theorem 12.5.5 The elements of the matrices Ay can be chosen
in Z such that for 63 = 0,1 the absolute value of the determinant

ly = |det(I(X, Ay, 0%))| in Theorem 12.5.) satisfies the following di-
visibility properties:

(i) Ig [ y/]dng| @ng (1) if X#XT

(ii) I | ()22 | @ (1) i X=X XN x(E) A1,
(ii)) I | (2ng)?0072 | dnc] if X=X XA x () =1,
(i) 1] @2y [ldag| @uc(1) i X=X x(Bo) £ 1.

Herein, d, is the discriminant of the ng-th cyclotomic field, ®, (X)
the ng-th cyclotomic polynomial and ¢ Fuler’s function.
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Proof We consider the Z-module b generated by the numbers
x(8) — 85, € mod Uy, resp. (x(€) — d5) + x (o) (X7 (£) — d5), € mod LUy,

and construct in ¥ a basis of an ideal in the ng-th cyclotomic field Q,,, or

in a subfield of Q%OX) over which Q,,, has degree 2. The above assertions
are then obtained by computing the discriminant of this ideal, which
makes it necessary to distinguish cases. Of course, for special cases even
sharper divisibility properties can be proved. First, we consider the case
oy = 1.

(i) For x € H with x # ™ we know by (12.68) that x N'H = x. Hence,
the matrix (Y, Ay, dg) is equal to the matrix g(X, Ay, dy) in Theorem
12.1.3, so the assertion in (i) follows from Theorem 12.1.3.

(ii) For x = X7, x # X", we have x™ = x"° with vy € Z, and, keep-
ing in mind (x7)” = x, it follows that:
vg =1mod ng, v # 1 mod ng. (12.73)

In this case ny # 2, and if ¢ denotes a primitive ng-th root of unity, then
0y = (¢ + ¢"°) defines a quadratic automorphism of Q. Further,

o=({("-D+GE™-1)|veZ}) with ¢ =x(t),
and with
&= ("= 1)+ Go(¢"™ = 1),
we have
(1+ CO)[(CV —1)+ (¢ - 1)] =& + &, €0.
Therefore, we consider the Z-module
0o :=({(¢" =)+ (" -1)[veZ})
and the inclusion

2(anO) C v,

where DELO,) denotes the ring of integers in the fixed field of ¢,, and

X

a=(¢—1)O,, the ideal generated by ((—1) in Q,,, . Hence, there exist
i, € Z such that

i = Z Aiw [(Cu_l)_i_go(gwlo _1)]7 ] = 1,...790(;)2)7

v mod ny
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is a Z-basis of (1 + (p)2(a N DELOX)) Let T" be a subsystem of residues
modulo ng with

XOH={x"|peT}

Then the property (12.68) of H implies the automorphisms o, = (¢ —
("), p € T, to induce the different isomorphisms on the fixed field of o,
so we have

UIJ/ 2
discr (2(an D;O_)) = [ det (( £ ) ) )
( X ) 1+ CO 1=1,....0(ng)/2; peT

.....

and this implies that

|det (p7")] = H (14 o) 2W(”x)/2\/‘discr (a N D;O;) ‘ (12.74)

peT

By assumption (y # —1, hence —(p is a root of unity of order n’, 1 <
n’|2ng. This shows that

[T+ 2etmr2, (12.75)
neT

Further, we find that

\/‘discr (Cl N 53510)3) ‘
= Nyo o (a0 O | J|diser (D)) ‘ N0 o (@ /|| (1270)
:‘bni(l){l/@,

keeping in mind that by the tower formula the square of the discrim-
inant of (@5{2 is a divisor of the discriminant of Q, . Now, choosing
Aig t(X) = Aig v if x(€) = ¢”, then l; equals the left-hand side in (12.74),
and the divisibility in (ii) follows from (12.75) and (12.76).

(iii) For the proof of (iii) we can conclude as for (ii). First, x™ = x"°
with a v satisfying (12.73) and ng # 2. Further,

o= ({" =" |veZ}).

In view of

(C - CVO)(CV + CVVU)(CV+V0 - Cvo(u+ug)) . (CVJrl - guo(U+1)) €v,
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we consider the module
0o = ({¢"+ ¢ [veZ}),
which obviously (v = 0) satisfies
201" C vy

Hence, there exists A, , € Z, so that

. Ny
pPi ‘= Z )\i,V(CV_CVVO)u Z:17"‘7SD( X )

v mod ny

is a basis of (¢"° — C)QD;OX). As in case (ii) this implies, by setting
Aige(X) = Aig,w for x(8) = ¢, that:

- H(CVUM — ) 9¥(nx)/2 ’discr (gg)‘

peT

| g 20 ]

thereby proving (iii).

Iy = |det (p7")

and then

(iv) If x = x7, x(8y) # —1, then necessarily H Ny = X, which im-
plies that

Iy =Ng,_ /o (1+Co)|det(g(x; Ag, )], o = x(bo),

with the matrix g(x,Ag,1) from Theorem 12.1.3. Since ¢y # —1, we
have as in case (ii)

No, /a (1+G) | (2ng)?",

and then the assertion follows, as in case (ii).
If 63 = 0, we can proceed analogously. O

12.6 The Galois group of MK/K
Let K be a quadratic imaginary number field and M a number field with

K g M
and the property that
L:= MK is abelian over K.
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Then, for some f € N
LE K,
and K5 /Q is Galois because f € N. We have
G(K(5)/Q) = o(Rp) oK),

where 7 denotes complex conjugation and o the canonical isomorphism
between () and G(Kf)/K). Further, we have the relation

oh)yr=7o(h), be Ry, (12.77)
with complex conjugation of ray classes
h—b,
which, in view of f € N defines an automorphism of ﬁ( 7 satisfying
b=bh.

Let 3 be the subgroup of ﬁ( #) corresponding to the extension L of K,
and for b € R(;) we set

k(h) = o(h)L.
Then x(h) depends on b only modulo 4, and
G(L/M) = {1,r(k)}

with a class & € Ky that is uniquely determined modulo . By
(k(89)7)? =1 and (12.77) we see 1 = (o (8y)7)?|L = o(8o€o)|L, hence

oy e 4. (12.78)
For b € 4 we have r(8h) = r(¥), so (Eoh)Eh) € U and
U= (12.79)
This implies that
L/Q  Galois.

With the map b — b and the relation (12.52) the hypothesis (12.51) and
(12.52) for Ry) and U are satisfied. Therefore, with a system §) of repre-
sentatives for the equivalence relation (12.53) we have the decomposition
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GIL/Q= W {Lato)rish)= W {x(h),s(th)r}

h mod U h mod U

=| W {«(h),s(h)r}
he$H

e(h)=1

| W ({a(h), k(Eb)T} w {s(ED), n()7}) | |
he$
e(h)=2
where the isomorphisms in braces have the same restriction on M. Hence,

the different isomorphisms of M/Q are given by
Iso(M/Q) = {(c(h)|M) | b€, e(h) =1}
oY {(e®)121), (o(Eb) M)},
e(h)=2

where, according to our deduction, the restrictions of

o(h), behHeb) =1,

are the real isomorphisms of M/Q. Now, choosing the system $) with
¢ € 9 and setting ' = 9\ {e}, the unit rank of M is

™M = |‘6/|7
and the regulator of a system €y, ...,€,,, of units in M is equal to
(b 1€(0)
Ru(er, ... ery) = |det <log ™ ) . (12.80)
i=1,...,ra ;HEH’

12.7 Class number formulae for Q@ D M 2 K

Keeping the notations of the preceeding section 12.6, we construct a
system of units in M by taking relative norms with respect to L/M of
the units e, (€) defined in (12.27) using singular values of A. We set

() = Npju(es(®) = ey (tyirottor — 2betto)
)

and define
Vi o= ({9ar(®) | Emod 813}).

Since ¥p7(¢) = 1 and since 97 (€) only depends on the equivalence class

of € with respect to (12.53), the rank of Y/'e(l(l)?M is at most |5§'| =7ry. In
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fact, we will show that it is equal to r); by computing the regulator of

the system

In®), e (12.81)
of units 9,/ (€) different from 1. First,
tog [o(y | (;’ (o(8,5.1) + o€, £B,1)) for bt e &
with

v(e.h, 1) = u(®h ™) —u(h ™)
and

2 D(Eh)\ "
u(®) = log e () = log A
' [gl(mn))

By formula (12.80) and Theorem 12.5.3 we find that

Ry (VE‘I?M) IT A (12.82)

XEH
with
=24h ) x(8)log D(E
tcR

Therefore, since A(x) # 0, this implies that the system (12.81) has
rank ry,. To write down (12.82) for M = M, observe that X is the
character group of MyK /K and H NX©® = X®\ {1}.Then

Ry (Ve ) =| TI A0l (12.83)

XEXMN\{1}

Further, according to (11.7), we have the class number formula

(a8 TT A

o Ry s
xT#Xx
Combining (12.82) and (12.83) yields the formula
0
R, R, (Ve(u,)M)

hat
(24h)"™™ ~"Mo = ,
hMO R, ( e(l(l))Mo) R
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which can be written as

.10
(24h)TM*TMOM _ [EM : Vell,M}

- (12.84)
0
haty [EMO : Ve(ll,)lwo}

where the indices are to be understood modulo roots of unity. To simplify
the right-hand side in (12.84) we will show now that a subgroup of V;g?MO

is a direct summand of Ve(l(l)?M. Therefore, we choose a system o of K/
of representatives for the equivalence relation (12.53) with ¢ € $o. Then,
since Uy D U, the elements of £y are in inequivalent classes modulo i
so that $)g can be completed to a system $) for cosets of modulo 4 with
respect to (12.53):

H2Hooe.

In the system of independent units,

IR X
(0

generating VEH)M, we now replace the units 95/ (€), € € Y){,, by their

relative norms to M, that generate Ve(l??MO. They can be written as

a1, (€)= [Ny, (e(8))] " o
14+0(%o)T
_ N e(EIJ))]
heilol_rlnodu[ ”/L(e<b>

(D)
=9 (B) 11 Iu(th))
helymodid 19M(h)
hell

(12.85)

The factors ¥,,(h) in the product on the right-hand side are all differ-
ent from 9y, (€), € € ;. A factor 9,,(Eh), € € §; is equal to a factor
I (B), € € 9 if and only if

F8l— 68l and Bl — b %L
Consequently, the product
~ (0 0 0
V;(zz,)M = Ve(zz,)MO XVe(lz,)Mc»

which is direct modulo roots of unity with

Vv = ({00 (8) | £ H\ Ho}),
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contains ‘/'e(l??M, and further,
7(0) .y, (0) _ ol{tecH)|tot i
|:Ve(ll71VI : Vell,M] = 2 (PeDoltot b,
In view of this, the formula (12.84) becomes
!’ — h
2—|{{?€~60\EOE 2¢u}\(24h)TM—TMU hiji\/f/[ = |:EM : EMOX‘/e(l?,)MC:I . (1286)
0

To eliminate the factor (24h)"™ ~"Mo  we proceed as in section 12.3 and
define

Ve(l;,)MC = H I (B)%8| 2 € Z, H £ — ¢
LN\ LeH\No

Then
Ve VD] = [R: U] = (L2 K] = [M: Q).

Further, using the method of section 12.3, one can define a subgroup

1
(2) (1) 24h
Vell,Mc - (Vell,Mc) ﬂM
satisfying
2 1 (24h)TM_T.MO
[Ve(lz,)Mc : V:e(ll,)MC] = .
with
1 if V=1,V=3¢ L\ K,
e=1<¢ 2 if -1€eL\K,v-3¢L\K,
3 if V-3€eL\K,v-1¢L\K.

Theorem 12.7.1 Let M be a subfield of Q, Q > M 2 K, and let My
be the maximal abelian subfield of M. Then, with the above notation

2—\{{%66&?0?*2&&” har

G[M : Q] = |:EM : EJ\/IUXV;(I?,)JMC] .

hao

12.8 Class number formulae for Kf oM 2 K

Keeping the notations of section 12.6, we construct unit groups in M by
taking relative norms of the units €(y, €) defined in section 12.4 (12.31)
and (12.32). We set

058 = Nogaa(e(ioB) = el ot — L)
G(X,Eo)
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for a class x in the character group X of L = M K/K and an ideal class
te ﬁ(f). Then we define

. (x . -
00 = [ v® st =1 xnH,
€ mod iy

where the exponents \;_¢(X) € Z have to be chosen such that det((x,
Ay)) # 0, which can be achieved, for instance, by defining them as in
Theorem 12.5.5. Further, we assume that the system H satisfies the
condition (12.68). For every class x we set

VDo = {0, (0 | i =1, RN K,

and then we define

(0) o (0)
‘/;ll,X\X(°> T H Vell,fc’
)
o (0)
Vell X H Vell,fc'
xex(i()\{l}
The number of generators in the definition of V(l?)x<1>v;(l(l))x\x<0> is equal
to 7ar, and their regulator is the determinant with entries
M 1 . -
tog |, (07 = LS AL o) eh) (v (8 B) + uy(EED))
€ mod iy

where

ve (8, h) = ug(Bh ™) —ug(h™),

with uy is defined in 12.4 (12.34) and (12.35). Using Theorem 12.5.4,

© 0

the regulator of V" 11X\ X0

, is given by

Rt (Vo Vi) = 27 d(Rp /80, A) | TT AC0| (12:87)

ell,x(1)
xXEH
with
A = Y xX(®ug(®)
€ mod iy
In particular, this implies that the regulator of AN 74 (0) 18 nON-

ell, X Vel X\X
zero and the product of the two unit groups is direct modulo roots of
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unity. We note (12.87) for M = Mjy:

Rar(Ve) =2 " d(Rpy /Mo b, )| [T A0 (12:88)
x€XM\{1}

Now (11.7) can be written as

x| [xNH]| hy Ry
H (24hf>"<) H (efi) hay R
X X
xeH\x(0) xeH\x(0)

- (12.89)

=| Il A
XEH
xT#x
Herein, the first product on the left-hand side is over all classes of char-
acters of H \ X(*) that are charcters of €;/K and the second over the
remaining characters of H \ X(®). Now, combining (12.87), (12.88) and

(12.89), we obtain, similarly to section 12.7,

MM d(ﬁ(f)/‘ua EO? A) hor
d(Rp) /Yo, o, A) har,

To prove Theorem 12.4.1, we first use the fact that the unit Ve(l(l))X\X(‘))

only depends on the class of characters x € H \ X, We consider a

C2

0
= [Ex : Ean Vs o) (12.90)

system
My,...,.Ms C M

of subfields of M that, together with the maximal abelian subfield M,
of M, is linearly disjoint over Q:

M;Nn(My-... - My—y-M1q-...-Ms)=Q, i=0,...,s.
For the character groups X; of L; = M; K /K we then have
XA\{1} S xX\XO j=1,...5,
and
X;NX; = {1} fori#j.

Considering the fact that the maximal abelian subfields of the M;,: =
1,...s, are equal to Q, we write down the class number formula (12.90)
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for the M;,i =1,...,s. Then, in combining these formulae with (12.90),
we obtain the relation

h
Ol 40— —— = [EM Eny - En Ve(fl’)xc} (12.91)
hoato - -~ . ,
with
Ve(z?,)Xc = H Ve(l?)y X=X\ (X(O) UXiU---UX,),

= H (24h )

c
erﬂXqu

Cé = H (efg)limﬁ‘v

xEHﬁXTCay

where X¢.  denotes the set of ring class characters modulo ¢ in X¢ and

Ting
X:ay =X \ ang d
rag A rag o d(R /U, €, A
Cé —9 M v+t rag) ( (f)/ 0 ) . (12.92)

To reduce the factors Cf and C} we write Ve(”)xc as the product
(0 (0)
Vell,xgm Veu X4,
and, as for the reduction of C,Cs in (12.39) we construct subgroups
(1) (0)
Veu XCing < Veu XCing
and

(1) (0)
Velz,x,ea C Ve Xe

ray

Further, by taking radicals

2 1
Ve(ll,)Xf‘m :) Ve(ll )XC

Ting

and

2 1
‘/;(l l )XC Ve(ll )XC

ray

The construction of the last subgroups is completely analogous to the
construction of Up” xe and U(,” Xe,,? 1 = 1,2, in the proof of Theorem

ring

12.4.1. In the defining equations one has to replace the units ¢; (Y) by
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their relative norms 9; () and the exponents ;_¢_(Y) by the exponents
Aig by (X). Then, replacing the unit groups in (12.91) by the subgroups
Ve(l?,)xe and Ve(l?,)Xf,a, , we obtain, as in Theorem 12.4.1, a formula where
the factors Cf and yCé are replaced by ¢, ¢o defined in (12.42) and
(12.47).

We summarise our result in:

Theorem 12.8.1 Let M be a subfield of Ks,f = (f), f € N, with M 2
K, and let My be its maximal abelian subfield. Further, let My, ..., M
be a system of subfields of M, which together with My are linearly inde-
pendent over Q:

Min(My-...-My_y - Myyy-...- M) =K, i=0,1,...,s.

Let X denote the character group of L = MK/K and X; the subgroups
of X associated with L; = M; K/K. We set

X=X\ (XoU---UX,,

and we choose, as described in section 12.5, a system H satisfying (12.68).
Further, we associate with every class x, x € HNX¢, a matriz Ay with
coefficients in Z such that the matrices [(X, Ay, 1), defined according to
Theorem 12.5./, have a non-zero determinant. Moreover, in the follow-
ing, we will assume that exponents )\iiyg(f() are chosen according to The-
orem 12.5.5. By A we denote the system of these matrices and by A; the
subsystem associated with M;, i > 1. Further, let

(2) _ ' (2) ' (2)
Vell,XC - H Vell,t' H Vezl,t
t'|t tf

be the subgroup of the unit group of M obtained, as described above, by
modification of ‘/;(l(;?xc' Then by (12.91) we obtain the formula

har
/ ———————————
S reser il
with the class numbers h.. and unit groups E._ of the fields in play and
the product

Ent Eny oo Ear VD

Cl = clcQC’é,
of factors defined in (12.42), (12.]7), (12.92):

a = H/ny [La, : K],

)t
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2 = H/th,

tf

—rmH(rarg +etragg) d(ﬁ(f)/u, E(hA)
(87 /8o B0 o) - - d(R )/ Eo, AL
Herein, Y and U; denote the subgroups of ﬁf associated with L/ K and

Li/K, and 8 € Ry is a class having the property that o(8)T generates
the Galois group of the quadratic extension L/M.

Cl =2

12.8.1 Applications of the class number formulae in 12.8
12.8.1.1 Divisibility relations between class numbers

To illustrate Theorem 12.8.1, we choose the pure field of degree 6 from
Example 12.4.2 and its two subfields of degree 2 and 3:

Mg = Q(%)v My = Q(\/&), Ms = @(%)

Note that M is the maximal abelian subfield of Mg, which is linearly
disjoint to Ms over Q. Therefore, with K = Q(v/—3) we can apply
Theorem 12.8.1, and with a suitable choice of the matrices Ay we obtain:

Example 12.8.2 Let Mg = Q(a), a € Z, a pure field of degree 6,
and let My = Q(v/a), M3 = Q(¥/a) be the two non-trivial subfields.
Further, we assume that My # Q(v/£3), Q(v/—4). Then M satisfies the
hypothesis of Theorem 12.8.1 with K = Q(y/—3), and it is a subfield of
some ring class field ;. Let 4l denote the subgroup of .ﬁ( ) associated
with MgK /K, then by normalising the root /a, we can achieve that

2 for a<0,
o(told) = { 1 for a>0.

We choose t = f as in Theorem 12.4.2; and we obtain

hate

2
6 = |:EM6 ZEMZEMa,Ve(u,)xe} :

hoar s

By modification of Ve(l?)xc we can, similarly to the proof of Example
12.4.2, derive
R

—_— |:EMG :EMzEMBVe(ﬁ)XC} .
Bty by ’
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Of course, Example 12.8.2 can be generalised, by taking, for instance,
instead of Mg, the maximal real subfield of a dihedral field of degree 2pq
with two primes p, q. In these cases the factor C” is no longer equal to 1
or 3 but is a product of powers of p and ¢ with exponents growing with
p and q.

Proof of example 12.8.2 First, in our case we have ¢; = 6,¢co = 1, and
the factor C% in Theorem 12.8.1 is

cl — %li if a<0,
3 l)Z if a>0,

with the generating character y of the cyclic extension MgK/K and
the factor Iy depending on the construction of Ve(l(l))i. Let Y denote the
subgroup of R(y) associated with MgK /K, and let € be a class in Ry

with ﬁ(f)/ﬂ =< B >. Then Ve(l(l),)xc = Ve(l(l)L2 has rank 1. We set

Vil = (0:(®).

ell,x —

Then
Iy = |(x(8) = 1) + x(€o) (X () — 1),

and by definition of £, we can achieve

-1 if a<0,
X(EO)_{1 if a>0.

For a > 0 this is immediate. For a < 0, since Mg is totally imaginary, €,

cannot be in 4. For a conjugate field Mg(h),f) € ﬁ(f), the class £, has

to be replaced by €h”, so that we can achieve o(Eo8l) = 2. Then ()
is a primitive 6-th root of unity, hence

{\/g if a <0,
Iy =

1 if a > 0. (12.93)

This implies the first formula in Example 12.8.2. To prove the second
formula we choose

0 2 3y 2 3,
Ve = (958 02()72) = (Nugropnr, (ex(®)ex(6)72) ).
Then (12.93) still holds, and, in addition, we know that

95 (8205 (8%) "% = Ny i/t (62(32)362(?3)_2)
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is the 24hy_-th power of an element in Mg because

)P 2 el and v=3,vV/—4 ¢ MgK \ K.

Hence the first formula holds without the factor 6, after replacing Ve(ﬁ?)z

(2 0
by Ve(ll,)XC = Vlgu),g' U

12.8.1.2 Divisibility of class numbers by divisors of the field degree

By Theorem 12.8.1 the results for dihedral fields in Theorem 12.4.5 can
also be proved for the class numbers of their maximal real subfields.
Therefore, the definition of the units eg(€) in section 12.4.1.2 will be
modified for composite conductors f; by defining the units 95 (€). With
the modified units the class number formula (12.91) becomes

. h
1030 = [Exy: Eagy o Ea Vi | (1299)
Toote -t 7

The factors C4 and C% in (12.91) are related by
Cs

~!
3TN

with
/
N = H P>
X

ray VH with composite conductor and

. . . a .
an order, which is a prime power p,*. Further, we need a more precise

where the product is overall x in X

version of Theorem 12.5.5, which is easily obtained by the conclusions
in the proof of Theorem 12.5.5.

Theorem 12.8.3 Let & = ¢ and 63 € {0,1}. Then the coefficients
Aig t(X) of the matrices Ay in Z can be chosen such that

I = | det(I(X, Ax, d5))| = 25X /|d) @, (1) for X7 = X

Herein, dsgz) denotes the discriminant of the maximal real subfield of the
ng-th cyclotomic field and ®,, (X) the ng-th cyclotomic polynomial.

Theorem 12.8.4 Let K be a quadratic imaginary number field, n
a natural number without multiple prime divisor, and we assume that
ged(n,6hg) = 1. Then the maximal real subfield M of the infinite
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number of dihedral fields L in Theorem 12.4.5 with L O K of degree
[L: Q] =2n has a class number divisible by n:

Proof The assertion is obtained by the formula (12.94) for the field M
considered in Theorem 12.8.4:

C1CyChhar = [Ear - Vi xe)-

Note that on the one hand by assumption we have [M : Q] = [L : K] =
n =1 mod 2, and that on the other hand My must be equal to Q, since
My is an abelian subfield of a ring class field, which implies that its
degree is a power of 2. As in the proof of Theorem 12.4.5 the factors
C1 and C} are integral and coprime to n. The assertion then follows by
computing the rational number C’g, that turns out to have denominator
n. Since by construction M K is a ring class field of odd degree over K,
it follows that the system H occuring in the class number formula of M
is also a system of representatives for the equivalence relation

X ~xie= (X =xor X =x").

()

x#1

Therefore, by definition

p(n)

Cy = d(Rp /4 A) =n~

This can be simplified, using the relation > ¢(ng) =n —1:
X#1

L e

Since M is real, we can take £y = e, and, choosing the coefficients of the
matrices Ay according to Theorem 12.8.3, we obtain

g 0 .
Iy = 2¢(n3)/2 dglx) o, (1)%%.

As can be easily seen, we have the relation

2
|| =<I>m(1)‘d£3)‘ for m € N,m = 1 mod 2,
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whereby C4 can be transformed to

4
~ 1 . n=1 L - Ey |dn.|
= [T @@ 2= (f [Towc7 | [T s
XA X#1 L

NG

Herein, the last but one factor is equal to 1 because n = [] @, (1) and
X#1
similarly the last factor because X is cyclic in our case. Therefore,

~ 1 n—1

C/ _ B ds a+ .

3= |I~<I>nx(1)x2 2
AL

This implies the assertion of Theorem 12.8.4 because in the modified

construction of V;(l(l))xc all d; are equal to zero. ]

Remark 12.8.5 The class number formulae of section 12.8 together
with an estimate of the regulator can also be used for the simultaneous
calculation of the class number and unit group of the fields considered.
This has been realised, for instance, by Nakamula(1982, 1985) for cubic,
quartic and sextic fields.
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